
IOP Conference Series: Materials Science and Engineering

PAPER • OPEN ACCESS

Frobenius method for the solution of Klein-Gordon-Fock equation with
equal scalar and vector oscillator plus potential
To cite this article: T A Anake et al 2019 IOP Conf. Ser.: Mater. Sci. Eng. 640 012116

 

View the article online for updates and enhancements.

This content was downloaded from IP address 165.73.223.226 on 28/07/2021 at 12:29

https://doi.org/10.1088/1757-899X/640/1/012116
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsu87bX6ezBjaMQlILX3Bev8cuzekw5eiNnjhhuAgTAXLz_3BUIJofqvFNoxUrxcyLfg7JTmHN6jcHA3SF4Q-mOYT4PFNLBWToj05nvQx2-xLMfkIUEyKt-fK6JkgHAXh-OIp_LdKM7MwWjdP3gXJRavy4-FfWqtlSAhJxELlHVK3wiKnGQkhRh6cXCUSYXbZ9O_7l-2hJCVQ_A7wiioEwGJXqtODXOhxB_C5-mELREoBd1OUYkNGAfr5eT0N__Po1fjKfB3oXGYUbu4tvt5ak92I_qCWXZ0ItU&sig=Cg0ArKJSzF46M1xhCurx&fbs_aeid=[gw_fbsaeid]&adurl=https://www.electrochem.org/short-courses


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

1st International Conference on Sustainable Infrastructural Development

IOP Conf. Series: Materials Science and Engineering 640 (2019) 012116

IOP Publishing

doi:10.1088/1757-899X/640/1/012116

1

 

 

 

 

 

 

 

 

Frobenius method for the solution of Klein-Gordon-Fock 

equation with equal scalar and vector oscillator plus potential   

T A Anake1, S O Edeki1*, J G Oghonyon1 and O P Ogundile1 

 

1Department of Mathematics, Covenant University, Ota, Nigeria  

*Corresponding e-mail address - soedeki@yahoo.com 

Abstract. In this paper, the solution of Klein Gordon Equation is sought. Frobenius method was 

used to solve the Klein Gordon (KG) equation with equal scalar and vector harmonic oscillator 

plus inverse quadratic potential for s - waves. A corresponding un-normalized wavefunction was 

obtained for the Frobenius equation in the form of a power series. 
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1.  Introduction 

Klein-Gordon-Fock Equation (KGFE) also referred to as Klein-Gordon- Equation is a second order in 

space-and-time differential model whose solutions contain a quantum scalar. The KGFE has a wide 

range of application when modelling various problems in relation to quantum mechanics, condensed 

matter physics and so on [1-5].  Solutions of KGFEs and similar differential equations in pure and 

applied sciences have been considered using some analytical, numerical and approximate methods [6-

14]. In this paper, the solutions of the Klein-Gordon-Fock equation will be considered via Frobenius 

method of solution.  The KGFE to be considered takes the following form with the harmonic oscillator 

plus inverse quadratic (HO+IQ) potential: 

2

2
( )

g
V z kz

z
                (1) 

where z represents spherical coordinate, k  is arbitrary constant and g   is the inverse quadratic potential 

strength. Dong and Lozada-Cassou [15] have used algebraic method to solve the Schrodinger equation 

in three dimensions with the potential in equation (1) and obtained eigenfunctions and eigenvalues of 

the Schrodinger equation. Also, Ikhdair and Sever [16] solved the D-dimensional radial Schrodinger 

equation with some molecular potential and obtained the solution for ( )HO IQ   potential as a special 

case of pseudo harmonic oscillator for 0l   waves. 

