Journal of Physics: Conference Series

PAPER « OPEN ACCESS You may also like

- Application of Earned Value Method for

Enhanced NumerOV MethOd fOI' the Numencal evaluation the Time/Cost Consequences

of Variation Orders in a Construction

Solution of Second Order Initial Value Problems Prgject

Andrzej Czemplik

- Demand-side response Resource Value
Evaluation Method based on Entropy-

weighted Close Value Method
Kai Liang, Yu Liu, Huan He et al.

To cite this article: G. O. Akinlabi et al 2021 J. Phys.: Conf. Ser. 1734 012014

- Quasi-boundary value methods for
reqularizing the backward parabolic
equation under the optimal control
framework

Jun Liu and Mingqging Xiao

View the article online for updates and enhancements.

w The Electrochemical Society -
Advancing solid state & electrochemical science & technology

Vancouver, BC, Canada. May 29 - June 2, 2022

ECS Plenary Lecture featuring

» Prof. Jeff Dahn,
~ Dalhousie University

This content was downloaded from IP address 165.73.223.225 on 25/05/2022 at 13:31


https://doi.org/10.1088/1742-6596/1734/1/012014
https://iopscience.iop.org/article/10.1088/1757-899X/245/7/072028
https://iopscience.iop.org/article/10.1088/1757-899X/245/7/072028
https://iopscience.iop.org/article/10.1088/1757-899X/245/7/072028
https://iopscience.iop.org/article/10.1088/1757-899X/245/7/072028
https://iopscience.iop.org/article/10.1088/1742-6596/1827/1/012046
https://iopscience.iop.org/article/10.1088/1742-6596/1827/1/012046
https://iopscience.iop.org/article/10.1088/1742-6596/1827/1/012046
https://iopscience.iop.org/article/10.1088/1361-6420/ab401e
https://iopscience.iop.org/article/10.1088/1361-6420/ab401e
https://iopscience.iop.org/article/10.1088/1361-6420/ab401e
https://iopscience.iop.org/article/10.1088/1361-6420/ab401e
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsuglcrMDMREd9M10M-yIwERmyPG9NWkdFaTez-jfzBL7RnncsTXauCmbqmpWrakI9V6mT8yr_9Cfw2Ars8a5bMap1BIKP61O6cTf6TQl_MiZb7KH0uxnKmoFouIJ9vD46f0DSAgyuhdi5Kn5WGOKab-IMU_HJH-pReO_dO47wp67B54Jf6oa_fk9ifTKCWy1HvYuELNE-Rwn7rJ55_YWc3YiW_Ve5vIRM6olaZvkd_ztAfRSIfjUE6viRxUIIZ8xvmGzw_dTq_zhHaHkKhzi3YzfV44EglZjnI&sig=Cg0ArKJSzPhML5wJ1To5&fbs_aeid=[gw_fbsaeid]&adurl=https://community.electrochem.org/eWeb/DynamicPage.aspx%3Fwebcode%3DEventInfo%26Reg_evt_key%3D798362dc-7e0c-42ba-aaf6-31c3418f151e%26RegPath%3DEventRegFees%26FreeEvent%3D0%26Event%3D241st%2520ECS%2520Meeting:%2520Vancouver,%2520BC,%2520Canada%26FundraisingEvent%3D0%26evt_guest_limit%3D9999

International Conference on Recent Trends in Applied Research (ICORTAR) 2020 IOP Publishing
Journal of Physics: Conference Series 1734(2021) 012014  doi:10.1088/1742-6596/1734/1/012014

Enhanced Numerov Method for the Numerical Solution of
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Abstract. Numerov method is a multistep numerical method that is used in solving second
order differential equations. In this work, we apply this method as a Boundary Value Method
(BVM) for the numerical approximation of both linear and nonlinear second order initial value
problems. This is achieved by constructing the Numerov method via interpolation and
collocation process while utilizing data at off-step points and implementing it as a BVM. On
comparing the results obtained from the solved problems, it shows that the method is accurate
with high level of convergence to their exact forms and performs better than results from
literature.
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1. Introduction

Due to the needs of mathematical modelization of real-life problems, the search for a better numerical
method, which can handle different problems, remain active research for numerical analysts [1-6]. In
this work, we derive a new scheme based on a Linear Multistep Method (LMM) called the Numerov
method. This method is a numerical method used in approximating second order differential
equations. Lots of studies have been done with this method [7, 8].

