Eke & Oghonyon, Cogent Mathematics & Statistics (2018), 5: 1509426
https://doi.org/10.1080/25742558.2018.1509426

CrossMark

Received: 10 May 2018
Accepted: 22 July 2018
First Published: 24 August 2018

*Corresponding author: Kanayo Stella
Eke Department of Mathematics,
College of Science and Technology,
Ota, Ogun State, Nigeria

E-mail: kanayo.eke@covenantuniver-
sity.edu.ng

Reviewing editor:
Lishan Liu, Qufu Normal University,
China

Additional information is available at
the end of the article

cogent--0a

<k cogent

mathematics
& statistics

PURE MATHEMATICS | RESEARCH ARTICLE

Some fixed point theorems in ordered partial
metric spaces with applications

Kanayo Stella Eke'* and Jimevwo Godwin Oghonyon'

Abstract: We defined the class of generalized weakly C-contractive mappings in
partial metric spaces and proved some fixed-point results for such maps in ordered
partial metric spaces without exploiting the continuity of any of the functions. We
also establish fixed-point theorem for the integral type of these maps. Example is
given to support the validity of our result. Our result generalizes the results of Chen
and Zhu [3] and others in the literature
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1. Introduction

Metric fixed-point theory has been a rigorous area of research in fixed-point theory and applica-
tions. A number of studies have been carried out concerning the generalization of metric spaces
(see Eke 2016, Imaga, & Odetunmibi, 2017; Eke & Olaleru, 2013; Mustafa & Sims, 2006). Matthews
(1992) introduced partial metric space to study the denotational semantics of dataflow networks.
In the same reference, he proved the partial metric version of the Banach contraction principle.
Alber and Guerre-Delabriere (1997), defined weakly contractive mappings on a Hilbert space and
established a fixed-point theorem for such mappings. Subsequently, Rhoades (2001) use the
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concept of weakly contractive mappings and obtained a fixed-point theorem in complete metric
space. Choudhury (2009) introduced a class of weakly C-contractive mappings as follows:

A mapping T : X — X, where (X, d) is a complete metric space is said to be weakly
C — contractive or weak C — contraction if for all x, y € X,

d(Tx, Ty) S%[d()@ Ty) + dy, T)] —w (d(x, Ty), d(y, Tx)). 1)

where y : [0, oo)2 — [0,00) is a continuous mapping such that w(x, y) =0 if and only if
x=y=0.

Many authors had generalized the weak contractive mappings and proved fixed-point theorems
for such mappings in various abstract spaces (see Aage & Salunke, 2012; Chi, Karapinar, &
Thanh, 2013; Gairola & Krishan, 2015; Mishra, Tiwari, Mishra, & Mishra, 2015). Eke (2016)
introduced a class of generalized weakly C-contractive maps by replacing C-contraction maps
with Hardy-Rogers version of contractive maps. In the same reference, the fixed point of these
maps in G-partial metric spaces is proved. For a decade, the existence of fixed points in ordered
metric spaces was initiated by Ran and Reurings (2003). Olatinwo (2010) proved some fixed-
point theorems using weak contraction of the integral type. Long, Son, and Hoa (2017) reestab-
lished the uniqueness of two fuzzy weak solutions of fuzzy fractional partial differential equa-
tions via the unique fixed point of weakly contractive mappings in partially ordered metric
spaces. Long and Dong (2018) established the integral solution of nonlocal problems of fuzzy
implicit fractional differential system by employing Krasnoselskii’s fixed-point theorem of gen-
eralized contractive mappings in generalized semilinear Banch space. Long, Son, and Rodriguez-
Lopez (2018) prove that the fixed point of weakly contractive mappings in partially ordered
metric spaces is unique. The authors further apply the result to obtain unique two types of fuzzy
solution for fuzzy partial differential equations with local boundary conditions. In this work, we
proved some fixed-point theorems for the generalized weakly C-contraction mappings in
ordered partial metric spaces. Moreso, the application of these maps are established in the
integral type.