In this paper, we shall obtain a power series solution for the Klein-Gordon equation with ( )HO IQ   

potential by Frobenius method. 
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2.  Klein Gordon Equation 

 

The Klein - Gordon (KG) equation with equal scalar potential ( )S z   and vector potential ( )V z  in 

natural units ( 1)h c    is given as 

 2

2 2

2
[( 2( ) ( ))] ( ) 0

d U z
E M E M V z U z

dz
               (2)  

where M is the rest mass and E is the relativistic energy. Using an appropriate transformation, 
2z r ,   

(2) is reduced to the ordinary differential equation of the form: 
2

2

2 2

( ) 1 ( ) 1
( ) ( ) 0

2 4

d U r dU r
Dr Cr F U r

dr r dr r
                (3) 

where the radial wave function is U (r); C, D and F are potential parameters given by 

             
2 2 , 2( ) , 2( )C E M D E M k F E M g       ,         (4) 

where k  is an arbitrary constant and g  is the inverse quadratic potential strength (as earlier stated in 

(1). 

For simplicity sake, we introduce the notation, N1 as follows: 

N1:  
2

1
( ) ,

2

( )
4

P r

Dr Cr F
Q r





   



  

into (3), to have:  

                     
2

2 2

( ) ( ) ( ) ( )
( ) 0

d U r P r dU r Q r
U r

dr r dr r
                 (5) 

 

In this form, Frobenius method can be applied to solve (5). This demands the expansion of the solution 

around regular singular points, at 0r    and r   , of the differential equation. In what follows, we 

shall only consider the regular point for which the solution is physically meaningful namely; at 0r   . 

Therefore, the radial wave function is represented by the generalized power series: 

 

0

( ) i

i

i

U r r a r




                                                                                                                    (6)  

where 0 0a  . Substituting Eqn. (6} in Eqn. (5) yields: 

2 1

2
0 0 0

( ) ( )
( )( 1) ( ) 0i i i

i i i

i i i
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i i a r i a r a r

r r

    
  

    

  

                                  (7)                  

That is,  

2

0

( )( 1) ( )( ) ( ) 0[ ] i

i

i

i i P r i Q r a r   


 



       .                      (8)  

By isolating the      first  term  of  the  sum  starting  from     i = 0 ,       we  obtained: 

  2

0( 1) ( ) ( ) 0P r Q r a r       .                                        (9)                  

Now, since each coefficient goes to zero from the linear independence of powers of r and noting that 0 0a   

we obtained the indicial equation as follows 
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              (10)  

which is solved for ,  after replacing ( )P r  and ( )Q r  (see notation N1 for the expressions). Thus, we have: 
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.                       (11) 

 

By Fuchs’s theorem [16], the generalized series (6) converges and the Klein-Gordon equation has two linearly 

independent solutions obtained as generalized series. 

Now at i = 1, after replacing P(r) and Q(r) in (8), we obtain: 

          
0 1

1
(1 ) (1 ) 0

4 2 4

C F
a a  

 
      
 

                                      (12) 

which can only be true if C = 0 and 1 0a  . Similarly at i > 1 we have: 

1 2

1
( )( 1) ( ) 0.

2 4 4 4
i i i

F C D
i i i a a a    

 
         

 
                      (13) 

We re-write (13) and apply little algebra as follows: 
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Equation (14) denotes the recurrence relation for the coefficients of the series (6) as 

              

Putting the values of C, D and F in (14) yields: 
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                        (15) 

Notice that the value of   determines the behaviour of the radial wave function U (r) as 0r  . 

Clearly, for    to be well behaved, 
1

4
F     thus, the acceptable solution would be the one that contains 

the series with 
1  . 

Finally, the solution of the Klein-Gordon equation, that is the radial wave function, is obtained in the 

form: 

      1

0

( ) i

i

i

U r r a r




                                                         (16) 

Here, ia  is defined by (15) for all ,i  where 
1  . 
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3.  Conclusions 

In conclusion, we have obtained the corresponding un-normalized wave function (16) using the 

Frobenius method for the Klein Gordon equation with equal scalar and vector harmonic oscillator plus 

inverse quadratic potential for S-waves. The energy eigenvalues are obtained as roots of the series (16), 

after truncating at a suitably high order, say N . This is possible with arbitrary accuracy because the 

series converges. 

 

Conflict of interest 

The authors declare that there exists no conflict of interest regarding the publication of this paper. 

