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A B S T R A C T

In this work, we employ the extension of Mawhin's coincidence degree by Ge and Ren to investigate the solv-
ability of the p-Laplacian higher-order boundary value problems of the form

ðwðtÞϕpðxðn�1ÞðtÞÞÞ0 ¼ hðt; xðtÞ;⋯; xðn�1ÞðtÞÞ; 0 < t < ∞;

xðn�2Þð0Þ ¼ ðn� 2Þ!
ηn�2 xðηÞ; xðn�1Þð0Þ ¼ xðiÞð0Þ ¼ 0; i ¼ 1;2; ⋯; n� 3; n � 3;

xðn�2Þð∞Þ ¼
Z η

0
xðn�2ÞðsÞdAðsÞ;

Where η > 0; h : ½0; ∞Þ � ℝn → ℝ is a Caratheodory's function with Að0Þ ¼ 0; AðηÞ ¼ 1; w 2 C½0; ∞Þ;
wðtÞ > 0 for all t � 0; ϕpðsÞ ¼ jsjp�2s.
1. Introduction

In this paper we obtain existence results for the following higher-
order p-Laplacian boundary value problems

�
wðtÞϕp

�
xðn�1ÞðtÞ��0 ¼ h

�
t; xðtÞ;⋯; xðn�1ÞðtÞ�; 0 < t<∞; (1.1)

subject to the following boundary conditions

xðn�2Þð0Þ¼ ðn�2Þ!
ηn�2 xðηÞ; xðn�1Þð0Þ¼ xðiÞð0Þ¼ 0; i¼ 1;2; ⋯; n�3; n� 3 ;

xðn�2Þð∞Þ¼
Zη
0

xðn�2ÞðsÞdAðsÞ:

(1.2)

where η > 0; h : ½0; ∞Þ � ℝn → ℝ is a Caratheodory's function with
respect to L1½0; ∞Þ: A : ½0; η� → ½0;∞Þ is a non-decreasing function with
Að0Þ ¼ 0; AðηÞ ¼ 1; w 2 C½0;∞Þ with wðtÞ > 0 for all t � 0; ϕpðsÞ ¼
jsjp�2s; p > 1;ϕ�1

p ¼ ϕq; q > 1.
The study of boundary value problems with a p-Laplacian is impor-

tant because they have applications such as in non-Newtonian me-
.edu.ng (K.S. Eke).

7 May 2020; Accepted 26 Augus
vier Ltd. This is an open access a
chanics, nonlinear elasticity, bloodflow models, glaciology etc. Higher-
order boundary value problems at resonance when p ¼ 2 have received
much attention in the literature e.g [2, 4, 5, 7, 10]. Most of the results
were obtained using Mawhin's coincidence degree arguments [11].
However when p 6¼ 2, the differential operator is no longer linear and
Mawhin's continuation theorem can no longer be applied directly. On the
other hand, higher-order p-Laplacian boundary value problems on un-
bounded domains at resonance have not received much attention in the
literature. Most of the studies in this direction have concentrated mainly
on bounded domains. For some recent results on boundary value prob-
lems with a p-Laplacian, see [6, 8, 9, 12, 13, 15, 16] and the references
therein.

The boundary value problem 1.1), 1.2) is a problem at resonance if

Lx ¼ ðwðtÞϕpðxðn�1ÞðtÞÞÞ0 ¼ 0 has nontrivial solutions under the bound-
ary conditions (1.2). If Lu ¼ 0 has only the trivial solutions then 1.1), 1.2)
is then said to be at nonresonance. In general, resonance problems can be
written in the abstract form Lx ¼ Nx where L is not invertible. This paper
is organized as follows. In section 2 we recall some preliminary defini-
tions, theorems and Lemmas. Section 3 will be devoted to stating and
proving the main existence results and in section 4 we provide an
example to validate our result.
t 2020
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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2. Preliminaries

In this section we introduce the theoretical foundations of the
methods we shall utilize in the subsequence sections.

Definition 2.1: Let X and Z be Banach spaces with norms
���� � ��jX ; ���� ���jZ respectively. An operator L : X \ dom L → Z is said to be quasi-linear if

(i) ImL ¼ LðX \domLÞ is a closed subset of Z,
(ii) kerL ¼ fx2 X \domL : Lx¼ 0g is linearly homeomorphic to ℝn.

Definition 2.2: Let X be a Banach space and X1⊂X a subspace. A
mapping Q : X → X1 is called a semi-projector if

(i) Q2x ¼ Qx; x 2 X,
(ii) QðλxÞ ¼ λ Qx; x 2 X; λ 2 ℝ.

