Journal of Physics: Conference Series

PAPER « OPEN ACCESS You may also like

- Exact solutions for time-fractional

Laplace decomposition method for series solutions " diusonwave equaons oy

decomposition method

of systems of linear partial differential models Santanu Saha Ray

- The use of the Adomian decomposition
. . . method for solving multipoint boundary
To cite this article: G. P. Engworo et al 2022 J. Phys.: Conf. Ser. 2199 012022 value problems
Mehdi Tatari and Mehdi Dehghan

- The use of the decomposition procedure

of Adomian for solving a delay differential

View the article online for updates and enhancements quation arising in electrodynamics
— p . Mehdi Dehghan and Fatemeh Shakeri

w The Electrochemical Society -
Advancing solid state & electrochemical science & technology

Vancouver, BC, Canada. May 29 - June 2, 2022

ECS Plenary Lecture featuring

» Prof. Jeff Dahn,
~ Dalhousie University

This content was downloaded from IP address 165.73.223.225 on 25/05/2022 at 13:52


https://doi.org/10.1088/1742-6596/2199/1/012022
/article/10.1088/0031-8949/75/1/008
/article/10.1088/0031-8949/75/1/008
/article/10.1088/0031-8949/75/1/008
/article/10.1088/0031-8949/73/6/023
/article/10.1088/0031-8949/73/6/023
/article/10.1088/0031-8949/73/6/023
/article/10.1088/0031-8949/78/06/065004
/article/10.1088/0031-8949/78/06/065004
/article/10.1088/0031-8949/78/06/065004
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjstiDI_4VK-tpBoPgEhrgU5B32dcKiBTJseIYrthaVJetEKTurSCU6C5wZauYZXKSj8jwWVrg19QBUrFuq0c3ww2TgpUD8_w_rojTfjTdNkl885u4IwQ5lfo1TRmxF7bYuhPazR4ey0ZM8wC2lWmhzW7oAxVvi3--N3yKoSzPXhfgddUOSJa2a9E97uWdOn268y7Mp2zleFIpheMKcqDDc0qeKN9Wqj9V2Aw5DRReJ06H4zItWCieg1x9v3RU2d_6I_6CM6OQ2L8mNl0yv-dUTPC2KkQjeKGAs8&sig=Cg0ArKJSzAyAAJaq23Dk&fbs_aeid=[gw_fbsaeid]&adurl=https://community.electrochem.org/eWeb/DynamicPage.aspx%3Fwebcode%3DEventInfo%26Reg_evt_key%3D798362dc-7e0c-42ba-aaf6-31c3418f151e%26RegPath%3DEventRegFees%26FreeEvent%3D0%26Event%3D241st%2520ECS%2520Meeting:%2520Vancouver,%2520BC,%2520Canada%26FundraisingEvent%3D0%26evt_guest_limit%3D9999

ICORTAR 2021 IOP Publishing
Journal of Physics: Conference Series 2199(2022) 012022  doi:10.1088/1742-6596/2199/1/012022

Laplace decomposition method for series solutions of systems of
linear partial differential models

G. P. Engworo', P. O. Ogunniyi* and S. O. Edeki*
'Department of Mathematics, Covenant University Ota, Nigeria

Contact Emails: gentleengworo@gmail.com;
peter.ogunniyi@covenantuniversityedu.ng; soedeki@yahoo.com

Abstract Most of the real-life problems experienced in the industry these days cannot be
expressed as a single differential equation but as a system of differential equations. Such structures
of linear partial differential models are considered in this work with the aid of the Laplace
Adomian decomposition method (LADM) in terms of solutions. Various examples are taken into
consideration. The results are easily obtained, are in good agreement when compared to their exact
forms. In addition, the proposed method seems effective and efficient; the solutions are graphically
presented.
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1. Introduction

A differential equation is usual within the mathematics field; this study deals with linear partial
differential equations systems. Most physical problems cannot be described with a single differential
equation that has one unknown [1-4]. In order to obtain approximate or theoretical solutions to various
forms of differential equations or systems, in the case of the solution exiting, reliable solution approaches
are needed. Several researchers have developed iterative methods or modified existing methods for
efficiency and reliability. These include the New lterative Method (NIM), Picard Iterative Method (PIM),
Variational Iterative Method (VIM), ADM, Homotopy Perturbation Method (HPM), Boundary Value
Methods (BVMs), and so on [5-10]. The majority of natural occurrences are linear and non-linear. A
good number of researchers have used the Laplace decomposition algorithm and other solution methods
[11-19]. This work aims to apply the precise and powerful method for solving a system of linear partial
differential equations. Accordingly, the objectives are to: solve systems of linear partial differential
equations via the Laplace Adomian decomposition method; and compare the result with already existing
exact solutions.

2. The Adomian Decomposition Method

The Adomian decomposition method is a step-by-step numerical method that can be used to resolve
differential equations. This method is iterative in nature with an algorithm.
We would examine a differential equation of the form.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
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LE(X, y) +RE(X, y) + N&(x, y) =a(x, y) (2.1)
where L is a linear differential operator, R is taken to be the differential operator less than D,

n

More often than not, L = e () is the nth order differential operator, which means that its inverse L™ is
X

the nth order integration operator.
Therefore, we would have:

Lt [ Lf(X, y) + Ré:(X, y) +N §(X, y)] = Lﬁlq(xi y) (2.2)

LHLE(X, y) =t—¢ (2.3)
for ¢ signifies the initial values.
Substituting (3.3) in (3.2) we have,

y =B(y) - LT [N&(x, y)+R&(x,y)] (2.4)
where S(y) = L’lg + ¢ which signifies a function obtained by integrating the source term with respect to
the initial condition(s).

