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Abstract. This paper applies the novel Successive Approximation Method (SAM) for the
solution of the quadratic Logistic Differential Model (LDM). To confirm the reliability of
the method, illustrative examples are considered, and it is remarked that the approximate-
analytical solutions of the considered cases are computed with ease. The proposed
technique is used directly, without transformation, discretization, linearization, or any
restrictive assumptions.
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1. Introduction

A logistic function is a solution to a conventionally expressed differential equation in mathematics
referred to as Logistic Differential Model (LDM). In contrast to exponential functions, logistic functions
take into account the restrictions that preclude unbounded resources [1-3]. This sort of model is also used
in chess ratings, cancer therapy (such as the modeling of tumor progression), economics, and the study of
language adoption. This concept is implausible since the environment constrains population growth. The
general form of the LDM is given as:
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aN _ rN (1—ﬁj, N =N(x,t)
dt K (1.1
N,=N (X,O)

where N =N (X,t) is the population size of the species at time t, r denotes the rate of growth in the

absence of limited resources, and K denotes the carrying capacity or the maximum population that the
ecosystem can support indefinitely.

This research aims to use the SAM to solve the Logistic Differential Model (LDM). Consequently, the
goals are to apply SAM to the logistic differential equation and compare the results obtained using SAM
to the exact solutions (if any) of the Logistic differential model. Although, in this respect, numerical
techniques have been applied for solving dynamical models (equations) and other differential models [5-
15].

Numerous strategies for obtaining an exact or numerical solution to ordinary or partial differential models
have lately been presented by several solution specialists [16-26]. In this present work, an innovative
technique known as the Successive Approximation Method (SAM) is used to solve LDM.

2. Remark on Continuity Condition and the Proposed SIM

The method of solution referred to as Successive Approximation Method (SAM) is introduced here, in
line with some basic preliminaries.

2.1 Lipschitzian Continuity Condition
Let f(t,y) be given function, so f(t,y) satisfies a Lipchitz condition with respect to Y in a certain

region referred to as D in the XY-plane, if there exists a non-negative constant ¢ such that
[F (YL — F (G Y) < Yo Vol
whenever (t,y,) and (t,y,) areinD, and ¢ is called the Lipchitz constant.

2.2 Overview of the Successive Iteration Method
Suppose a first-order non-linear ordinary differential equation (ODE) is given as follows with an initial
condition:

dy

- = tl ’

gt - 90Y) 2.1)
y(to) =Y

t
Suppose I (-)dy= Ifo (+) denotes a one-fold integral operator w.r.t. a concerned variable; thus, by direct
fo

integration of both sides (2.1) over (t,, t), we have:

{ljo (dy)=1: (9(s,y)) 2.2)

y(to) =Y
This implies that:

{y(t) =Y, + 1! (9(s, ),
y=y(t)
By iteration, we substitute y(t) =Y, ,(t)=Y,,,and y.(S) =Y,

(2.3)
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Therefore, (2.3) becomes;
Yo =Yo+ 1, (9(s,¥,)),
y=y(t)

3. Method and Model Discussed

2.4)

This part discusses the proposed method and the Logistic model, as formulated based on some
assumptions. Case examples are also considered via the SAM.
CASE I: Consider the following version of the LDE:

‘Z_P ~lpa-p)
t 4 . 3.1)
P(0)==
(0)-3
whose exact solution is:
eO.ZSt
P(t)= o oo (3.2)
Equation (4.1) is rewritten as follows:
dN = 2N (1- Nt
4 . (3.3)
N(0)==
(0)=3
Applying the SIM to (4.2), give the following relation:
1 .
{NmzNO+Z|;((NJ.(1—NJ.))), j>0. (3.4)
Thus, we obtained the following iteratively:
1
NO = é,
N1 — l + L,
3 18
Nl l Le e
3 18 3888 432
N3=1+it— L (I SRS R R SR N CIE I
3 18 423263232 20155392 11197440 46656 5184 432
N, = tio 1 t*° + L "+ 43 t*
‘3 18 10749105813785149440 238869018084114432 739356484546068480
B 19 e 349 oy 73 o 13 e
4212857461800960 115853580199526400 36569943244800 21941965946880
B 1013 @ 61 0y 41 4 1 o 5 4 1 t3+it2
1625330810880 33861058560 268738560 2239488 248832 5184 432

