International Journal of Mechanical Engineering and Technology (IJMET)

Volume 9, Issue 8, August 2018, pp. 635-645, Article ID: IIMET_09_07_067
Available online at http://www.iaeme.com/ijmet/issues.asp?JType=IJMET &V Type=9&IType=8
ISSN Print: 0976-6340 and ISSN Online: 0976-6359

© IAEME Publication @ Scopus Indexed

SOME FIXED POINT THEOREMS FOR
CONTRACTIVE MAPS IN FUZZY G-PARTIAL
METRIC SPACES

Kanayo Stella Eke

Department of Mathematics, Covenant University
Ota, Ogun State, Nigeria

Jimevwo Godwin Oghonyon

Department of Mathematics, Covenant University,
Ota, Ogun State, Nigeria

Bijan Davvaz
Department of Mathematics, yazd University, yazd, Iran

ABSTRACT

In this paper, we introduce the notion of fuzzy G-partial metric spaces and
establish some fixed point theorems for contractive maps in this space. Examples are
given to support our results. Our results extend and generalize some results in the
literature.
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1. INTRODUCTION

In Mathematics, fuzzy sets are sets whose elements have degrees of membership. This set was
introduced by Zadeh[1] in 1965. Fuzzy set theory deals with neural nets and evolutionary
programming which have be known as computional intelligence or soft computing. The
theory is a tool to model reality better than traditional theories and an empirical validation is
also very desirable. Many authors have extended the metric spaces by introducing fuzzy set to
the notion of metric spaces and its generalizations (see; [2], [3], [4], [5], [6], [7] ). Mustafa
and Sims [8] generalized the notion of metric spaces by assigning triplets of real numbers to
arbitrary sets. Eke and Olaleru [9] introduced the notion of G-partial metric spaces by
generalizing the notion of G-metric spaces with the concept of partial metric. In this work, we
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extend the concept of G-partial metric spaces by introducing fuzzy set to it and term it, fuzzy
G-partial metric spaces. Furthermore, we prove some fixed point results for contractive maps
in this space.

2. PRELIMINARIES

Definition 2.1 [1]: Let X be a space of points, with a generic element of X denoted by x. A
fuzzy set A in X is characterized by a membership function f,,, which associates with each

pointin X areal number in the interval [0, 1], with the values of f, , at x representing the "
grade of membership” of x in A. Thus, the nearer the value of f,, to unity, the higher the
grade of membership of X in A.

Definition 2.2 [3] : A binary operation *:[0, 1] x[0, 1] —[0, 1] is a continuous t-norms if
* s satisfying conditions:

I) * IS an associative and commutative ;

ii) * is continuous;

iii) a =1 =aforalla [0, 1];

iv) axb<c=*d whenever a<cand b<d anda, b, c,d e [0, 1].

Definition 2.3 [2] : A 3-tuple (X, M, *) is called a fuzzy metric space if X is an arbitrary

(non-empty) set, * is a continuous t-norm, and M is fuzzy set on X *x (O, oo), satisfying the
following conditions for each x, y, z € X andt, s >0,

i) M(x, y,t)>0;
i) M(x, y,t)=1iff x=y;
iii) M (x, y,t)= M(y, x, t);
iv) M(x, y,t)* M(y, z,5)< M(X, z,t+53);
V) M(x,y, -) : (0, ©)—[0, 1]is continuous.
The following is the definition of partial fuzzy metric space given by Sedgi et al. [7].

Definition 2.4: Partial fuzzy metric on a nonempty set X is a function

Py XxX x (0,0)—>[0,1] andt, s>0

Pug X=Y iffB, (X, X, t)= B, (X, ¥, t)= By (¥, ¥, t) By Pu(X X t)> Py (X v, t)

Pug Pu (X ¥, t)= PR, (y, x 1)

Pua Pu (X y, maxft, s}) = P, (z, z, max{t, s})
> Py (% 2, t) * B, (z, ¥, 9)

Pus; Pu(X ¥, ) 1 (0, )= [0, 1] is continuous.

A partial fuzzy metric space is a 3-tuple (X, Py *)such that X is nonempty set and P,
is a partial fuzzy metricon X .