Our focus is to develop a new scheme called Hybrid Boundary Value Method (HyBVM). The
development will be achieved by collocating and interpolating the LMM (mentioned above) at both
step and off-step points. We then implement this scheme as a Boundary Value Method (BVM) to
solve second order initial value problems of the form:

y'=f(xy,Y)

Y(%)=co ¥ (%) =5

whereo,, [}, are constants and f is a continuous function which satisfies the conditions for

(1)

existence and uniqueness of solutions, which are guaranteed by the theorem of Henrici in [9] for Initial
value problems.
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In deriving this method, we will be adopting the two step Numerov method, which is a LMM of the
form:

k-1 K
Yo T Zai Yoii = hZZﬂi fosi (2)
i-0 i—0

where h is the step-size and «;, 5 are constants.

Different hybrid formulas based on LMM have been derived by authors [10 — 14], since they are more
flexible the way they have been used and also possess small error constants. The BVMs were
introduced to overcome some of the limitations encounter by the LMMs; they are better in
approximating solutions. Several BVMs have been developed and discussed fully in literature [15-28].
The remaining sections of this study are structured as follows: In section two, the derivation and the
specification of the method are discussed. In the third section, the results are presented with examples
on both linear and nonlinear Initial Value Problems (IVPs). Section four offers a discussion of the
results. The concluding remark is given in the last section.

2. Derivation of Methods [28]
In this section, the aim is to derive a two-step LMM of the form:

k-1 k
yn+k + Zai yn+i = hZZﬂl fn+i + hZZﬂvi fn+vi (3)
i=0 i=0 V;

And also the derivative formula of the form
K

k—
hyr'Hk + Zlailymi = hZZﬁi,fmi + hZZﬂv’, fn+vi (4)

i=0 i=0

using the same continuous scheme wherer, =1, f, #0 and ¢, £, do not both vanish.

We start the process of derivation by seeking to approximate the analytical solution Yy ( X) by a

continuous method Y (X) with its second derivative of the form:
Y(x)= 2 AR(X) ®)

v'(x)="Y ARTY) ©

where a, b are the number of interpolation and collocation points, P, (X) are the polynomial basis of

degree a+b—1. A K -step multistep collocation method is then constructed from:
Y(x)=V"(M*)P(x) ()

where

P(%,) =[Py (X), P (X),Py(X)..e Py (X) ] (8)
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V =Yoo Yoeras Toreeor Frana ] )
PO(Xn) Pl(xn) Pa+b—l(Xn)
M = l:’O (’f(n+a—1) Pl ('),(n+a—1) o Pa+b”—1 ( Xn+a—1) (10)
PO(Xn) Pl(xn) Pa+b—1(xn)
Po”( Xosb-1 ) Pl”( Xivat ) o Pa”+b4 ( Xisb-1 )

Which results into a continuous LMM
a-1 b-1

Y (X) =20 (X) Yo +h2 D0 B (%) (11)

i=0 i=0(%)

where ¢ (x), B, (X) are continuous coefficients to be determined. This is then used to generate the

discrete LMMs of the form (3) and derivative formulas of the form (4) and other additional methods.
These equations are then applied simultaneously to solve (1) above.

2.1. Specification of the Methods [28]

In this section, we specify the derived method.

Consider the case K =2 with the specification a =2and b =5 using (5) and (6) we have the
following polynomials of degree a+b—1 :

Y(X)=§ﬁiﬂ(><) (12)
Y"(X)=iﬂiF’i"(X) (13)

i=0
which will yield the following vectors and 7x 7 collocation/interpolation matrix:

Pz[l,x,xz,xs,x“,xs,xe} (14)

V=[ Youvur o fy i 0 1 | (1)
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Lox % X% X X X
L x X X X X
0 0 2 6x, 12x% 20x 30x;
M=/0 0 2 6x, 12x> 20x 30x; (16)
0 0 2 6x 12x° 20x’ 30x
0 0 2 6x, 12x* 20x3 30x!
0 0 2 6x, 12x2 20x; 30x;

These are then substituted into the equation below:
Y(x)=VT (M™)P(x) (17)
which results into a continuous LMM

(h=x+X,) Y, +(x O)y

X
h h
53h* +123h% (x— X, )° —52h(x—X, )’
+8(x—%, )" +127h* (- ]
f, 18h° (x— X, ) —60h* (x— X, )’ +65h* (x— X, )’
-~ 45n’ —27h(x—x0)5+4(x—xo)6 J

X+X,)

f, 5h® (X — X, ) —60h* (x—X, )’ +95h? (x = X, )’
+
60n" { _agh(x—x, )" +8(x—%, )’

f, 2h% (X=X, ) —20h* (x — X, )’ +35h? (x - x,)*
45N | _21h(x—x,)° +4(x=%, )’

f, 3h5(x—x0)—30h3(x—x0)3+55h2(x—x0)4J

" 360n" ~36h(x—x,)” +8(x—x,)’ (18)
The main method (19) is then obtained by evaluating (18) at X ,,
h2
Voo =2Ypa + Y, = %[ f.+26f ,+f , +16( fn% + fmg)} (19)
which is used together with the following initial methods:
h2
Y, =$Yo 3% = 10 [—19 f,—14f,+ f, 2041, —204 f} 20)
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h2