 

Acknowledgement 

CUCRID section of Covenant University is highly appreciated for all forms of support. 

 

References 

  [1] Caudrey P J, Eilbeck I C and Gibbon J D 1975 The sine-Gordon equation as a model classical   

field theory, Nuovo Cimento, 25, 497-511. 

  [2]  Ablowitz M J, Herbst B M and Schober C 1996 Constance on the numerical solution of the sine-

Gordon equation. I: Integrable discretizations and homoclinic manifolds, J. Comput Phys 

126, 299–314. 

  [3]  Caudrey P J, Eilbeck I C and Gibbon J D 1975 The sine-Gordon equation as a model classical 

field theory, Nuovo Cimento, 25, 497-511. 

  [4] Anake T A and Ita B I 2015 Solutions of the Schrodinger equation with gravitational plus 

exponential potential, Journal of Theoretical Physics & Cryptography, 8, 18-21. 

  [5] Goudarzi H, Jafari A, Bakkeshizadeh S and Vahidi V 2012 Solutions of the Klein-Gordon 

Equation for the Harmonic Oscillator Potential plus NAD Potential, Adv. Studies Theor. 

Phys., 6 (26), 1253-1262. 

  [6] Dai T Q 2011 Bound state solutions of the s-wave Klein-Gordon equation with position 

dependent mass for exponential potential, J. At. Mol. Sci. 2 (4), 360-367. 

  [7] Arda A, Sever R and Tezcan C 2010 Analytical solutions to the Klein-Gordon equation with 

position-dependent mass for q-parameter Po¨schl–Teller potential, Chinese Physics Letters, 

27(1), 010306. 

  [8] Akinlabi G O, Adeniyi R B and Owoloko E A 2018 The solution of boundary value problems 

with mixed boundary conditions via boundary value methods, International Journal of 

Circuits, Systems and Signal Processing, 12, 1-6. 

  [9] Chowdhury M S H and Hashim I 2009 Application of homotopy-perturbation method to Klein–

Gordon and sine-Gordon equations, Chaos, Solitons and Fractals, 39, 1928–1935. 

 [10] Odibat Z and Momani S 2007 A reliable treatment of homotopy-perturbation method for Klein-

Gordon equations, Phys Lett A. doi:10.1016/j.physleta.2007.01.064. 

 [11] Edeki S O, Akinlabi G O and  Adeosun S A 2016 On a modified transformation method for exact 

and approximate solutions of linear Schrödinger equations, AIP Conference Proceedings 

1705, 020048; doi: 10.1063/1.4940296. 

 [12] Edeki S O and Akinlabi G O 2017 Zhou Method for the Solutions of System of Proportional 

Delay Differential Equations, MATEC Web of Conferences 125, 02001. 

 [13] Wazwaz A M 2005 The tanh method: exact solutions of the sine-Gordon and the sinh-Gordon 

equations. Appl Math Comput, 167, 1196-210. 

 [14] Akinlabi G O and Adeniyi R B 2018 Sixth-order and fourth-order hybrid boundary value 

methods for systems of boundary value problems, WSEAS Transactions on Mathematics, 17, 

258-264. 

 [15] Dong S and Lozada-Cassou M 2006 Exact solutions of the Klein-Gordon equation with scalar 

and vector ring-shaped potentials, Physica Scripta, 74 (2), 285-287. 



1st International Conference on Sustainable Infrastructural Development

IOP Conf. Series: Materials Science and Engineering 640 (2019) 012116

IOP Publishing

doi:10.1088/1757-899X/640/1/012116

5

 

 

 

 

 

 

 

 

  [16] Ikhdair S M and Sever R 2008 Exact solutions of the modified Kratzer potential plus ring- 

shaped potential in the D-dimensional Schro¨dinger equation by the Nikiforov–Uvarov 

method, International Journal of Modern Physics C, 19 (02), 221-235. 

  [17] Afken G B, Weber H J and Hans-Jurgen Weber 1985 Mathematical Methods of Physicists, 

Orlando, FL, Academic Press. 