Definition 2.3: Nλ : Ω → Z; λ 2 ½0; 1� is said to be L-compact in Ω if
there exists Z1⊂ Z with dimZ1 ¼ dim ker L and the operators Q and R
such that the following conditions hold

ðaÞ ker Q ¼ ImL; (2.1)

ðbÞ QNλx¼ 0; λ2 ð0; 1Þ; if and only if QNx¼ 0 (2.2)

ðcÞ Rð; 0Þ is the zero operator; (2.3)

ðdÞ Rð: ; λÞjΣλ
¼ð1 �PÞjΣλ; (2.4)

Where Σλ ¼ fx2 Ω : Lx ¼ Nλ xg,

ðeÞ L½PþRð: ; λÞ�¼ ð1�QÞNλ; (2.5)

where P : X → X is a projector and Q is a semi-projector such that ImP ¼
ker L and

ImQ ¼ Z1.
We shall use the following inequalities [14] in the context of the

p-Laplacian ϕpðsÞ; p > 1,

ðiÞ ϕpðu þ vÞ�ϕpðuÞ þϕpðvÞ; if 1< p � 2: (2.6)

ðiiÞ ϕpðu þ vÞ � 2p�2
�
ϕpðuÞ þϕpðvÞ

�
; if p> 2: (2.7)

Definition 2.4: The map h : ½0; ∞Þ � ℝn → ℝ is L1- Caratheodory if
the following conditions hold,

(i) for each x 2 ℝn , the mapping t → hðt; xÞ is Lebesgue
measurable,

(ii) for a.e. t 2 ½0;∞Þ, the mapping x → hðt; xÞ is continuous on ℝn,
(iii) for each r > 0, there exists a ψ r 2 L1½0;∞Þ such that for a.e. t 2

½0;∞Þ and every x such that jxj � r we have jhðt; xÞj � ψ rðtÞ.

In what follows we shall use the following result of Ge and Ren.
Theorem 2.1 [6]: Let X and Z be Banach spaces with norms

���� � ��jX ; ���� ���jZ and V⊂X be an open and bounded non empty set. Suppose L : X \
dom L → Z is a quasi-linear operator and Nλ : V → Z; λ 2 ½0; 1� is
L-compact. In addition, if the following conditions are satisfied;

(1) Lx 6¼ Nλx; x 2 ∂V \ dom L; λ 2 ð0; 1Þ;
(2) deg ðJQN; V \ker L; 0Þ 6¼ 0,

where N ¼ N1 and J : ImQ → ker L is a homeomorphism with Jð0Þ ¼ 0
and deg is the Brouwer degree. Then the abstract equation Lx ¼ Nx has
at least one solution in dom L \ V .

Let D∞ ¼ fx : ½0; ∞Þ → ℝ x is continuous on ½0; ∞Þ and
limt→∞xðtÞ exists}. For x 2 D∞ define

����x��j∞ ¼ Supt2½0;∞ÞjxðtÞj.
2

Then D∞ is a Banach space (see [1, 3]).
Lemma 2.1: Let X ¼ fx : ½0; ∞Þ → ℝ : x; wϕp

�
xðn�1Þ � 2 A C ½0;

∞Þ, limt→∞e�t
��xðiÞðtÞ�� exists,

0 � i � n� 1;
�
wðtÞϕp

�
xðn�1ÞðtÞ � �0 2 L1½0;∞Þg; (2.8)

With norm,

jjxjj ¼ max
0�i�n�1

�
supt2 ½0; ∞Þ e�t

��xðiÞðtÞ���: (2.9)

Then X is a Banach space.
Proof: First we show that jj � jj defines a norm. Clearly jjxjj > 0 and

jjxjj ¼ 0 if and only if ðsupt2½0;∞Þ e�t
��xðiÞðtÞ��¼ 0 if and only if xðiÞ ¼ 0; i ¼

0; 1;2;3;⋯; n� 1 .Let λ 2 ℝ. Then,

jjλxjj ¼ max
0�i�n�1

�
supt2½0;∞Þe�t

��ðλxÞðiÞðtÞ���
¼ j λj max

0�i�n�1

�
supt2½0;∞Þe�t

��xðiÞðtÞ���
¼ j λjjjxjj:

jjxþ yjj ¼ max
0�i�n�1

�
supt2½0;∞Þ e�t

��ðxðtÞ þ yðtÞÞðiÞ���
¼ max

0�i�n�1

�
supt2½0;∞Þ e�t

��ðxðiÞðtÞ þ yðiÞðtÞÞ���
� max

0�i�n�1

�
supt2½0;∞Þ e�t

��xðiÞðtÞ ���þ max
0�i�n�1

�
supt2½0;∞Þ e�t

��yðiÞðtÞ���
� jjxjj þ jjyjj:
Next we prove that X is complete.
Let fxkg be a Cauchy sequence in X. Then fe�txkg and fe�t x0kg are

Cauchy sequences in D∞. Thus there exists y*0 and y*1 in D∞ such that

limk→∞ supt2½0;∞Þ
�� e�txk � y*0

�� ¼ limk→∞ supt2½0;∞Þ
��e�tx0k � y*1

�� ¼ 0:

Let x*
0ðtÞ ¼ ety*0 then

limk→∞ supt2½0;∞Þ e�t
��xk�t�� x*0

�
t
���¼ 0:

Set x*
1ðtÞ ¼ ety*

1ðtÞ then limk→∞supt2½0;∞Þ e�t
��x0

kðtÞ � x*
1ðtÞ
�� ¼ 0.

