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Abstract

Existence results for a resonant third-order integral m-point boundary

value problem on the half-line with dimension of the kernel of the

linear differential operator equal to two are established. The tools that

will be employed in this work are the Mawhin’s coincidence degree

theory, relevant algebraic methods and operators. An example will

also be used to illustrate our result.

1. Introduction

Boundary value problems on an unbounded domain are encountered in

the study of many physical phenomenons such as the study of unsteady flow
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of fluid through a semi-infinite porous media and radially symmetric 

solutions of nonlinear elliptic equations. They also arise in plasma physics 

and the study of drain flows, see [10]. 

Boundary value problems whose corresponding homogeneous boundary 

value problem has a non-trivial solution are said to be at resonance. 

Resonant problems can be expressed in abstract form as ,NuLu   where 

the differential operator L is not invertible. Mawhin’s continuation theorem 

[8] is used to study cases where L is linear. Many authors have recently 

considered the problem of existence of solutions for resonant boundary value 

problems when the dimension of the linear operator is either one or two, see 

[1, 6, 12, 9, 3, 7, 13]. However, to the best of our knowledge, only few 

authors in the literature have considered boundary value problems having 

integral boundary conditions with dimension of the kernel of the linear 

operator equal to two, see [11, 2]. Most of the works have considered 

second-order boundary value problems but not third-order boundary value 

problems. 

This work considers the existence of solutions for the following resonant 

third-order boundary value problem having m-point integral boundary 

conditions on the half-line: 

          ,,0,,,,  ttutututftu  (1.1) 

            









m

i

n

j
ji

i j
dttuudttuuu

1
0

1
0

,,0,00  (1.2) 

where     3,0:f  is an  ,01L -Carathéodory function, 

,0 21  m  ,0 21  n  ,i  i  

m...,,2,1  and ....,,2,1, njj    

In Section 2, necessary lemmas, theorems and definitions are given, 

Section 3 is dedicated to stating and proving condition for existence of 

solutions. An example is given in Section 4 to corroborate the result 

obtained. 
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2. Preliminaries 

In this section, we will give some definitions and lemmas that will be 

used in this work. 

Take U, Z to be normed spaces, ZULdomL :  is a Fredholm 

mapping of zero index and ,: UUP   ZZQ :  projectors that are 

continuous such that 

.,kerker,ker,ker QImLImZPLULImQLPIm   

Then 

LImPLdomL PLdom ker:ker   

is invertible. The inverse of the mapping L will be denoted by LImK p :  

PLdom ker  while the generalized inverse, PLdomZK QP ker:,   

is defined as  ., QIKK pQP   

Definition 2.1 [15]. A map     3,0:w  is  ,01L -

Carathéodory, if the following conditions are satisfied: 

  (i) for each   ,,, 3fed  the mapping  fedtwt ,,,  is 

Lebesgue measurable; 

 (ii) for a.e.  ,,0 t  the mapping    fedtwfed ,,,,,   is 

continuous on ;3  

(iii) for each ,0k  there exists     ,01Ltk  such that, for a.e. 

  ,0t  and every    ,,,, kkfed   we have 

   .,,, tfedtw k  

Definition 2.2. Let ZXLdomL :  be a Fredholm mapping, E be 

a metric space and ZEN :  be a nonlinear mapping. N is said to be L-

compact on E if ZEQN :  and XENK QP :,  are compact on E. 
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Also, N is L-completely continuous if it is L-compact on every bounded 

.UE   

Theorem 2.1 [13]. Let U be the space of all bounded continuous vector-

valued functions on  ,0  and .UM   Then M is relatively compact on U 

if the following conditions hold: 

  (i) M is a bounded subset of U; 

 (ii) the functions from M are equicontinuous on any compact interval of 

 ;,0   

(iii) the functions from M are equiconvergent at ,  that is, if given an 

,0  there exists a   0 TT  such that     , ftf  for all 

Tt   and .Mf   

Theorem 2.2 [8]. Let L be a Fredholm map of index zero and let N be  

L-compact on .  Assume that the following conditions are satisfied: 