(3.5)
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The result obtained in (3.5) is a five-term approximate solution of the considered case. This is consistent
with the analytical solution in [2]. However, the technique shown here seems to be simpler and easy.
Figures 1-2 illustrate the approximate and exact solutions.
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Figure 1: SIM 8-term Approximate solution (Case I)
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Figure 2: Exact solution (Case I)



ICORTAR 2021 IOP Publishing
Journal of Physics: Conference Series 2199(2022) 012004 doi:10.1088/1742-6596/2199/1/012004

4, Conclusions

The Successive Approximation Method (SAM) was successfully employed to solve a variety of Logistic
Differential Models in this article. The SAM that is being provided is computer-friendly and has a
straightforward premise. SAM's results are quite comparable to those of other iterative techniques that
have been studied in the literature. SAM also delivers more accurate numerical solutions for non-linear
situations. The SAM is a handy tool in finding the solutions of the Logistic Differential Model since it
does not need a lot of computer memory, rigorous, restrictive assumptions, or discretization processes.

Acknowledgment
All forms of support from the Covenant University CUCRID section are much appreciated.

References

[1] Lslam S., Yasir Khan, Naeem Faraz and Francis Austin (2010), Numerical Solution of Logistic
Differential Equations by using the Laplace Decomposition Method, World Applied Sciences
Journal 8 (9):1100-1105.

[2] Petropoulou N. (2010). A Discrete Equivalent of the Logistic Equation. Hindawi Publishing
Corporation Advances in Difference Equations Volume 2010, Article ID 457073, 15 pages
doi:10.1155/2010/457073

[3] Vasily E. Tarasov (2020). Exact Solutions of Bernoulli and Logistic Fractional Differential
Equations with Power Law Coefficients.

[4] Saad K. M., AL-Shomrani A. A., Mohamed S. Mohamed, Yang X. J. (2016). Solving Fractional
Order Logistic Equation by Approximate Analytical Methods. Int. J. Open Problems Compt.
Math., Vol. 9, No. 2, June 2016 ISSN 1998-6262.

[5] Saleh Alshammari, Mohammed Al-Smadi, Mohammad Al Shammar, Ishak Hashim and Mohd
Almie Alias (2019). Advanced Analytical Treatment of Fractional Logistic Equations Based on
Residual Error Functions. International Journal of Differential Equations Volume 2019, Article
ID 7609879, 11 pages

[6] Elzaki T.M. and Elzaki S.M., Applications of new transform "Elzaki Transform" to partial
differential equations, Glob. J. of Pure & Appl. Math., 7 (2011) 65-70.

[7] Ali Shah, N.; Dassios, I.; Dong Chung, J. A Decomposition Method for a Fractional-Order Multi-
Dimensional Telegraph Equation via the Elzaki Transform. Symmetry 2021, 13, 8. https://
dx.doi.org/10.3390/sym13010008.

[8] Biazar J., Shafiof S. M. (2007). A Simple Algorithm for Calculating Adomian Polynomials. Int.
J. Contemp. Math. Sciences, Vol. 2, 2007, no. 20, 975 — 982.

[9] Edeki S. O., Ogundile O. P., Egara F. O., Braimah J. A., Elzaki decomposition method for
approximate solution of a one-dimensional heat model with axial symmetry. 2020 International
Conference on Mathematics and Computers in Science and Engineering doi:
10.1109/MACISE49704.2020.00061

[10] Nuruddeen R.I. and Nass A.M, Aboodh decomposition method and its application in solving
linear and non-linear heat equations, European Journal of Advances in Engineering and
Technology, 3(7) (2016) 34-37.