Since the convergence to x*0ðtÞ and x*1ðtÞ is uniform on [0, M] for

any M > 0, then x*0ðtÞ is differentiable on [0, M] and ð x*0Þ0 ¼ x*1.
Since M is arbitrary x*0 is differentiable on ½0; ∞Þ. Following the same
reasoning we obtain

x*i ¼
�
x*0
�ðiÞ

; i¼ 0; 1; 2; ⋯; n� 1 :

Hence,

limk→∞ supt2½0;∞Þ e�t
��xðiÞk � x*i

��¼ 0:

Now

limk→∞
��jxk � x*0j

��
¼ limk→∞ max

0�i�n�1

�
supt2½0;∞Þ e�t

���xk � x*0
�ðiÞ���

¼ limk→∞ max
0�i�n�1

�
supt2½0;∞Þ e�t

��ðxkÞðiÞ � �
x*i
�ðiÞ��� ¼ 0:

Also

wðtÞϕp

��
x*0ðtÞ

�ðn�1Þ � ¼ wðtÞϕp

�
ety*0
�ðn�1Þ 2 A C ½0; ∞Þ;

and

wðtÞϕp

��
x*0
�ðn�1Þ �0¼ �wðtÞϕp

�
ety*0
�ðn�1Þ �0 2 L1½0;∞Þ:
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Thus x*
0 2 X and hence X is a Banach space.Let Z ¼ L1½0;∞Þ with the

norm,
������
������y
������j1 ¼

Z ∞

0
jyðtÞjdt; y 2 Z: (2.10)

To derive the compactness of the operator R we use the following
compactness criterion.

Theorem 2.2 [2]: Let X be the space of all bounded continuous vector
valued functions on ½0;∞Þ and V⊂X. Then V is relatively compact if the
following conditions hold,

(i) V is bounded in X,
(ii) the functions from V are equicontinuous on any compact interval

of ½0;∞Þ,
(iii) the functions from V are equiconvergent at infinity.

Let L : dom L ⊂ X → Z be defined by

L xðtÞ ¼ �
wðtÞϕp

�
xðn�1ÞðtÞ � �0; t 2 ½0;∞Þ; (2.11)

Where

domL ¼

8>>>>>>>>>><
>>>>>>>>>>:

x 2 X : xðn�2Þð0Þ ¼ ðn� 2Þ!
ηn�2 xðηÞ;

xðn�1Þð0Þ ¼ xðiÞð0Þ ¼ 0; i ¼ 1; 2⋯; n� 3;

xðn�2Þð∞Þ ¼
Zη
0

xðn�2ÞðsÞdAðsÞ

9>>>>>>>>>>=
>>>>>>>>>>;

(2.12)

We define Nλ : X → Z by

NλxðtÞ¼ λh
�
t; xðtÞ; ⋯; xðn�1ÞðtÞ�: (2.13)

Then 1.1), 1.2) takes the abstract form,

Lx ¼ Nλx when λ ¼ 1: (2.14)

Lemma 2.2: If xðn�2Þð∞Þ ¼
Z η

0
xðn�2ÞðsÞdAðsÞ; xðn�2Þð0Þ ¼ ðn�2Þ!

ηn�2 xðηÞ,

xðn�1Þð0Þ ¼ xðiÞð0Þ ¼ 0; i ¼ 1; 2;⋯; n� 3;

AðηÞ ¼ 1; Að0Þ ¼ 0 then

(i) ker L ¼ fx 2 dom L : xðtÞ ¼ ctn�2; c 2 R; t 2 ð0;∞Þg.

(ii) ImL ¼
(
y 2 Z :

Z ∞

0
ϕq

�
1

wðsÞ

�
ϕqðZ s

0
yðτÞdτÞds� Z η

0

Z t

0

ϕq

�
1

wðsÞ
�

ϕqðZ s

0
yðτÞdτÞdsdAðtÞ ¼ 0

)
.

(iii) L : domL → Z is a quasi-linear operator.

Proof: It is easily verified that ker L ¼ fx2 domL : xðtÞ¼ ctn�2g
hence (i) holds. To prove (ii), let y 2 Z and consider the equation,

�
wðtÞϕp

�
xðn�1ÞðtÞ � �0¼ yðtÞ (2.15)

We prove that (2.15) has a solution xðtÞ that satisfies the boundary
conditions (1.2) if and only if
3

Z ∞

ϕq

�
1
�
ϕq
@Z s

yðτÞdτAds

0 wðsÞ

0
0

1

�
Z η

0

Z t

0
ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
yðτÞdτ

1
AdsdAðtÞ

¼ 0:

From (2.15) we obtain

xðtÞ ¼ xð0Þ þ 1
ðn� 2Þ!

Z t

0
ðt � sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
yðτÞdτ

1
Ads

þ ctn�2:

(2.16)

Then,

xðn�2ÞðtÞ¼
Z t

0
ϕq

�
1

ωðsÞ
�
ϕq

0
@Z s

0
y

0
@τ

1
Adτ

1
Ads þ xðn�2Þð0Þ:

xðn�2Þð∞Þ ¼ xðn�2Þð0Þ þ
Z∞
0

ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0

yðτÞdτ
1
Ads

¼
Zη
0

2
4xðn�2Þð0Þ þ

Zs

0

wq

�
1

wðvÞ
�
ϕq

0
@Zv

0

yðτÞdτ
1
Adv

3
5dAðsÞ

¼ xðn�2Þð0ÞAðηÞ þ
Zη
0

Z s

0

ϕq

�
1

wðvÞ
�
ϕq

0
@Zv

0

yðτÞdτ
1
Adv dAðsÞ;

and hence,

Z ∞

0
wq

�
1

wðsÞ
�
ϕq

0
@Z s

0
yðτÞdτ

1
Ads

�
Z η

0

Z t

0
ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
yðτÞdτ

1
Adv dAðtÞ

¼ 0: (2.17)

If (2.17) holds then,

xðtÞ ¼ ctn�2 þ 1
ðn� 2Þ!