2. Preliminaries
The following definitions and results are found in (Matthews, 1992).

Definition 2.1: Let X be a nonempty set, and let p: X x X — R*be a function satisfying the

following:

(P1)P(X.Y) = p(y,X)

(P2)p(x,x) = p(x,y) = p(y,y) iff x="y,
(P3)P(XX) < p(x,y),

(Pa)p(x,y) < p(x,2) + p(z,y) — pP(z,2)
for all x,y,z € X and the pair (X, p) is called a partial metric space.

Let (X,p) be a partial metric space, then a function dP : X x X — [0, oo) defined as
dP(X7 .y) = Zp(X7 y) *p(% .y) - p(X7 X)

is a metric on X.

Remark 2.2: In a partial metric space (X, p),

(1) p(x, y) =0 = x =y butif x=y then p(x, y) may not be zero.
(2) p(x, y) >0 for all x#y, for all x,y € X.

Example 2.3: Let X = R*and define p(x, y) = max{x, y}, for all x,y € X.Then (X, p) is a complete
partial metric space. Obviously, p is not a (usual) metric.
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Definition 2.4: In a partial metric space (X, p),
(i) a sequence {x,} is said to converge to a point x € X if and only if limn_.p(xn, X) = p(x, X).
(i) a sequence {x,} is called Cauchy sequence if and only if limp m_.P(Xn, Xm) is finite.

(iii) if every Cauchy sequence {x,} converges to a point xeX such
that limy m—oop(Xn, Xm) = p(X,X)

then (X, p) is known as complete partial metric space.

Lemma 2.5 (Chi et al., 2013): In a partial metric space (X, p), if a sequence {x,} converges to a
point x € X, then limp_, p(xn,X) < p(x,z) for all z € X. Also if p(x, x) =0, then

limp_o p(Xn,2) < p(x,2) forall ze X.
Lemma 2.6 (Long et al., 2018): In a partial metric space (X, p),
(i) a sequence {x,} is Cauchy if and only if, it is a Cauchy in (X, dP) .
(i) X is complete if and only if it is complete in (X, dP).
In addition, limy_...dP(x,, x) = 0 if and only if
limp m—coP(Xn, Xm) = liMp_.cop(Xn, X) = p(X, X).
If {xn} is a Cauchy sequence in the metric space (X, dP), we have
limp m—cod?(Xn, Xm) =0
and therefore by definition of d?, we have
limn,mﬂoop(xm Xm) =0

Definition 2.7 (Ran & Reurings, 2003): Let (X, <)be a partially ordered set. Then two elements x, y € X
are said to be totally ordered or ordered if they are comparable. That is, x < y or y < x.

Definition 2.8: Let X be a nonempty set. The triplet (X, <,p) is called an ordered partial metric
space if the following conditions hold:

(i) p is a partial metric on X;
(i) < is a partial order on X.

Definition 2.9 (Shatanawi, 2011): A self-mapping y on a positive real numbers is said to be an
altering distance function, if holds for all t € [0,00) such that:

(i) w is continuous and non-decreasing,
(i) w(t) = 0 if and only if t = 0.

Rhoades (2001) named the map introduced by Chatterjea after him as C-contraction map. The
definition is as follows:

Definition 2.10 (Chatterjea, 1972) (C-contraction): Let T: X — Xwhere (X, d) is a metric space is
called a C-contraction if there exists 0 < k < 1 suchthat forallx, y € X the following inequality holds:
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d(Tx, Ty) < k[ d(x, Ty)+d(y, Tx)]. (2)

A more generalized C-contractive mapping is introduced by (Hardy and Rogers 1973) and defined
as follow

Let (X, d) be a complete metric space and an operator T: X — X be a contractive mapping then
there exist some numbers g, b, ¢, eand f,a + b+ c + e + f < 1 such that for each x, y € X,

d(Tx,Ty) <ad(x,y) +bd(x,Tx) +c d(y,Ty) + ed(x, Ty) + fd(y, Tx) (3)

3. Main results
In this work, we introduced a class of generalized weak C-contractive mapping in partial metric
spaces by replacing the C-contractive map by Hardy and Rogers contractive map.