  (i) NxLx   for every       ,1,0ker,  LLdomx  

 (ii) LImNx   for every ,ker  Lx  

(iii)   ,00,ker,deg ker LQN L  where ZZQ :  is a projection 

with .ker QLIm   

Then the abstract equation NuLu   has at least one solution in 

.Ldom  

Let 

        ,existslimand
1

lim,
1

lim:,0
2

2







 








tu

t
tu

t

tu
CuU

ttt
 

with norm 

  uuuu ,,max 10  
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defined on U, where 

 

 
 

 
 

  .sup,
1

sup,
1

sup
,0,0

12
,0

0 tuu
t

tu
u

t

tu
u

ttt














 

The space  ,U  by standard argument is a Banach space. 

Let   ,01LZ  with the norm  



0

.1 dvvyy L  Define 

,uLu   with domain 

       






  


m

i
i

i
dttuuuLuUuLdom

1
0

1 ,0,00,,0:  

    .
1

0 





  


n

j
j

j
dttuu  

Also, the nonlinear operator ZUN :  will be defined by 

          ,,0,,,,  ttutututftNu  

hence, equations (1.1)-(1.2) may be written as 

.NuLu   

In order to establish conditions for existence of solution of (1.1)-(1.2), 

we make the following assumptions: 

 1    
  


n

j

m

i

m

i
iiiijj

1 1 1

2 ,0,1,1  

 2  ,0: 21122211
2221

1211
2

2
2

1

21  


gggg

gg

gg

etQetQ

teQteQ
G

tt

tt
 

where 

         


 



 




m

i

t n

j
ji

i j
dvdvyyQdtdvdvyyQ

1
0 0 0

1
0

21 .,  
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By simple calculation, it can be shown that 

  .,0,,:ker 2  tcbctbtL   

Lemma 2.1.  ,0: 21  yQyQZyLIm  where 

         


 



 




m

i

t n

j
ji

i j
dvdvyyQdtdvdvyyQ

1
0 0 0

1
0

21 .,  

Proof. Consider the problem 

    ,,0,  tytu  (2.1) 

which has a solution  tu  satisfying (1.2) such that 

           



t s

dsdvdvytutuutu
0 0 0

2 .0
2
1

00  

Integrating (2.1) from 0 to t, we have 

      
t

dvvyutu
0

.0  (2.2) 

At ,t  (2.2) becomes 

        



t

t
dvvydvvyuu

0
.0  (2.3) 

Since  


n
j j

j dt
1 0

,1      


 n
j j

j dtuu
1 0

.  From (1.2), 

we have 

      









n

j

n

j
jj

j j
dttudtu

1
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1
0
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Hence, 

            





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dvdvy

1
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Integrating (2.2) from 0 to t gives 

         

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t
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0 0

.00  (2.4) 

Applying boundary conditions (1.2), we have 
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i ii1
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where b and c are arbitrary constants and  tu  is a solution to (2.1) satisfying 

(1.2). Hence  .0: 21  yQyQZyLIm   

We next define the operator ZZQ :  as 

    ,2
21 tyRtyRQy   

where 

    ,
1

,
1

22212122121111
tt eyQmyQm

G
yReyQmyQm

G
yR    

and ijm  is the algebraic cofactor of .ijg  

Lemma 2.2. The following hold: 

 (i) ULdomL :  is a Fredholm operator of index zero; 

(ii) the generalized inverse PLdomLImK p ker:   may be written 

as 

   



t s

p dsdvdvyyK
0 0 0

.  