The following also is the definition of fuzzy metric space in the setting of G-metric
spaces.
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Definition 2.5 [6] : A 3-tuple (X, Q, *) is called a Q-fuzzy metric space if X is an arbitrary
(nonempty) set, * is a continuous t-norm, and Q is fuzzy set on X*x (0, oo), satisfying the
following conditions for each x,y, z, a € Xand t, s > 0;

Q Q(x, x,y, t)>0;
Q,Q(x x,y,t) <Q(x,y,z,t)¥xy,zeX
with z = y;

Q, Q(x,y,z, t)=lifandonlyifx=y=1z;
Q, Q(x ¥,z t)=Q(P(x, y ,z), ),

(Symmetry, where P is a permutation);
Q Q(x, a at) *Q(ay, zs)
< Q(x Y,z t+s);

Q; Q(x, ¥ .z, .) : (0, ©)— [0, 1]is continuous.

Definition 2.6 [9] : Let X be a nonempty set and let G,: X x Xx X — R"be a function

satisfying the following:

G,G,(x¥.2) 2G,(x,%xx) 20VXxYy,1z¢€X,
Gy (X ¥, 2) =Gy (X %, ¥) =G, (. ¥, 2)
=G,(z z x) ifandonlyifx=y=1z,

G Gy (X, ¥, 2) =6, (2, %, ¥) =G, ( ¥, 2.%),

G,, G, (% ¥,2)< G,(x, a a) + G,(aV, z)

- G,(a a, a).

Then the function G, is called a G-partial metric and the pair (X, G, )is known as G-
partial metric space.

3. FUZZY G-PARTIAL METRIC SPACE
In this section, we give the definition of fuzzy G-partial metric space and its motivations.

Definition 3.1 : A 3-tuple (X, G, *)is called a fuzzy G-partial metric space if X is an

arbitrary (nonempty) set, * is a continuous t-norm, and G, is fuzzy set on X3 x (0, »),
satisfying the following conditions for each x, y, z, a € X and t, s > 0;

Gy Gy (% ¥, 2, 1) =G (X, X, ¥, t) =G (V. ¥, Z, 1)
=G, (2 z,x t)=lifandonlyifx=y=z,
G,, Gy (x, Y, 2, )2 Gy (X, X, ¥, t) VX ¥, Z € X

andy = z,
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Gus Gy (X% Y, 2, 1) =G (z, X, ¥, 1) =G (V. Z, X, 1),
Gy Gy (X, y, z, max{t, s})< G (x a, a, t)

* Gy (a,y,2,5) UG, (a, a, a, max {t, s})
Gys Gy (X, ¥, 2, .) 1 (0, 0)— [0, 1]is continuous.

Example 3.2: Let X be a nonempty set and G, a G-partial metric on X . Denote

a*b[cz%b forall a, b, c € [0, 1]foreacht >0, x,y, z € X,

t
Gy (x ¥, 2,1) T temax{x,y,z} |

Then (X, G, *) is a fuzzy G-partial metric space.

Example 3.3: Let (X, Gp)be a G-partial metric space and G : X3 x (O, oo)—> [O, 1] be a
mapping defined as

Gy (x.y.2)

Gy (X, v, z,t) =¢ ¢

If a*b[C:abeor all a, b, ¢ e [0, 1], then G, is a fuzzy G-partial metric .

Definition 3.4 : Let (X, G, *)be a fuzzy G-partial metric space. Fort >0, the open ball

B(x, r, t) with centre x e X and radius 0< r < 1is defined by
B(x, 1, t) = {yeX: Gy (x v,y t)>1-r}.

A subset A of X is called an open set if for each x € Athereexist t>0 and O< r< 1
such that B(x, r, t) = A.

A sequence {x,} in X converge x if and only if G (x,, X,, X, t) >1asm, n —oofor
for each t>0. It is called Cauchy sequence if for each 0< & < 1 and t >0, there exists
n, € Nsuch that G (x,. X,,%,t)>1— gfor each I, m, n > n,. The fuzzy G-partial
metric space is called complete if every Cauchy sequence is convergent.

Example 35 : Let X=[0,) and G, (x V,z1t) = : max;x 7] then
+ ) )

(X, G *) is a fuzzy G-partial metric space where a*bmz%bfor all a, b, c e [O, 1]. Let

{x,}={-- -1, 0,4---}. Then the sequence is convergent and we have,
limG,; (x,, %, X, t)= G (X, X, X, t).

nN—o0
The sequence is also Cauchy since every convergent sequence is Cauchy. Therefore we
obtain,

limG,; (X, %,, X, t)= G (X, X, X, t)

n—o0

= lim G (X, X, X, ©).