Definition 3.1: Let (X, p) be a partial metric space and T: X — X be a mapping. Then T is said to
be generalized weakly C-contractive if for allx, y € X, the following inequality holds:

p(Tx, Ty) < a1p(X,y) + @2p(x,Tx) + @3 p(y, Ty) +as p(x,Ty) +as p(y, Tx) (%)
- (/)( p(X>y)sp(X7TX)a p(y? Ty)~ p(vay)ap(y> TX))

5
where a1,0,,03,04,05 € [0, 1), > a<1,and ¢: [0, oo)5 — [0, oo) is a continuous function with
i=1

o(v, w, x, y,z) =0ifandonlyifv=w=x=y=z=0.

Remark 3.2: If v=w=x=0,a01 =0, =a3=0,a, =as :% and partial metric space is replace
with metric space then (4) reduces to (1).

Example 3.3: Let X=[0,00) be equipped with a partial metric which is defined by
p(x,y) = max{x,y}. Define a mapping T: X — X by Tx = {. Define ¢ [0,00)° — [0, o0) by p(t) =
& andleta; =1, a; = a3 = a, = as = 1. Then weakly C-contractive mapping is extended by Hardy
and Rogers contractive mappings.

Theorem 3.4: Let (X, <) be a partially ordered set and suppose that there exists a partial metric
on X such that (X, p) is complete. Let T: X — X be a nondecreasing mapping such that for
comparable x, y €X,

w(p(Tx, Ty ) < (a1 p(X.y) +az2p(x,Tx) +0a3 p(y, Ty) + @4 p(x.Ty) +as p(y, Tx)) (5)
7¢( p(X7y)7 p(X7 Tx)v p(y T.y)7 p(X7 Ty)v p(yv TX))

5
where a3,a3,a3,04,0a5 € [0, 1), Y a; < 1, and y, ¢ are altering distance functions with

i=1
w(t)—o(t) >0 (6)
fort >0,and ¢: [0,00)°> — [0, o) is a continuous function with (v, w, x, y, z) = 0if and only
ifv=w=x=y=2z=0.If there exists xo € Xsuch that xo < Txo, then T has a fixed point.

Proof: Observe that if T satisfies (5) then it satisfies

w(p(Tx, Ty ) <o(apxy) +bp(x,Tx) +bp(y, Ty) +cp(x,Ty) +cp(y, Tx)) 7)
—¢(p(x.y), PX,TX), ply, Ty), p(x,Ty), p(y, TX))

where a=a;, 2b= a,+a;3,2c=a,+ as ,a+2b+ 2c < 1. We use (7) for our argument.

Let xo € X be arbitrary chosen. Suppose xo = Txp then xg is the fixed point of T. Let xg < Txo, X1 € X
can be chosen such that x; = Txo. Since T is nondecreasing function, then

Xo < X1 =TXg < X2 =Tx1 < X3 =Tx3.
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Continuing the process, a sequence {x,} can be constructed such that x,.1 =Tx,
with Xog < X1 < X2 < X3 < ... <Xp < Xpiil- -

If p(Xn, Xny1) =0 for some n € N then T has a fixed point. Letting p(xn, Xp.1) > 0 forall n € N,
we claim that
p(Xn, Xn41) < P(Xn-1, Xn), NEN (8)
Suppose Xp #Xni1, P(Xn, Xni1) > P(Xn_1, Xn) for some ng then
P(Xnos Xngs1s ) > P(Xngss Xngs ) )
From (7) and (9) the proof of the claim is established as follows:
W (p0nor X)) = v (P(THng 2, Txny))