Also, 

.1Lp yyK   

Proof. (i) We now make the following computations: 

             tt etyRQmetyRQm
G

tyRR   1212111111
1

 

  yRteQmteQm
G

tt
1212111

1    

  yRgggg
G 112211122
1   

   ,11 yRyR
G
G   (2.5) 
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         tt etyRQmetyRQm
G

tyRR   2
2212

2
2111

2
21

1
 

  yRetQmetQm
G

tt
2

2
212

2
111

1    

    ,0
1

222212122  yRgggg
G

 (2.6) 

         tt teyRQmteyRQm
G

tyRR   12221121
2

12
1

 

   yRteQmteQm
G

tt
1222121

1    

    0
1

112111112  yRgggg
G

 (2.7) 

and 

         tt etyRQmetyRQm
G

tyRR   2
2222

2
2121

2
22

1
 

   yRetQmetQm
G

tt
2

2
222

2
121

1    

   yRgggg
G 222112112
1   

  .22 yRyR
G
G   (2.8) 

From (2.5), (2.6), (2.7) and (2.8), we have 

    2
21

2 tyRtyRQyQ   

            22
212

2
211 ttyRtyRRttyRtyRR   

        ttyRRttyRR  2
2111  

       22
22

2
12 ttyRRttyRR   

    2
2

2
1 00 tyRtttyR   

    ,2
21 QytyRtyR   

therefore, Qy is a projector. 
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Let .LImy   Then     .02
21  tyRtyRQy  Next, we show that 

.ker LImQ   Let .ker Qy   Then LImy   since .0Qy  Conversely, if 

,LImy   then by .ker,0 QyQy   Hence, .ker LImQ   

Let Zy   and   .QyyQIy      QyyQQyyQIQ 2  

,0Qy  thus   LImQyQI  ker  and .QImQy   Hence, LImZ   

.ker Q  Setting ,02  ctbty  from ,LImy   we obtain the following 

equations: 

 













.0

,0

2
2

2
1

21

tt

tt

ectQebtQ

cteQbteQ
 (2.9) 

From  ,2  ,0G  then (2.9) has a unique solution ,0 cb  implying 

that  0QImLIm   and .QImLImZ   Note that Qkerdim  

.2codimkerdim  LImL  Therefore, the index of  LL kerdim  

,022codim LIm  thus L is a Fredholm mapping of index zero. 

(ii) Let a continuous projector UUP :  be defined as 

         .,0,0
2
1

0 2  ttututPu  

Then the generalized inverse PLLImK p kerdom:   may be written 

as 

   



t s

P dsdvdvyyK
0 0 0

.  

For ,LImy   we have 

       tyyKtyLK PP    

and for ,ker PLdomu   we have 

           



t s

PP dsdvdvutuKtuLK
0 0 0
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        20
2
1

00 tutuutu   

     .0 tPuutu   

Since   ,0,ker  tPuPLdomu   from the boundary condition 

  .00 u  Therefore, 

     .tutuLKP   

Thus   .1
ker

 PLdomP LK   Also, 

 
   









02
,0

0 ,
1

1
sup 1Lp

t
p ydvvyyK

t
yK  

 
   









0,0
1 1

1
1

sup Lp
t

p ydvvyyK
t

yK  

and 

 
   




 

0,0
.sup 1LP

t
p ydvvyyKyK  

Then 

  .,,max 110 LpppP yyKyKyKyK    

Proof of Lemma 2.2 is complete.  

Lemma 2.3. Let U  be open and bounded with .Ldom  If 

f is a  ,01L -Carathéodory function, then the nonlinear operator N is         

L-compact on .  

Proof. Let u  and let .0 k  Then ku   since  is bounded. 

Since f is  ,01L -Carathéodory and for any ,u  we have 

      



0

,,,, 11 LkL dvvuvuvuvfNu  (2.10) 
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         


 


m

i

s
i

i
dsdvdvuvuvuvfNuQ

1
0 0 0

1 ,,,  








m

i
ii

Lk

1

2
2

1
 (2.11) 

and 

        


 




n

j
j

j
dvdvuvuvuvfNuQ

1
0

2 ,,,  





n

j
jjLk

1

.1  (2.12) 

Then 

 



0

1 dvvQNuQNu L  

       



0

2
21 dvvvNuRvvNuR  

 uQNmuQNm
G 212111
1   

 NuQmNuQm
G 222121
1   

 


















 



m

i
ii

Lkmm
G

1

2
2111 2

1 1
 

  .
1

2212 1






 



n

j
jjLkmm  (2.13) 

Then  QN  is bounded. 
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We will use the following three steps to show that     NQIKP  is 

compact. 