Yy +4 ¥y~ 3Y, = oo 171, + 4021, 31, + 2521, + 52, | 1)
h2

Yy +4 ¥y 39, = oo 171, + 4021, 31, + 2521, +52f, | (22)

and with the following derivative formulas:

Ve Yoy = {%_1%_ 174220 " Zz:i " ;Io} =
VYo=Y = {% * 1251 ’ 3];20 " 125? - :_5} (2)
hyé+y0—y1:h{%+81—;1—%+%+%} (25)
e | g s S et o o0

3. Numerical Examples

In this section, we apply the main method and additional method derived in the previous section to two
(2) second order initial value problems. The obtained results are compared with their exact solutions
and also with results from [28]. These are shown in the graphs (Figure 1 and 2) and Table 1 and 2.
Problem 3.1: Consider the linear second order 1\VP [28]:

d’y  dy 3
— 2 42 48y=x" 0,1
dx? der y x<(0.1)

with initial conditions:

y(0)=2, y'(0)=4

with exact solution: y(x)=e" 20052x—£sin 2X +ix+ix2+1x3
64 32 16 8
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Figure 1: Solution of Problem 3.1 computed with HyBVM (k =2, h = 0.03)

Table 1: Absolute errors for Problem 3.1 (4 = 0.1)

X SSM(k=4) BVM(k=4)  BVM(k=5) HyBVM(k=2)
0.0 0.00000 0.00000 0.00000 0.00000
0.1 5.11x10°° 6.13x10”" 8.14x10°® 7.14x10°°
0.2 1.50x107° 1.85x10° 2.44x1077 1.75%x10°”7
0.3 2.79x10°° 3.42x10°° 4.55x107 2.94x107
0.4 4.29x10°° 5.55x107° 7.29x10” 4.02x107
0.5 6.70x10™° 8.39x10°° 1.06x10°° 4.72x107
0.6 1.03x10™ 1.23x10°° 1.45%x10°° 4.66x107
0.7 1.45%x10™ 1.74x107° 1.93x10° 3.36x10”
0.8 1.91x10™ 2.35x10° 2.47x10°° 2.24x10°®
0.9 2.40x10™ 3.09x10°° 3.08x10°° 5.39x10”
1.0 2.95x10™* 3.86x10° 4.06x10°° 1.42x10°

Problem 3.2: Consider the nonlinear second order IVP [28]:

{

d%y

o

dy

2
de =0 Xe(O, 1)
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with exact solution:
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Figure 2: Solution of Problem 3.2 computed with HyBVM (k =2, h = 0.05)

Table 2: Absolute errors for Problem 3.2 (4 = 0.1)

X SSM(k=4) BVM(k=4) BVM(k=4) HyBVM(k=2)
0.1 7.51x10°° 6.67x107° 1.03x10°° 1.18x107%°
0.2 1.80x10°® 1.60x10°® 2.51x107° 2.37x107°
0.3 2.88x10°° 2.55x10°® 3.97x10°° 3.56x10™°
0.4 3.65x107° 3.23x10°® 5.71x107° 4.70x107%
0.5 7.05x10°® 4.45x%10°® 7.62x10°° 5.77x107%°
0.6 1.20x1077 4.82x10°® 9.31x10°° 6.64x107"°
0.7 1.73x1077 6.27x10°® 1.27x10°° 7.11x107"°
0.8 2.14x107 6.09x10° 1.26x10°° 6.73x107%°
0.9 5.82x10” 7.42x107° 2.00x10°° 4.51x107%
1.0 1.15%10°° 5.55x10°° 3.46x10°° 1.73x107%
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4. Discussion of Result

In this work, a new method referred to as HyBVM has been applied to two second-order Initial Value
Problems (linear and nonlinear). Figure 1 and Figure 2 show the comparison between the approximate
solutions obtained from the two cases and their exact solutions.

Tables I and II also show the absolute errors from Boundary Value Method (BVM £k = 4, 5) and Self
Starting Method (SSM) obtained in [28] and also the absolute error from our proposed method for
problems 3.1 and 3.2, respectively. It was observed that the HyBVM performed better than these other
methods for the two cases.

5. Conclusion

In this paper, we have extended the Numerov method by applying and implementing them as
Boundary Value Method (BVM). This was achieved by constructing the Numerov method via
collocation and interpolation procedure while utilizing data at off-step point. We call the new method:
Hybrid BVM (HyBVM). This new scheme was applied to two second order initial value problems,
and the numerical tests confirmed that it of high accuracy when compared to the one in literature.
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