< 40( a P(Xno 1’ X"c) + b p(X”o 17TXno 1) + b p(X”w TX”O) + CP(X”O 17TX”0>+C p(X”w TX”D 15 ))
- ¢( ")(Xntmvxno)7 p(X”ofwTXﬂofl)? p(Xnov TX”0)7 p<X”0717TX”0)7 p(X”m TX”O—l))

= (,0( a p(Xn0—17 Xno) + b p(Xnoflvxf'o) + b p(xﬂm Xn0+1) +cC p<Xn0717X"oA1) +cC p(an X”o))
- ‘/)( p<Xnof17Xn0)7 p(Xnofl’Xno% P(Xno, Xn071)7p(xnofl’xno+1)? P(Xno, Xno))

IN

¢< a p(X”mN X"o) +b P(Xno,ﬂxng) +b p(xnm Xno+1) +c p(XnO,l,Xno) + Cp(XnO,XnOH))

7Cp(Xno7 Xﬂo) + CP(X"oa Xﬂo)
(/)( p<Xnof17Xno)7 p(Xnofl’xno)7 P(Xno, Xn071)7 P(Xno, X"o))

<@(ap(Xngys Xno) + b P(Xng1:Xne) + b P(Xng, Xngis) + € P(Xng s Xno) + CP(Xngs Xng.1))
N ¢( p(X”OfNX”O)’ p(X”O—l’X”O)’ P(Xno, Xn071)7 P(Xnm Xno))

( (G +2b+ ZC) rnax{p()(%47 X”o)?p(xno’ Xﬂo+1)})

<o
— d( P(Xno_1>Xno)s P(Xno1:Xno)> P(Xngs Xnoy1)s P(Xng Xno))

< </'(P(Xn0, Xng+1)) _d)( p(Xno,l,Xno)y p(xno,ﬁxno)v P(an Xnoﬂ)» P(Xno, Xng)) (10)

Using (6), (10) becomes

¢(p(xf’o 17Xno)’ p(X”o 17Xﬂ0)7 P(Xnm Xnou)’ P(Xno 17Xﬂ0\1)7 p(Xno» Xno)) =0 (11)
By property of ¢, (11) yields
p(Xn9—l7Xn0) =0, p(Xﬂoquno) =0, p(Xnm Xno+1) =0, p(Xnoq?Xnou) =0, p(an Xno) =0 (12)

Since
V/<p(Xno+1’ X”o+z)) = W(p(Tan TX”0+1>)

Sgo(ap(xno, X”O-l) + bp(X”NTX”O) + bP(X”O-U TX”0\1)+ CP(X”07TX”0\1)+ CP(X”O\N TX"o:))
- ¢( p(X”07Xn0-1)7 p(X”mTXno)7 p(XHO\U TX”0\1)7 p<X”o’TX’To<1)’ p()(nml7 TX”O))

=9 ( a p(an XnO—l) +b p(Xno’Xnml) +b p(Xn0+17 Xnofz) +C p(X”07X”0+z) +C p(X”0+1’ Xno+17))
- {'b( p<Xno7XnoA1)7 p(X”07Xno+1)7 p(Xno+17 X”o+z)7 p(Xn07Xno+z)7 p(X”OA7 Xno+1))

<g < a p(xnov Xﬂo+1> + b p(xnmxnou) +b p<xno+17 Xﬂo+z) + Cp(xno7xno+1) +Cp(Xn0+1, X"o+27)>

—C p(X"o+1v Xno+1 7) +c p(X”o+17 Xno+1 7)
- {'b( p<Xno7XnoA1)7 p(X”07Xno+1)7 p(Xno+17 X”o+z)7p(xf’o+1> chAl))
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<o ( a p(X”w X”o—l) +b p(Xno’Xno+1) +b p(Xno+17 Xnofz) +c p(X”07Xn0+1) t+c p(xno+17 Xno+z?))
- d)( p<X"o-/Xn071)7 p(X”ovxnou)v p<xno+1v Xﬂo+z)7 p(xnonv X"o+1))