Step 1. Boundedness. Let .u  Then 

         








 t s
P dsdvdvNuQI

tt

tNuQIK

0 0 022 1

1

1
 

 
 11

2

2

12
LLk QNu

t

t 


  

,11 LLk QNu  

          





 t s
P dvdsvNuQI

tt
tNuQIK

0 01
1

1
 

 11
1 LLk QNu

t
t 


  

11 LLk QNu  

and 

         
t

P dvvNuQItNuQIK
0

 

.11 LLk QNu  

From (2.10) and (2.13), we see that     NQIKP  is bounded. 

Step 2. Equicontinuity. Let ,u   Ttt ,0, 21   with 21 tt   and 

 .,0 T  Then 

       
2
1

1
2
2

2

11 t

tNuQIK

t

tNuQIK PP









 

     






2

0 0 02
21

1 t s
dsdvdvNuQI

t
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     






1

0 0 02
11

1 t s
dsdvdvNuQI

t
 

     






1

0 0 02
21

1 t s
dsdvdvNuQI

t
 

     






2

1 0 02
21

1 t

t

s
dsdvdvNuQI

t
 

     






1

0 0 02
11

1 t s
dsdvdvNuQI

t
 

     



















1

0 0 02
1

2
2 1

1

1

1 t s
dsdvdvNuQI

tt
 

     






2

1 0 02
21

1 t

t

s
dsdvdvNuQI

t
 

     
 ,

21

1
211

11

2
1

2
2

2
2

2
1

2
1

2
2

2
2

2
1

LLk QNu
tt

t

t

tt

tt








 







  

         
1

1

2

2
11 t

tNuQIK
t

tNuQIK PP








 

          
 








2 1

0 0 0 012 1
1

1
1 t t

dvdvNuQI
t

dsdvdvNuQI
t

 

          
 








1 2

10 0 022 1
1

1
1 t t

t
dvdvNuQI

t
dvdvNuQI

t
 

    






1

0 011
1 t

dvdvNuQI
t

 

       1112
2

1
12

21
1

1
11 LLk QNutt

t
t

tt
tt






 







  
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and 

              
2

1
.12

t

t
PP dvvNuQItNuQIKtNuQIK  

Thus, 
     

,:
1

,:
1 2 




























u

t

NuQIK
u

t

NuQIK pp  and 

     0:  uNuQIKP  

as 21 tt   on the compact interval  T,0  hence, are equicontinuous on 

 .,0 T  

Step 3. Equiconvergence at .  Let .u  By L’Hospital rule, we 

have 

       








02

,
2
1

1
lim dvvNuQI

t

tNuQIKP

t
 

        








01

lim dvvNuQI
t

tNuQIKP

t
 

and 

        





0
.lim dvvNuQItNuQIKP

t
 

Thus, 

       






02

,
2
1

1
dvvNuQI

t

tNuQIKP  

        






01

dvvNuQI
t

tNuQIKP  
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and 

        



0

,dvvNuQItNuQIKP  

hence,     NuQIKP  is equiconvergent at . By Definition 2.2           

and Theorem 2.1,     NuQIKP  is compact. Therefore, the nonlinear 

operator N is L-compact on .  This concludes the proof of Lemma 2.3.  

3. Existence Result 

In this section, we establish the conditions for the existence of solutions 

to the problem (1.1) subject to (1.2). 