Z t

0
ðt � sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
yðτÞdτ

1
Ads:

(2.18)

where c an arbitrary constant is the solution of (2.15). Thus dim ker L ¼
1 < ∞; ImL⊂ Z is closed. Hence L is a quasi-linear operator.

Lemma 2.3: If h is a L1-Caratheodory's function then Nλ : ϖ → Z is
L-compact inϖ; ω⊂X an open and bounded subset with the origin 0 2 ω.

Proof: Let Q : Z → Z be defined by

QyðtÞ ¼ ρ

2
4Z ∞

0
ϕq

�
1

wðsÞ
�
wq

0
@Z s

0
yðτÞdτ

1
Ads

�
Z η

0

Z t

0
ϕq

�
1

wðsÞ
�
wq

0
@Z s

0
yðτÞdτ

1
Ads dAðtÞ

3
5 (2.19)

where



ρðtÞ ¼ re�t ;

r ¼ 1Z ∞

0
ϕq

0
@ 1
wðsÞ

1
Aϕq

0
@Z s

0
y

0
@τ

1
Adτ

1
Ads�

Z η

0

Z t

0
ϕq

0
@ 1
wðsÞ

1
Aϕq

0
@Z s

0
yðτÞdτÞdsdAðtÞ

; (2.20)
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andZ ∞

0
ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
yðτÞdτ

1
Ads

�
Z η

0

Z t

0
ϕq

�
1

wðsÞ
�
ωq

0
@Z s

0
yðτÞdτ

1
Ads dAðtÞ

6¼ 0:

Then

Q2y¼QðQyÞ¼ r� 1
r
ðQyÞ¼Qy; y 2 Z;

and QðλyÞ ¼ λQy; y 2 Z; λ 2 R.

Therefore Q is a semi-projector with

dimkerL¼ dim ImQ ¼ 1:
We define Rðx; λÞ : X � ½0; 1� → X by

Rðx; λÞ ¼ 1
ðn� 2Þ!

Z t

0

ðt � sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

ðI � QÞNλxðτÞdτ
1
Ads

� 1
ðn� 2Þ!

Zη

0

ðη�
1
A

n�2

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

ðI � QÞNλxðτÞdτ
1
Ads

(2.21)

(2.1), 2.2) and (2.3) are easily verified. We verify (2.4) and (2.5).
Let P : X → kerL be defined by

PxðtÞ¼ xðn�2Þð0Þtn�2

ðn� 2Þ! ; t 2 ð0;∞Þ: (2.22)

For x 2 Σλ ¼ fx 2 Ω : Lx ¼ Nλxg
�
wðtÞϕp

�
xðn�1ÞðtÞ � �0¼ λh

�
t; xðtÞ; x0ðtÞ;⋯; xðn�1ÞðtÞ � (2.23)

Therefore

Rðx;λÞðtÞ ¼ 1
ðn�2Þ!

Z t

0

ðt�sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

ðI�QÞNλ xðτÞdτ
1
Ads

� 1
ðn�2Þ!

Zη
0

ðη�sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

ðI�QÞNλxðτÞdτ
1
Ads

¼ 1
ðn�2Þ!

Z t

0

ðt�sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

�
wðτÞϕp

�
xðn�1ÞðτÞ��0dτ

1
Ads

� 1
ðn�2Þ!

Zη
0

ðη�sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

�
wðτÞϕp

�
xðn�1ÞðτÞ��0dτ

1
Ads

¼ 1
ðn�2Þ!

Z t

0

ðt� sÞn�2xðn�1ÞðsÞds� 1
ðn�2Þ!

Zη

0

ðη� sÞn�2xðn�1ÞðsÞds

¼xðtÞ �
�
xð0Þ þ x0ð0Þt þ⋯þxðn�2Þð0Þ

ðn�2Þ! tn�2

�
� xðηÞ þ xð0Þ

þx0ð0Þηþ⋯þxðn�2Þð0Þ
ðn�2Þ! η

n�2
4

From the boundary conditions xðn�1Þð0Þ ¼ xðiÞð0Þ ¼ 0; i ¼ 1; 2;⋯; n�
3 we obtain

Rðx; λÞðtÞ ¼ xðtÞ� xðn�2Þð0Þ
ðn� 2Þ!t

n�2 � xðηÞ þ xðn�2Þð0Þ
ðn� 2Þ!η

n�2

and from xðn�2Þð0Þ ¼ ðn�2Þ!
ηn�2 xðηÞ we derive

Rðx; λÞðtÞ ¼ xðtÞ� xðn�2Þð0Þ
ðn� 2Þ! tn�2 ¼ðI� PÞxðtÞ: (2.24)

Also

L½PþRðx;λÞ�ðtÞ ¼
8<
:wðtÞϕp

2
4xðn�2Þð0Þ
ðn�2Þ! t

n�2 þ 1
ðn�2Þ!