¢ ((G +2b+ Zc)max{p()("ovxnofl)7p(X”o+1’X”o+z) })
¢( P(Xno ) Xno+1 )7 P(Xnu ) Xnﬁvl )v p(xﬂo+1 ) Xnu-z )7 p(Xﬂo+1 ) Xno-1))

I IA

< (max{p(X"o s Xno.1 ) ’ p(Xntm ’ X”o+z) })

4
d(P(Xno» Xngi1)s P(XngsXng.1 )s P(Xnours Xnows)s P(Xnosss Xnors))

<@ (P(Xno.Xno.)) = B (P (Xngs Xno.s ) P(Xngs Xno,s )y P(Xnguss Xno.2) P(Xno.ss Xno.s)) (13)
Using (6), (13) becomes

¢ (P (Xng, Xng.)s P(Xno Xng.1)s P(Xno.ss Xno.s)s P(Xnos Xng. )5 P (Xno,ss Xno.1)) = O (14)
By property of ¢, (14) yields

P(Xng: Xno.1) = 0P (Xno.15 Xng.2) = 0, (Xng. Xno.s) = 0,P(Xng, Xng.) = O (15)

Thus, {p(xn, Xn:1)}is a decreasing sequence of nonnegative real numbers. Hence, there exists k > 0
such that

limp_.cop(Xn, Xni1) = k.
From (10) and the above facts, we have

w (P(Xn, Xn+1)) < @( P(Xn, Xni1)
= ¢(P(Xn-1,%n), P(Xn-1, Xn); P(Xn, Xn+1); P(Xn-1,Xn+1),P(Xn; Xn))

Taking the limit as n — oo in the above inequality yields
lim info—oo (¢ P(Xn-1,Xn), P(Xn=1, Xn), P(Xn, Xn+1), P(Xn—1,Xns1),P(Xn, Xn))) = 0.

By the continuity of ¢ we have

¢ lim infa_coPp(Xn-1, Xn), lim info_.ccp(Xn, Xns1), liM infacop(Xn_1, Xn41),
lim info—.o P(Xn, Xn)) = 0.The property of ¢ gives that

lim info_.cop(Xn-1, Xn) = 0,lim info_.cop(Xn, Xny1) = 0,lim info_cop(Xn-1, Xny1)
=0, lim infy_o P(Xn, Xn) = 0. (16)

Taking the inferior limit in (15) and using (16), w(k) =0, this implies that k = 0.
Therefore limp_oo p(Xn, Xn+1) = 0.

Now we claim that {x,} is a Cauchy sequence. It is sufficient to show that {x;,} is a Cauchy
sequence. On the contrary, suppose {x;,} is not a Cauchy sequence then there exists ¢ > 0 and
two subsequences {x;n, }and {xom, } of {x2n} such that n(k) > m(k) > k and sequences in (7) tend to
€ as k — oc. For two comparable elements x = x5, and y = X, we can obtain from (7) that

L4 (p(XZ"k+17 XZ""’k)) :y/(p(TXan, szmkfl))

<@ (G P(Xan, X2my, 1) + b P(Xan,TXan) + b p(Xka 1 TXom, 1) + CP(Xan»TXka 1) + CP(Xka 1 TXan))
_(/)( P(Xana X2mk,1)-, P(XanaTXan)7 p(Xka,ly TXka,l)a P(Xan,TXka,i); p(Xka,la TXZn))

<e¢ ( a P(Xan szk—l) + b p(ink’inkvl) + b p(XZ'T‘k—17 szk) +c p(er‘k’szk) +cC p(xzmk—l’ ink+l))
*¢(P(X2nk7 Xka,l), P(X2nk7X2nk+1), P(Xka,U Xka), p(Xan7X2mk)7 p(Xka,p X2n+1))
(17)