N—o0
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Definition 3.6 : Let (X, G, *) be a fuzzy G-partial metric space. G is said to be
continuous function on X* x (0,0) if forevery x,y, z € X and t> 0,
limG,, (X0 Yoo Zon ) = G (X, Y, Z, t)if

limx,=x, limy, =y, limz, =z and
n—o n—o n—o

limG, (x,y,2t) =G, (x ¥ z,t).

n—o0

Lemma 3.7 : If (X, Gy *) is a fuzzy G-partial metric space then G (x, Y, Z, t) is non-
increasing with respecttotforallx, y,z € X .
Proof: ByG ;,, let a=x and for t >0 we obtain
Gy (% Yy, z, max{t, s})<G (X, X, X, t)
* Gy (X, Y, 2, 8) UGy (X, X, X, max {t, s}).
Let t > s then we have

G. (X, V,z, t)<G (X, X, X, t) *G_(X,V, Z, S
o (% 2 2 1) Gy ) ¥ Cu(x ¥, 2:5) This implies that ,
0Gy (X, X, X, t)

Gy (%Y, 2, 1)<G, (X Y, 7, 9).
This  shows that G (x, Y, Z, t)is non-increasing with the assumption that
limG (x,y, z, t)=1 and that [J is the set of all natural numbers.

Lemma 3.8 : Let (X, Gy *) be a fuzzy G-partial metric space. Then G is a continuous

function on X* x (0,00).

Proof: Since limx, =x, limy =y, limz =zandlimG,(x,y,zt)) = G, (X V, 7, t)

nN—0
. t
then thereis n, € N suchthat [t—t,|< & for n> noand5<5.

From Lemma 3.7 , we prove that G (x, Y, Z, t) is non-increasing with respect to t, hence
we have

Gy (X Yor Zn ty) <Gy (xn, X, x,% j

*G (x, Yor 2, t+% ] Dpr(x, X, X, gj

o 1)
<G, (xn, X, X'Ej *pr(yn, Y, y’E ]

5
UGy (y, Y, Y, 5}
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* pr(x, Y, Z,, t+% j G, (x, X, X, gj

G (X0 Yoo 2 t,) < Gy (xn, X, X, gj

o o
*pr (yn’ y’ yl Ej* pr (Zni Z, 7, gj

t+2 o
* G (x, Y, Z, Tj UG, (x, X, X,EJ
G

o o
Epr (ya ya ya Ej D pf (Zl Zv Z! Ej

And

t-2 20
G (x, Y, Z, > j <Gy, (x, Yy, Z, t“_?j

o 20
ngf (x, X, X, EJ*pr(xn, Y, Z, tn—? j

o
Dpr(Xan,Xmgj

o o
< Gy (x, xn,xn,gj* pr(y, Yo yn,g)
o o
*pr(xn, Yo Z, tn‘Ej G, (xn, Xor X Ej

o
Dpr(yn, ynv yn1 §j

o )
Spr(X' X Xas Ej* pr(y, Yor Yoo gj

* pr(z’ Zn’ Zn’ gj*pr (Xn’ yn’ Zn’ tn )

o o
D(Bpf (Xn’ Xor Xos gjmpf (yn’ Ynr Yoo Ej

o
G, (zn, z,, Z,, gj

Let n — o and by continuity of the function G, with respect tot,

pf

Gu(x Vv, 2,t+26 ) 2 G, (x, ¥, 2, t)
> Gy (X, Y, 2, t-5) '
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Thus G, is a continuous function on X*x (0,0).

4. FIXED POINT RESULTS

In this section, we establish some fixed point theorems for contractive maps in fuzzy G-partial
metric spaces.

Theorem 4.1: Let (X, Gy *) be a complete fuzzy G-partial metric space. If the mapping
T: X — X satisfies the contractive condition;

Gy (Tx, Ty, Ty, t)<aG, (X, ¥, ¥, t)

*xa, Gy (X, T, T, t)*a,G (y, Ty, Ty, t) and

#a,G (X, Ty, Ty, t)*aG (y, Tx, Tx, t) (1)

G, (Tx, Tx, Ty, t)<aG (X, X, y, t)

xa, Gy (X, X, Tx, t)*a,G (y, y, Ty, t)

#a,Gy (X, X, Ty, t)*aG (v, ¥, Tx, t) (2)

for allx,y € X. If a € (0,1) (i=1 2, 3, 4,5) is  constant  with
a +a, +a, +a, +a<1, a,<aanda, + a, <1.Then T has a unique fixed point in X
Proof: Letx, € X . Choose x, € X such thatx, =Tx,. In general, we can choose x, € X such
that x, =Tx_,. Using (1) and letting x =X, and y =X_., we have,

G (%, X t)= Gy (Tx, 0, T X, T, )

< aGy (X0 X X £)*8,G (X0, T X0 Ty, 1)

#a,G (X, T X, Ty, t)*a,G (X4, TX,, Tx,, 1)

n+1

X

n+l? “n+l?