Z t

0

ðt�sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

ðI�QÞNλxðτÞdτ
1
Ads� 1

ðn�2Þ!
Zη
0

ðη�sÞn�2ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

NλðI�QÞNλxðτÞdτ
1
Ads

3
5

ðn�1Þ9=
;

0

¼
2
4wðtÞϕp

�
ϕq

�
1

wðsÞ
��

ϕq

0
@Z t

0

ðI�QÞNλ xðτÞdτ
1
A
3
5

0

¼½ðI�QÞNλ x�ðtÞ (2.25)

This verifies (2.4) and (2.5). Next, we show that Rðx;λÞ is compact. Let
r¼ supfjjxjj :x2Ωg. Since h : ½0;∞Þ�ℝn→ℝ is L1 Caratheodory there
exists ψ r2L1½0;∞Þ such that for x 2Ω and a. e. t2½0; ∞Þ
��h�t; xðtÞ; x0ðtÞ;⋯; xðn�1ÞðtÞ��� � ψ rðtÞ: (2.26)

jQNλ xj

� re�t

2
4Z∞

0

ϕq

�
1

ωðsÞ
�
ϕq

0
@Z s

0

λ
��h�τ; xðτÞ; x0ðτÞ; ⋯; xðn�1ÞðτÞ�dτ

������
1
Ads

þ
Zη
0

Z t

0

ϕq

�
1

ωðsÞ
�
ϕq

0
@Zs

0

λ
��h�τ; xðτÞ; x0ðτÞ;⋯; xðn�1ÞðτÞ�dτ��

1
Ads dAðtÞ

3
5

� re�t

	����
����ϕq

�
1
w

�����j1ϕqð
����ϕr

��j1Þ þ
����
����ϕq

�
1
w

�����
����
1

ϕqðjjψ r jj1Þ ðAðηÞ � Að0ÞÞ



�ðr þ 1Þ
����
����ϕq

�
1
w

�����
����
1

ϕqðjjψ r jj1Þ:

Thus

jjQNλjj1 � ðr þ 1Þ
����jϕq

�
1
w

�
j
����
1

ϕqðjjψ r jj1Þ: (2.27)

For x 2 Ω and setting

An ¼ max
0�i�n�2

�
supt2½0;∞Þ e�t tn�2�i

�
: (2.28)



We have e�tjRðx;λÞðtÞj� e�t

2
6666664

Z t

0

ðt� sÞn�2ϕq

�
1
ω

�
�

ϕq

0
@Zs

0

��ðI � QÞλh�τ; xðτÞ; x0ðτÞ;⋯; xðn�1ÞðτÞ�dτ��
1
Ads

3
7777775

þ
Zη
0

ðη � sÞn�2ϕq

�
1

ωðsÞ
�
ϕq

0
@Zs

0

��ðI � QÞλ h�τ; xðτÞ; x0ðτÞ; ⋯; xn�1ðτÞ�dτ��
1
Ads

3
5

� Supt2½0;∞Þe�t tn�2

����
����ϕq

�
1
ω

�����
����
1

ϕqðjj ψ r jj1þ jjQNλjj1Þ

þ supt2½0;∞Þe�t tn�2

����
����ϕq

�
1
ω

�����
����
1

ϕqðjjψ r jj1þ jjQNλjj1Þ

¼ 2 supt2½0;∞Þe�t tn�2

	 �����
����ϕq

�
1
ω

�����
����
1

�
ϕqðjjψ rjj1þ jjQNλjj1Þ



� 2An

	�����
����ϕq

�
1
ω

�����
����
1

�
ϕqðjjψ r jj1þ jjQNλjj1Þ



:
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For 1 � i � n� 2 we have

e�t
��Rðx; λÞðiÞðtÞ��

¼ e�t

������
1

ðn� 2� iÞ
Z t

0

ðt � sÞn�2�iϕq

�
1

ωðsÞ
�
ϕq

0
@Zs

0

ðI � QÞNλxðτÞdτ
1
Ads

������
� max

0�i�n�2
supt2½0;∞Þ e�t tn�2�i

����jϕq

�
1
ω

�
j
����
1

ϕqðjjψ rjj1 þ jj Q Nλjj1Þ

� An

����jϕq

�
1
ω

�
j
����
1

ϕqðjjψ rjj1 þ jj Q Nλjj1Þ:

For i ¼ n� 1 we have

e�t
��Rðx; λÞðn�1ÞðtÞ�� �

����jϕq

�
1
ω

�
j
����
∞
ϕqðjjψ r jj1 þ jj Q Nλjj1Þ:

Therefore

jjRðx; λÞjj � max
�
2An

����
����ϕq

�
1
w

�����
����
1

;

����
����ϕq

�
1
w

�����
����
∞

�
ϕqðjjψ r jj1 þ jj Q Nλjj1Þ

¼ Ln:

(2.29)

Thus Rð: ; λÞ is uniformly bounded in X.
For any t1; t2 2 ½0; D�; D 2 ð0;∞Þ; t1 < t2 we have

je�t2Rðx; λÞðt2Þ � e�t1 Rðx; λÞðt1Þ j

¼
������
Zt2
t1

½e�τRðx; λÞðτÞ�0dτ
������

¼
������
Zt2
t1

½ � e�τR0ðx; λÞðτÞ�0dτ þ
Zt2
t1

½e�τR0ðx; λÞðτÞ�0dτ
������

� 2 ðt2 � t1ÞjjRðx; λÞjj → 0 as t1 → t2:

For 1 � i � n� 2 we have

��e�t2RðiÞðx; λÞðt2Þ � e�t1RðiÞðx; λÞðt1Þ
��

¼
������
Zt2
t1

½e�sRðiÞðx; λÞðsÞ�0ds
������
5

¼
������
Zt2
t1

�� e�sRðiÞðx; λÞðsÞ þ e�sRðiþ1Þðx; λÞðsÞ� ds
������

� 2 ðt2 � t1ÞjjRðx; λÞjj → 0 as t1 → t2:

For i ¼ n� 1 we have

��e�t2ϕpR
ðn�1Þðx; λÞðt2Þ � e�t1ϕp Rðn�1Þðx; λÞðt1Þ

¼
������
e�t2

ωðt2Þ
Zt2
0

ðI � QÞNλxðτÞdτ � e�t1

ωðt1Þ
Zt1
0

ðI � QÞNλxðτÞdτ
������

�
���� e�t2

ωðt2Þ � e�t1

ωðt1Þ
����
Zt2
0

jðI � QÞNλxðτÞjdτ þ e�t1

ωðt1Þ

������
Zt2
t1

jðI � QÞNλxðτÞjdτ
������

�
����
����1ω
����
����
2

∞
jωðt1Þe�t2 � ωðt2Þe�t1 j

Zt2
0

ðjψ rðsÞj þ jQNλðsÞjÞds

þ
����
����1ω
����
����
∞

Zt2
t1

ðjψ rðsÞj þ jQNλðsÞjÞds

�
����
����1ω
����
����
2

∞

����ωðt1Þe�t2 � ωðt2Þe�t1

����
�����
����ψ r

����j1 þ
����
����QNλ

����j1
�

þ
����
����1ω
����
����
∞

Zt2
t1

ðjψ rðsÞj þ jQNλðsÞjÞds → 0 as t1 → t2

������:

This shows that

��e�t2Rðn�1Þðx; λÞðt2Þ � e�t1 Rðn�1Þðx; λÞðt1Þ
�� → 0 as t1 → t2:

Thus Rðx; λÞ is equicontinuous on every compact subset of ½0; ∞Þ. Next
we show that Rðx; λÞð�ΩÞ is equiconvergent at infinity. We have

e�tj Rðx; λÞðtÞj � 2e�t tn�1

	
ϕqðjjψ rjj1 þ jQNλjj1Þ

�����
���� ϕq

�
1
ω

�����
����
1



→ 0 as t →∞:

For 1 � i � n� 2 we have

e�t
�� RðiÞðx; λÞðtÞ��� e�t tn�2�i

����
���� ϕq

�
1
ω

�����
����
1

ϕqðjjψ r jj1 þ ��jQNλjj1Þ
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→ 0 as t → ∞:

For i ¼ n� 1 we have

e�t
�� Rðn�1Þðx; λÞðtÞ��� e�t

����j ϕq

�
1
ω

�
j
����
∞
ϕq½jjψ r jj1 þ jjQNλjj1� → 0 as t → ∞:

Thus Rðx; λÞðϖÞ is equiconvergent at infinity. Hence from the above
computations Rðx; λÞ is compact. The continuity of Rðx; λÞ follows from
the Lebesgue dominated convergence theorem. Thus Nλ is L-compact in
ϖ.

3. Existence result

In what follows we shall assume the following conditions
ðH1Þ There exist positive functions ai 2 L1½0; ∞Þ i ¼ 0; 1; 2;⋯;

n� 1 with

2q�2An

����jϕq

�
1
ω

�
j
����
1

 Xn�1

i¼1

jjaijj1
!q�1

< 1 if p � 2; (3.1)

or

An

����jϕq

�
1
ω

�
j
����
1

 Xn�1

i¼1

jjaijj1
!q�1

< 1 if p > 2; (3.2)

such that

jhðt; x1; x2; ⋯; xnj � a0ðtÞ þ
Xn
i¼1

aiϕpðe�tjxijÞ; x 2 ℝ: (3.3)

ðH2Þ There exists a constantMn > 0 such that for jxðn�2ÞðtÞj > Mn, for
all t 2 ½0; ∞Þ we have QNλx 6¼ 0.

ðH3Þ r ¼
Z ∞

0
ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
e�τdτ

1
Ads �

Z η

0

Z t

0
ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0
e�τdτ

1
Ads dAðtÞ 6¼ 0.

ðH4Þ There exists constant M*
n > 0 such that for

xðtÞ ¼ ctn�2 2 kerL with jcj > M*
n

ðn�2Þ! we have either

cQNλx > 0 (3.4)

or

cQNλx < 0: (3.5)

Theorem 3.1: If ðH1Þ- ðH4Þ is satisfied then the boundary value
problem 1.1), 1.2) has at least one solution.

Proof: Our objective here is to construct an open bounded set V⊂ X
that satisfies the assumptions of theorem 2.1. Let

V1 ¼fx2 domL : Lx ¼ Nλx; λ2 ð0; 1�g: (3.6)

For x 2 V1; x 62 ker L. Hence Nλx 2 Im L ¼ ker Q. Therefore
Q Nλx ¼ 0 and by ðH2Þ there exists t0 2 ½0;∞Þ such that

��xðn�2Þðt0Þ
�� � Mn: (3.7)

��xðn�2Þð0Þ�� ¼
������xðn�2Þðt0Þ �

Zt0
0

xðn�1ÞðsÞds
������

� Mn þ
����xðn�1Þ��j1:

(3.8)

For x 2 V1; ðI � PÞ x 2 dom L \ kerP. Therefore from (2.24) and
(2.29) we obtain
6

jjðI � PÞ xjj ¼ jjRðx; λÞjj � Ln: (3.9)
From the definition of the projection P we derive