As k — oo in (17), we obtain

W(g) S(p(g) 7¢(£7878787£)7
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this implies that ¢(e,¢,¢,¢,¢) = 0, hencee = 0, a contradiction. Thus {x;,} is a Cauchy sequence
and so is {xn}. Since (X,p) is complete so (X, dP)is also complete (by Lemma 2.6). Therefore, the
Cauchy sequence {xn}converges in (X, dP), that is, limp_..p(Xn, Z) = p(z,z)then by Lemma 2.6, we
have

limp m—coP(Xn, Xm) = liMn_.cop(Xn, Z) = p(z,2) (18)

By Lemma 2.6, we obtain lim,_..p(xn, z) =0,

so, by definition ofdP, we obtain

d(Xn, Xm) = 2P(Xn, Xm) — P(Xm, Xm) — P(Xn, Xn).

Using (16) and taking n, m — oo in above inequality yields

limn.m—soP(Xn, Xm) =0 (19)
From (18) and (19), we obtain

limp_.cop(Xn, ) =p(z,z) =0 (20)
By (P4), we obtain

P(z, 12) < Pp(z,Xn) + P(Xn, T2) = p(Xn, Xn)

Taking n — oo and using Equation (16), (20) and Lemma 2.5 in the above inequality yields
p(z,Tz) < p(Tz,Tz) (21)
From (P;), we have

p(Tz,7z) < p(z,Tz) (22)
By (21) and (22), we obtain

v (P(z,T2)) = w(p(Tz,T2))

< g(ap(z, z)+ bp(z, Tz)+ bp(z, Tz) + cp(z, Tz) + cp(z, Tz))
—¢(p(z, 2), p(z, T2), p(z, T2), p(z, T2), p(z, T2))

< ¢(ap(z, 2) + bp(z, Tz) +bp(z, T2) + cp(z, T2) +cp(z, T2)) — $(p(z, 2), p(z, T2))

<gl((a +2b+ 20max{p(z, 2), p(z, T2)}) - #(p(z.2), p(z. T2))

< p(max{p(z. 2), p(z, T2)}) — $(p(z, 2). p(z, T2)).

Using (20) and (6) in above inequality, we obtain

w(P(z,72)) —o(p(z, T2)) < = ¢(0, p(z, T2)),

this gives ¢(0, p(z, Tz)) < 0 this implies that ¢(0, p(z, Tz)) = 0. Hence p(z, Tz) = 0. Thus, Tz = z.
Corollary 3.5 (Chen & Zhu, 2013): Let (X, <) be a partially ordered set and suppose that there

exists a partial metric in X such that (X, p) is complete. Let T: X — Xbe continuous nondecreasing
mapping. Suppose that for comparablex, y € X, we have

w(p(rx, Ty )) < o (PEPIEPEDD) i ty), piy. o) @3)

where y(t) — ¢(t) > 0 (24)

Page 7 of 11



Eke & Oghonyon, Cogent Mathematics & Statistics (2018), 5: 1509426 G;Kr: Cogent oo mathemahcs & StaUsch

https://doi.org/10.1080/25742558.2018.1509426

for allt >0, and ¢ : [0, o0)® — [0, cc) is a continuous function with ¢(y, z) =0 if and only if
y =z =0. If there exists xo € X such that xo < Txp then T has a fixed point.

Corollary 3.6: Let (X, <) be a partially ordered set and suppose that there exists a partial metric
in X such that (X, p) is complete. Let T: X — X be continuous nondecreasing mapping. Suppose
that for comparablex, y € X, we have

4 (p(TX7 Ty )) < P ( p(X7y)) - ¢( p(X,y)), (25)

where y(t) — ¢(t) >0 (26)

forallt > 0,and ¢ : [0, o0) — [0, oo) is a continuous function with ¢(x) = 0 if and only if x = 0. If
there exists xo € X such that xo < Txp then T has a fixed point.

The proof of the corollary follows from Theorem 3.3.

Remarks 3.7: If we replace ordered partial metric space with G-metric space and w(k) =k, ¢(t) = t
in (25) then corollary 3.5 gives Theorem 2.1 of Chi et al. (2013).