¥8,G ¢ (X Xy, TX, g, 1)
=aG; (Xgr Xy Xy, £)%8,G ¢ (X0 X0 %, 1)

n?“n?’

*astf (Xn’Xn+l' Xn+1’t)*a4pr (X X Xn+1' t)

n-1! “*n+l?

#85G ¢ (X, X, Xy 1)

n?’“*n?’ *ni

<a,G ¢ (Xogr Xy X 1)*@,G (X0 %00 %, 1)

n?“*n? n-1! *n?* n?

*a‘Spr (Xn’xn+11xn+l't)*[a4pr (Xn—11xn’xn’ t)
#G ¢ (X Xpugs Xoot) DG (X, %00 %y, )]

n!n?! n?

#a5G ¢ (X0 Xy, Xy, 1),

Since a, < ag then we obtain,

G (Xpr Xupr Xour 1) < 2G5 (X, 40 X0 X 1)

n+l? “*n+l? n-1! “*n? n?

#8,G oy (X g0 X Xy £) %8G (X1 X0 Xpegs T)

n? “n+lr Tn4l

#85G ¢ (X0 X X 1) 856 ¢ (X1, Xgs Xogo 1)

n-1! “*n?* *n? n? n+l? n4l?

DG  (Xy Xy Xgo£) %85G (X, Xy X, t)

n!“*n? *n’ n’“*n? *n?
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< (a, + @, + a5 )Gy (X, 4 %0 %, 1)
* (a's + aS)pr(Xn’Xn+1’Xn+1’t)

+a,+
SHGpf (X X X t)

=bG,; (X, 4, X, X, t) where b =

n-1! *n1 *n

& +a,+a; _
1-a;-a

According to the definition of convergent sequence, we have,
limG_; (X, X,10 X,y £) < 1x1=1,

n? *n+lr n4l?
n—o0

Let m,n be arbitrary with m>n . Using rectangle inequality we have,
Gt (X X Xes 1) <G (X0 X0 Xy 1)

1.

n! “*'m? 'm? n? n+l? n+lr

*G ¢ (X0 Ko Xpagr £) %% G (X g0 X X, t)

n+1? *n+2 n+2? m-1' *m? *m?

(G (Xpatr Xz Xour 1) DG 5 (X0 Xoi20 Xpazot)

n+1? “*n+1? n+l n+27 'n+21 n+2?

0G5 (Xpegs Xpgs Xpar £)

m-17 “*m-1* “'m-1?

<Gy (X X1 X0 £) % Gy Xz Xoszs Xoizr 1)

n? n+l? T+l n+l? *n+21 n4+21

kG (X g X X B).

m-1? *m? “m?
Taking the limit as n — oo yields,
limG ; (X, Xy, Xy, 1)< Dlseeoxl=1,

n! 'm? *m?
N—o0

Thus {xn} is a Cauchy sequence. Since X is complete, there exists z e X such that x, —» z
as n— o, Also
Gy(z 2z 2z t)= limG,(x, z 2 1)

N—o0

= lim G (X,, %, %,, t)=1.

We show that z is the fixed point of T . Using (1) we get ,
G, (Tz, 2,2, t) <G (Tz, X, %, 1)

n’“*n?’

* Gy (X2, 2, 1) DG (X0 %0 %y, 1)

<G (Tz, X, X, t) * Gy (X, 2,2, 1)
= Gy (Tz, Txy, TXyq t) * G (X, 2, 2, 1)
<aG(Z, X1 %1, t)*8,G (2, Tz, Tz, t)
#,Gy (X1 oy Ty 1) %8Gy (2, T 100 TXo 0 t)
¥a;Gy (X, T2, Tz, t)* G (X, 2, 2, 1)
= a6, (Z, X, 4, X0, 1)*8,G (2, Tz, Tz, t)

*3,G 1 (%o X0, X0 1) *8,G (2, %, X, )

*a,G (X1, T2, Tz, t)* G (X, 2, 2, 1)

As N —> 00 we get,
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G, (Tz, 2,2, t)<a,G (z, Tz, Tz, t)

#a,G (2, Tz, Tz, 1)