ðPxÞðiÞðtÞ¼ xðn�2Þð0Þ
ðn� 2� iÞ!t

n�2�i; i¼ 0; 1; 2;⋯; n� 2; t 2 ð0;∞Þ: (3.10)

jjPxjj ¼ max
0�i�n�2

xðn�1Þ�0�
ðn� 2� iÞ! supt2½0;∞Þe�t tn�2�i

� jxðn�2Þð0Þ�� max
0�i�n�2

supt2½0;∞Þe�t tn�2�i

� An

��xðn�2Þð0Þ��
� An

�
Mn þ

��jxðn�1Þj��1�
¼ An

��jxðn�1Þj��1 þ AnMn:

(3.11)

jjxjj ¼ jj Px þ ðI � PÞ xjj � jjPxjj þ jjðI � PÞx jj
� An

��jxðn�1Þj��
1
þ AnMn þ Ln ¼ An

��jxðn�1Þj��
1
þ Bn;

(3.12)

where Bn ¼ AnMn þ Ln.
If p � 2 then from 2.6), 2.16) and (3.3) we obtain

��jxðn�1Þj��
1

¼
Z∞
0

������ϕq

�
1

ωðsÞ
�
ϕq

0
@Zs

0

λh
�
τ; xðτÞ; x0ðτÞ; ⋯; xðn�1Þ�ðτÞdτ

������ds

�
����jϕq

�
1
ω

�
j
����
1

ϕq

"
jja0jj1 þ

Xn
i¼1

jjaijj1ϕpðjjxjjÞ
#

�
����jϕq

�
1
ω

�
j
����
1

2q�2

"
jja0jjq�1

1 þ
 Xn

i¼1

jjaijj1
!q�1

ðjjxjjÞ
#
:

From (3.12) we get

��jxðn�1Þj��
1
�
����jϕq

�
1
ω

�
j
����
1

2q�2

"
jja0jjq�1

1 þ
 Xn

i¼1

jjaijj1
!q�1�

An

��jxðn�1Þj��
1
þBn

�#

or

 
1 � 2q�2

����jϕq

�
1
ω

�
j
����
1

 Xn
i¼1

jjaijj1
!q�1

An

!��jxðn�1Þj��1
�
����jϕq

�
1
ω

�
j
����
1

2q�2

"
jja0jjq�1

1 þ Bn

 Xn
i¼1

jjaijj1
!q�1#

:

����xðn�1Þ����
1
�

2q�2

�����
�����ϕq

 
1
ϕ

!�����j1
"�����
�����a0
�����jq�1 þ Bn

 Pn
i¼1

����ai��j1Þq�1�

1� 2q�2

�����
�����ϕq

 
1
ω

!�����j1
  Pn

i¼1

����ai��j1Þq�1�An

: (3.13)

Therefore using (3(3.12) and (3.1)(3.1) we conclude that there exists
Dn > 0 such that

jjxjj < Dn: (3.14)

Similarly if p > 2

����xðn�1Þ����
1
�

�����
�����ϕq

 
1
ω

!�����j1
"�����
�����a0
�����jq�1 þ Bn

 Pn
i¼1

����ai��j1Þq�1�

1�
�����
�����ϕq

 
1
ω

!�����j1
 Pn

i¼1

����ai��j1Þq�1An

: (3.15)
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Again from (3(3.12) and (3.2)(3.2) we obtain jjxjj < D*
n for some

D*
n > 0.
Therefore V1 is bounded.
Let V2 ¼ fx2 kerL : Nλx 2 ImLg.
For x 2 V2; xðtÞ ¼ ctn�2; c 2 R; t 2 ð0; ∞Þ

Nλx2 ImL implies Nλ x 2 ker Q and hence QNλx ¼ 0: (3.16)

From ðH4Þ we obtain

jcj < M*
n

ðn� 2Þ!: (3.17)

Therefore for x 2 V2,

jjxjj ¼ jcj max
0�i�n�2

�
supt2½0;∞Þe�t

�
tðn�2ÞðiÞ��M*

nAn: (3.18)

Thus V2 is bounded.
We choose M0 large enough such that

V ¼ fx 2 V : jjxjj < M0g⊃V1 [ V2

Therefore from the above computations

Lx 6¼Nλx for x 2 ∂V \ domL:

Thus the first part of theorem 2.1 is verified.

Let Hðx; λÞ¼ λx þ ð1� λÞ JQN x; λ 2 ½0; 1�: (3.19)

Where J : ImQ → kerL is the homeomorphism defined by

JðρcÞ ¼ ctn�2: (3.20)

Then for x 2 ∂V \ kerL; x ¼ ctn�2 6¼ 0Hðx; 1Þ ¼ λc tn�2 6¼ 0 and
Hðx; 0Þ ¼ JQNx 6¼ 0, since Nx 62 Im L.

Therefore for λ ¼ 0 or λ ¼ 1 ,Hðx; λÞ 6¼ 0. Let 0 < λ < 1. Suppose
Hðx; λÞ ¼ 0 then from (3.19) and (3.4) we have

� c2 ¼ c
ð1� λÞ

λ
QN
�
ctn�2

�
> 0;

which is a contradiction. Similarly using
Hðx; λÞ ¼ � λx þ ð1�λÞ JQNx ¼ 0 and (3.5) we obtain the

contradiction

c2 ¼ 1� λ

λ
c QN

�
ctn�2

�
< 0:

Thus Hðx; λÞ 6¼ 0 for x 2 ∂ V \ kerL; λ 2 ½0; 1�. Therefore by the
invariance of the degree under a homotopy we derive

degðJQN; V \ ker L; 0Þ ¼ deg ðHð:; 1Þ; V \ kerL; 0Þ
¼ deg ðHð:; 0Þ; V \kerL; 0Þ

¼ deg ð � 1; V \ kerL; 0Þ 6¼ 0:

Therefore we conclude from theorem 2.1 that 1.1), 1.2) has at least
one solution.