Theorem 3.1. Let f be a  ,0L -Carathéodory function. If  ,1   2  

and the following conditions hold: 

 1H  There exist functions             ,0,,,, 1
54321 Lttttt  

and a constant  1,0  such that for all   3,, zyx  either 

       
t

u
t

t

u
ttuuutf







11
,,, 2

32
3

45321  

    ,
1 2

3
112














t

u
tut  (3.1) 

       
t

u
t

t

u
ttuuutf







11
,,, 2

32
3

45321  

   













t
u

tut
1

2
112  (3.2) 
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or 

       
t

u
t

t

u
ttuuutf







11
,,, 2

32
3

45321  

    .1112
 utut  (3.3) 

 2H  There exist constants 0,0  DB  such that for Ldomu   if 

  Btu   for  Dt ,0  or   Btu   for  ,,0 t  then either 

  01 tNuQ    or     .02 tNuQ  

 3H  There exists a constant 0A  such that if Ab   or ,Ac   

then either 

     02
2

2
1  ctbtNcQctbtNbQ  (3.4) 

or 

     02
2

2
1  ctbtNcQctbtNbQ  (3.5) 

holds where for cb,  and .22 Acb   

Then the boundary value problem (1.1)-(1.2) has at least one solution in 

U, provided 

    .12 111 234  LLLD  

Proof. We divide the proof into four steps: 

Step 1. Let 

  .1,0for,:ker\1  NuLuLLdomu  

We will establish that 1  is bounded. If ,1u  then ,0 NuLu  

0  and .LImNu   Hence, 

.021  NuQNuQ  
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From  ,2H  there exist  Dt ,00   and   ,01t  such that  0tu  

  ., 1 BtuB   Let 

      .0
0

0
0  

t
dvvutuu  Then        0

0
00

t
dvvutuu  

and 

      0

0
.0

t
uDBdvvuBu  (3.6) 

Also, from 

            ,
1 1

11   
t

t

t

t
dvvututudvvututu  

we obtain 

  


 
0

.1LNuBdvvNuBu  (3.7) 

From (3.6) and (3.7), we obtain 

      ,10 11 LL NuDDBNuBDBu   (3.8) 

while from (3.7), we obtain 

   .0 1LNuBu   (3.9) 

Therefore, 

       .12,,max 110 LNuDDBPuPuPuPu    (3.10) 

In addition, for ,1u    ,ker PLdomuPI   .0LPu  Thus, 

from Lemma 2.2, we get 

       .111 LLLP NuLuuPILuPILKuPI   (3.11) 
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Hence, from (3.10) and (3.11), we obtain 

   uPIPuuPIPuu   

    1112 LL NuNuDDB   

    122 LNuDDB   

   .2 1LNuBD   (3.12) 

If (3.1) holds, then from (3.12), we obtain 

   uuBDu LLL 111 3452   

 uu LL 11 12  (3.13) 

which implies 

 
   
    .
21

2

111

11

234

15

LLL

LL
D

BuD
u







 (3.14) 

Since  ,1,0  there exists a constant 01 B  such that (3.14) becomes 

.1Bu   Thus, 1  is bounded. 

If (3.2) and (3.3) hold, then 1  can be shown to be bounded using 

similar argument. 

Step 2. Let 

 .:ker2 LImNuLu   

For u, ,2Nu  then   2ctbttu   and .0QNu  Hence 

    .02
2

2
1  ctbtNQctbtNQ  

From  ,3H  ,, AcAb   then    uuuu ,,max 10  

  ,2,2,2max AAAA   hence, 2  is bounded. 
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Step 3. For ,, cb   ,,0 t  we will define the isomorphism 

QImLJ ker:  by 

       .
1 2

22211211
2 tetcmbmtcmbm

G
ctbtJ   (3.15) 

Suppose (3.4) holds. Let 

    .1,0,01:ker3  QNuJuLu  

Let .3u  Then   .2ctbttu   Since   ,0 QNuIJu  we 

have 

         
         







.011

,011
2

222
2

121

2
212

2
111

ctbtNQcmctbtNQbm

ctbtNQcmctbtNQbm
 

In matrix form, we have 

   
   