<(a, + a5)G; (z, Tz, Tz, t). (3)
Using (2) we have,

G, (Tz, Tz, 2, t) < G (Tz, Tz, x,, 1)

LIEATE

* G (X0, Xy, Z, 1) DG (X, X0 X, 1)

<Gy (Tz, Tz, X, t)* Gy (X, %,, Z, 1)
= Gy (Tz, Tz, Tx; t) * G (X, %,, Z, 1)
<aG,(z, 2, x4, t)*a,G, (z, z, Tz, t)
*a,G ¢ (X0 X000 T, 1)*8,G (2, 2, TX 4, t)
*85G ¢ (X0 X T2, 1)* Gy (X, %, Z, 1)
= a6, (z, z, X4, )*a,G (2, 7, Tz, 1)
*8,G ¢ (X0 X000 % 1)*8,G (2, 2, X, t)

*85G ¢ (X0 Xy 0 T2, 1)* G (X0 %, Z, 1)

n?’“*n?’

As N —> 00 we get,
G, (Tz, Tz, 2, t)<a,G, (2, Z, Tz, t)
*a,G (2, 2, Tz, t)

<(a, + &)G (z, z, Tz, t) (4)
Combining (3) and (4) yields

G, (Tz, 2,2, t)< (a, + a)G(Tz, 2, 7, 1).
since &, + 85 <1 thenwehave TZ =Z.Thus Z isthe fixed pointof T .
If W is another fixed point of T , then
Gy (z, w,w, t) =G, (Tz, Tw, Tw, t)
<a Gy (z, w, w, t) = a,Gy(z, Tz, Tz, t)

*a,G (w, Tw, Tw, t)*a,G (z, Tw, Tw, t)

*a,G (w,Tz, Tz, 1)
=a G, (z,w,w, t) *aG,(z,21t)

*a,G o (w, w, w, t)*a,G (z, w, w, t)

*aG (W, z, 2, 1)
=(a, +a,)Gy (z, w, w, t)*aG, (w, z, z, t)

a5

1-a, — a,
Similarly, using (2) and following the same argument in getting (5) yields,
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Gy (z z,w, t) SLGpf (w, w, z, t). (6)Combining (5) and (6) yields,

l1-a —a,
2
G, (z, w, w, t)g(l—aiL—a} Gy (z, w, w, t).
4

Since a; + a + a, < 1 thenitis a contradiction. Hence the fixed point is unique.
Corollary 4.2: Let (X, G,;, *) be a complete fuzzy G-partial metric space. If the mapping
T: X — Xsatisfies the contraction condition,
G, (Tx, Ty, Ty, t) <aG (x, Y, Y, t)
and
G, (Tx, Tx, Ty, t) <aG, (x, x, y, t),
for all x, y € X. If ae(0,1). Then has a unique fixed point inX . For any x e X,

iterative sequence {T™} converges to the fixed point.

Corollary 4.3: Let (X, Gy *) be a complete fuzzy G-partial metric space. If the mapping
T: X — X satisfies the contractive condition,
G (% Tx, Tx, 1)
G, (Tx, Ty, Ty, t) <k
*Gy (v, Ty, Ty, t)

and

G, (Tx, Tx, Ty, 1) sk{

Gy (% X, T, 1) J

* pr (yl y, Ty! t)
forall x,y € X .where k e(o,%j is constant. Then T has a unique fixed point in X .

Remark 4.4: Corrollary 4.2 and corollary 4.3 are analogue results of ([10] Theorem 4.1 and
Theorem 4.5 respectively) in the setting of fuzzy G-partial metric spaces.

Example 4.5: Let X = R". Define G, : X* x[0, «0) — [0, 1] by,
Gy (xy.)

Gy (X, ¥y, t) =¢ ¢

forall x,y € X andt>0. Then (X, Gy *) is a complete fuzzy G-partial metric space

wherea*b[t::a?b. Definemap T: X — X by Tx:g for x € X.Thus T satisfy all the

conditions of corollary 4.2. The fixed point is 0 and unique.

5. CONCLUSIONS

In this work, an idea of fuzzy set is introduce into the notion of G-partial metric space. Fuzzy
G-partial metric space is a generalization of fuzzy metric space introduced by George and
Veeramani [2] and extension of G-partial metric spaces. We also prove that fixed point of
contractive mappings in this space is unique. | think that more fixed point theorems of
contractive and expansive mappings develop in this context will further enchance the scope of
fuzzy functional analysis.
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