Example 3.8 (Ran & Reurings, 2003): Let X = [0,1] with usual order < be a partially ordered set
and endowed with a partial metricp: X x X — R*. This partial metric is defined by p(x, y) = max{x,
y}. Then the partial metric space is complete. Also, we define the mapping 7: X — X by Tx =%. Let

us take y, @ : [0, +00) — [0, 4 oo)such that w(t) =t? and ¢(t) = %, respectively, and take ¢ :

5 2
[0, +00)> — [0, +00) such that ¢ (u, v, x, y, z) = UEVE2

By simple calculation we have,

p(Tx, Ty ) < %p(x, y) (27)
p(Tx, Ty) <3 [p(x T, ) +p(y. Ty ) 28)
pTx, Ty ) <3 [p(x, Ty ) +ply. Tx) (29)
If x > y then

p(Tx, Ty ) = max {g%’} :%.

Also,

P, y ) +px, Tx)+ply, Ty ) +px, Ty ) +ply, Tx)

) ol Yol orlr 3

= max {x, y} + max {ng }+ p(y, )§/) +max{x, %}+p(y,§)

W x

= p(x, y)+p(x,

- seeplsd) vols 3)

Hence,
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_Bx+ P ) +p0n))’  Bx+ p(rY) +p(r:Y)’
- 3 9

=¢ (a1p(x,y) +a2p(x, Tx) + a3p(y, Ty) +asp(x,Ty) + asp(y, Tx))
—¢(p(X.Y), p(X,Tx), p(y, Ty),p(x,Ty), p(y, Tx)).

If y > x then we have

93

p(Tx, Ty ) = max {g,g
Also,

p(x, y ) +px, Tx)+ply, Ty )+px, Ty ) +py, Tx)
= 0, y)+p(x3 ) +p(y. 3) +p(x L) +p(r. )

= max {x, y} + max {x, } + p(y, %) +max{x, %} +p(y7§>

W x

~3e(s) ofs 3

Therefore,

yz
w(p(Tx, Ty )):g < 5

=@ ( G1P(X,y) + azp(xv TX) + a3p(y’ Ty) + GAP(X7 Ty) + C’5p(y, TX))
_d)( p(X,y), p(X’TX)7 P()’~ Ty)7p(X>Ty)7 P()’a TX))

For a comparable x, y € X and with the above argument, we conclude that (5) holds. Therefore all
the conditions of Theorem 3.4 are satisfied. The fixed point of T is 0.

4. Application to integral type
Theorem 4.1: Let (X, <) be a partially ordered set and suppose that there exists a partial metric in
X such that (X, p) is complete. Let T: X — X be continuous nondecreasing mapping. Suppose that
for comparablex, y € X, we have
p(Tx, Ty ) (a1 + @ + a3 + a4 + as) max {p(x.y), p(x,7x),p(y, Ty).p(x,Ty) , p(y, Tx))}
J a(s)ds gJ B(s)ds
(30)
(P(x.y), POX.TX), Py, Ty), P(X.TY), p(y; TX))
- 4| r(s)ds
0
where a1, 0,,03,04,05 € [0, 1), Zsja,-< 1, and apBy: [0, o0) — [0, o) is a Lebesgue-Stieltjes
integrable mapping which are summable and nonnegative . Suppose ¢ : [0, )’ — [0, o0) is a
continuous function with ¢(v, w, x, y, z) =0 if and only if v=w = x = y = z = 0. If there exists
Xo € X such that xo < Txq, then T has a fixed point.

Proof: We consider the functions y,p : [0, c0) — [0,00) defined by
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t t
w(t) = g a(s)ds, p(t) = {) B(s)ds,

and y and ¢ altering distance functions satisfying

w(t) —o(t) >0

(31)

forallt > 0. Since w and ¢ satisfied the above condition then the result follows immediately from

Theorem 3.3. This completes the proof.
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