4. Example

We consider the following boundary value problem 
wðtÞϕpðx000ðtÞ Þ

!0

¼ 3 þ e�tðp�1Þ
" ��xðtÞj2
4ð1þ tÞ2 þ

��x0ðtÞj2
8ð1þ tÞ3

þ
��x00�t�j2

16ð1þ tÞ4 þ j cos tjjx000ðtÞj2
#

(4.1)

x00ð0Þ¼ 2xð1Þ; x000ð0Þ ¼ x0ð0Þ ¼ xð0Þ ¼ 0; x00ð∞Þ ¼
Z 1

0
x00ðsÞds : (4.2)
7

Here

ωðtÞ¼ et; t 2 ½0;∞Þ; p¼ 3
2
; q¼ 3; η¼ 1; AðsÞ¼ s; n¼ 4:

hðt; x; x0; x00; x000Þ ¼ 3 þ e�
t
2

" ��xðtÞj2
4ð1þ tÞ2 þ

��x0ðtÞj2
8ð1þ tÞ3 þ

��x00ðtÞj2
16ð1þ tÞ4

þ jcos tj jx000ðtÞj2
#

a1ðtÞ¼ 1

4ð1þ tÞ2; a2ðtÞ ¼ 1

8ð1þ tÞ3; a3ðtÞ ¼ 1

16ð1þ tÞ4:

jja1jj1 ¼
1
4
; jja2jj1 ¼

1
16
; jja3jj1 ¼

1
48
:

An ¼ max
0�i�n�1

�
supt2½0;∞Þe�t tn�2�i

�
¼ max

0�i�n�1

�
supt2½0;∞Þe�t t2�i

¼ maxt2½0;∞Þ
�
t2e�t; t e�t; e�t

� ¼ 1:

Xn�1

i¼1

jjaijj1 ¼
X3
i¼1

jjaijj1 ¼
�
1
4
þ 1

16
þ 1
48

�
¼ 1
3
:

����jϕq

�
1
ω

�
j
����
1

¼
Z ∞

0
e�2tdt ¼ 1

2
:

Thus,

2q�2An

����jϕq

�
1
ω

�
j
����
1

 Xn�1

i¼1

jjaijj1
!q�1

¼ 2 An

����jϕq

�
1
ω

�
j
����
1

 X3
i¼1

jjaijj1
!2

¼ 2 � 1� 1
2
�
�
1
3

�2

¼ 1
9
< 1:

and

jhðt; x; x0; x00; x000j � 3

þ e�
t
2

	 jxðtÞj
4ð1þ tÞ2 þ

jx0ðtÞj
8ð1þ tÞ3 þ jx00ðtÞj

16ð1þ tÞ4 þ jx000ðtÞj


:

This verifies H1.

r¼
Z∞
0

wq

�
1

wðsÞ
�
ϕq

0
@Zs

0

e�τdτ

1
Ads�

Zη
0

Z t

0

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

e�τdτ

1
Adsdt

¼
Z1
0

Z∞
0

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

e�τdτ

1
Adsdt�

Z1
0

Z t

0

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

e�τdτ

1
Adsdt

¼
Z1
0

Z∞
t

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

e�τdτ

1
Adsdt>0:

QNλx ¼ ρ

2
4Z∞

0

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

NλðτÞdτ
1
Ads

�
Z1
0

Z t

0

ϕq

�
1

wðsÞ
�
ϕq

0
@Z s

0

NλðτÞdτ
1
Adsdt

¼ ρ
Z1
0

Z∞
t

ϕq

�
1

wðsÞ
�
ϕq

0
@Zs

0

NλðτÞdτ
1
Adsdt
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Since hðt; x; y; z;ωÞ > 0 for all ðt; x; y; z; ωÞ 2 ½0; ∞Þ � ℝ4 and
ρðtÞ ¼ re�t > 0 then QNλxðtÞ 6¼ 0 on ½0; ∞Þ. This verifies H2 and H3.To
verify H4,

Let xðtÞ ¼ ctn�2 ¼ c t2 2 ker L. Then,

c QNλxðtÞ ¼ c
Z 1

0

Z∞
t

e�2s

2
4Z s

0

 
3 þ e�

τ
2

 ��cτj2
4ð1þ τÞ2

þ
��2cτj2

8ð1þ τÞ3 þ
��2cτj2

16ð1þ τÞ4
!
dτ ds dt

#2
:

If c > 1 then,

cQNλx � c
Z 1

0

Z∞
t

9 s2e�2s ds dt > 0;

and if c < � 1 then,

cQNλx < c
Z 1

0

Z∞
t

9 s2e�2s ds dt < 0:

Therefore assumptions (3.4) or (3.5) are satisfied respectively if

jcj> M*
n

ðn� 2Þ! ¼
2
2!

¼ 1:

Thus all the assumptions of theorem 3.1 are satisfied. Hence example
4.1–4.2 has at least one solution.
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