[11] Elzaki T.M. and Ezaki S.M., On the connections between Laplace and Elzaki transforms, Adv. in
Theo. & Appl. Math., 6 (2011) 1-10.

[12] Dhunde R. R. and Waghmare G. L., Solutions of Some Linear Fractional Partial Differential
Equations In Mathematical Physics, Journal of the Indian Mathematical Society, Vol. 85, Nos.
(3), (2018).

[13] Okoli Deborah Chikwado (2019), Solution Methods for One-Factor Bond Pricing Model, B S.c
project Unpublished, Department Of Mathematics Covenant University, Ota.



ICORTAR 2021 IOP Publishing

Journal of Physics: Conference Series 2199(2022) 012004 doi:10.1088/1742-6596/2199/1/012004

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Rahmatullah Ibrahim Nuruddeen (2016). Elzaki Decomposition Method and its Applications in
Solving Linear and Nonlinear Schrodinger Equations. Article in Sohag Journal of Mathematics -
May 2017 DOI: 10.18576/sjm/040201.

Ruchi Nigam (2015). A New Formulation of Adomian Polynomials. International Journal of
Mathematics and Scientific Computing (ISSN: 2231-5330), VOL.. 5, NO. 2, 2015.

Tarig M. Elzaki & Salih M. Elzaki (2011), Application of New Transform "Elzaki Transform" to
Partial Differential Equations, Global Journal of Pure and Applied Mathematics, ISSN 0973-
1768, Number 1, pp. 65-70.

Edeki S.O., P.O. Ogunniyi, O. F. Imaga, Coupled method for the solution of a one-dimensional
heat equation with axial symmetry, 2021 Journal of Physics: Conference  Series
1734(1),012046.

Tarig. M. Elzaki, Eman M. A. Hilal (2012). Solution of Linear and Nonlinear Partial Differential
Equations Using Mixture of Elzaki Transform and the Projected Differential Transform Method.
Mathematical Theory and Modelling ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) Vol.2,
No.4, 2012.

Wazwaz A.M., A reliable technique for solving linear and non-linear Schrodinger equations by
Adomian decomposition method, Bulletin of institute of mathematics, 29 (2) (2001) 125-134.
Wazwaz A.M., A study on linear and non-linear Schrodinger equations by the variational
iteration method, Chaos, Solitons and Fractals 37 (2008) 1136-1142.

Edeki S.O., Jena, R.M., Ogundile, O.P., Chakraverty, S. PDTM for the solution of a time-
fractional barrier option Black-Scholes model, 2021, Journal of Physics: Conference Series
1734(1),012055.

Oghonyon J. G., Okunuga S. A., Bishop S. A., A 5-step block predictor and 4-step corrector
methods for solving general second order ordinary differential equations, Global Journal of Pure
and Applied Mathematics11 (5), 2015, 3847-386.

Singh J., Kumar D. and Rathore S., Application of Homotopy Perturbation Transform Method for
Solving Linear and Nonlinear Klein-Gordon Equations, Journal of Information and Computing
Science, 7 (2), (2012), 131-139.

Oghonyon J. G. , Omoregbe N. A. Bishop S.A., Implementing an order six implicit block
multistep method for third order ODEs using variable step size approach, Global Journal of Pure
and Applied Mathematics12 (2), 2016, 1635-1646.

Saadatmandi A., Dehghan M., Numerical solution of hyperbolic telegraph equation using the
Chebyshev Tau method, Numer. Methods Partial Differential Eq. (2009).

Mohanty R.K, Jain M.K, George K.. On the use of high order difference methods for the system
of one space second order non-linear hyperbolic equations with variable coefficients, J. Comp.
Appl. Math. 72 (1996), 421-431.