,
0

0

1

1
2

2

2
1

2221

1211 


























ctbtNQc

ctbtNQb
mm

mm
 

since 

,0det 2112112212212211
2221

1211 







Gggggmmmm

mm

mm
 

       

       









.101

,101
2

2
2

2

2
1

2
1

ctbtNQcctbtNQc

ctbtNQbctbtNQb
 (3.16) 

From (3.16), we have 

   ,1 2
1 ctbtNQb   

    .1 2
2 ctbtNQc   (3.17) 

From (3.17), when .0,1  cb  When    2
1,0 ctbtNQ  

  ,02
2  ctbtNQ  which contradicts (3.4) and (3.5). Hence, from  ,3H  
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we get Ab   and .Ac   For  ,1,0  if Ab   or Ac   by (3.5) 

and (3.16), we have 

         ,01 2
2

2
1

22  ctbtNcQctbtNbQcb  

which contradicts   .022  ba  Hence, from  ,3H  we get Ab   and 

,Ac   thus, .2Acbu   Hence, 3  is bounded. 

Suppose (3.4) holds. Let 

    ,1,0,0:ker3  QNuIJuLu  

3  can be shown to be bounded using similar argument as above. 

Step 4. Let .3
1 iiU    We will now show that at least one solution of 

(1.1) and (1.2) exists in .Ldom  We have shown in Step 1 and Step 2 

that 

  (i)        ;1,0ker\,,  LLdomuNuLu  

 (ii) .ker,  LuLImNu  

Finally, we show that 

(iii)   .00,ker,deg ker  LQN L   

Let Lu ker  and     .1, QNuJuuH   By the 

arguments of Step 3,   ,0, uH  for all      .1,0ker,  Lu  

Therefore, by the homotopy property, 

    0,ker,0,deg0,ker,deg ker LHLQN L    

  0,ker,1,deg LH   

.01   

Therefore, by Theorem 2.2, at least one solution of (1.1)-(1.2) exists in 

.Ldom   
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4. Example 

Example 4.1. Consider the following boundary value problems: 

          ,,0,,,,  ttutututftu  (4.1) 

         
2

0

1

0
,2

2
1

0,00 dttudttuuu  

       
9

0

2

0
,

3
1

dttudttuu  (4.2) 

where 

      
    

   














.2,sin

,20,0sin
,,,

5220

15

ttuetue

teutu
tutututf

tt

t

 

Here 

,2,9,1,
3
1

,1,2,2,
2
1

21212121   

    


2

1 2211 ,1122
2
1

i ii  

    


2

1
222

22
2
11

2 ,0122
2
1

i ii  

      


2

1 2211 ,1219
2
1

j jj  

       2201.07926.08367.11047.022212211  ggggG  

.00179.0   

Thus condition  2  holds. 

   
























,2,0

,20,1

,2,0

,20,1
,0

15

3

202

45
t

tet

t

tet tt
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















  ,2,

,20,0

,2,

,20,0
21152

te

t

te

t
tt  

then 

  










2

0

2

0

2020220
202

4 200204000
201

11

ttt
t

L
teete

dtet  

,0503.0
4000
1041

4000
201 40  e  

  










2

0

2

0

2020
20

3 20400
21

11

tt
t

L
tee

dtet  

,0525.0
400

61
400
21 40

40
 


e

e
 

,100394.2
15152

8
30

2

15
15

2 1 
 


 

ee
dte

t
t

L  

   111 2342 LLLD   

  .14112.0100394.20525.00503.04 8    

Therefore, condition  1H  holds. 

Let .243B  Then 01 NuQ  if   ,Btu   for any  2,0t  and 

02 NuQ  if   ,Btu   for  .,2 t  Hence,  2H  is satisfied. 

Lastly, let ,32A  for any ,, cb  if ,, AcAb   then 

    .02
2

2
1  ctbtNbQctbtNaQ  

Hence,  3H  also holds. Since all the conditions of Theorem 2.2 hold,          

(4.1)-(4.2) has at least one solution. 
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