The ADM simplifies the solution y(t) in series form

y= z Y, (2.5)
n=0
The non-linear term is expressed as:
Nh(x,t)-> A, =0 (2.6)
m=0
Amzidm f tixky m>0 (2.7)
m! dx™ = 7)) '
Zyn=a(y)—Ll[R(ZyJ+ZA1J (2.8)
n=0 n=0 n=0

By recursion relation, we have

Yo (x)=2(x)
Yo (X)=—L*[Ry, +A,].n>0
Hence, the solution is

¥()= 23 (4

3. The Solution method Laplace ADM (LADM)

The LADM is a semi-analytical method that combines the ADM and the Laplace transform method. With
little iteration, LADM solves linear and nonlinear differential equations. Let us examine the general first-
order non-linear PDE of the form:

{Lu+Ru+Nu=q(x, y)

3.1
u=u(xy) ey
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Rearranging (3.1) we have,

Lu=q(x,y)—(Ru+ Nu) (3.2)

Taking the inverse Laplace transform of (3.2)
=u(x,0)+ L {s™L{g}} - L*{s"L{Nu+Ru}},q=q(xy), (3.3)

Taking the inverse Laplace transform of (3.3)
=u(x,0)-L*{s"L{Nu+Ru}} (3.4)

LADM puts forward its solution as an infinite series as shown in (3.4)

u:iun,u():u(x,y) (3.5)

ZA) Ug, Uy, Uy, Uy (3.6)
where A represents the Adomian polynomials of the form
A)—l d N tiikh b>0 (3.7)
bra2”\ &) |

Putting (3.5) and (3.6) in (3.7) gives

Zub (x,y) ( (x,0)+L* { {q(x,y)}}—Q) (3.8)

- (g

From (3.9) the solution can be obtained through the following recurrence relations

where

u, = L’l{s’lL{u(x,y)}}+u(x,0) (3.10)
u,,,=-L" {% L{(Ru,, +NA, )}},m >0 (3.11)
While u(Xx, y)is given as:
i
u(xy)= !mgun (%,y) (3.12)
4. LADM and Systems of Two Linear PDEs

In this section, the linear partial differential systems would be solved using the proposed LADM.

4.1 Case | Consider the linear system

{qx +p. =0
(4.1)
p,+0, =0
such that
p(x,0)=exp(x)
q(x,0)=exp(-x) (4.2)

and the the exact solution are:
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{D(X,t) =exp(x)cosh(t)+exp(—x)sinh(t)
q(xt)=exp(—x)cosh(t)—exp(x)sinh(t) (4.3)

Solution to Case |
The system in (4.1) can be re-expressed as:

pt :_qx
O =—Px (4.4)
oh
q(x,0)=e, p(x,0)=¢€*, p=p(xt), g=q(xt), h, =
The Laplace transform of (4.4), with L=H and L™ = H™" yields:
H {pt} =H {_qx}
H {qt} =H {_px} (45)
1
p(x8)~ L (u(x0)+H 0,
- 1
a(x9)=(a(x0)+H {-p.)) @9

Taking the inverse LT of both sides of (4.6) gives:

p(x,t)= p(x,0)+H1EH {—qx}}

q(x,t)=Q(X10)+H4FH{—px}} 0
S
By ADM, the solution is given as:

P=> Py

n=0

. (4.8)
4= 0y
n=0
Thus, (4.7) becomes
2P =p(x.0)+H" {;HHZ%] H
n=0 n=0 X
(4.9)

>, q(@HE“HZ ij

Comparing the terms in (4.9) gives the following recurrence relations
P, = P(x,0)=¢"

P =H M@,

S
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do :q(x,O)z )

0 =H 1 00

Whenk =0, we have

b =1 2 {-() | -te()
= TH{-(p.)} | -te(x

Whenk =1, we have )
P2 —H'{l =(a).f =t2—2!exp(X)
H 1[3 =t2—2!exp(—x)

Whenk =2, we have

p,=H" FH {—(qz)x}} :gexp(—x)

s
1 -t
g, =H {EH }:?exp( )
P(X.t)= Py + P+ P+t Py +

:exp(x)[1+t2—2!+---j+exp(—x)[

— e cosht+e™ sinht
and
q(X,t)=0y+0 +0y +---+0, +

:exp(—x)(l+t2—2!+~--j—exp(x)[

e™ cosht —e™ sinht

3

t+t—|+--

3!

3

J

t+t_+..
3!

J

- (p.g)= (exp(x)cosh t+exp(—x)sinht, exp(—x)cosht—exp(x)sinh t)

2199 (2022) 012022  doi:10.1088/1742-6596/2199/1/012022

(4.10)

(4.11)

(4.12)

Equation (4.11) denotes the LADM solution of case 1. These are plotted in Figures 1 to 4 in comparison

with the exact solutions in (4.2).
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4. x 1043

Figure 1: Case 1 Approximate solution for p(x,t)
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Figure 2: Case 1 Exact solution for p(Xx,t)
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Figure 3: Case 1 Approximate solution for q(x
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Figure 4: Case 1 Exact solution for q(x
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Case Il

4.2

The following linear system of PDE is considered
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p,+p,+29=0
G, +9,-2p =0 (413
such that:
q(x,0)—sinx=0
p(x,0)—cosx=0 (4.14)
and
q=sin(x+t)
p:COS(X+t), q:q(x,t), p= p(x,t) (4.15)
represents the exact solution.
Solution to Case II:
Following the same approach as in case 1, we obtained the following:
p(xt)=2_ P,
n=0
=P+ P+ Pyt Pyt
t2 3
=COSX—tSiNnX——COSX+—SINX+---
2! 3!
t? t®
:cosxil——+~-]—sin xEt——+~--]
2! 3!
(4.16)
= cos x(cost) —sin x(sint)
and
q(xt)=2q,
n=0
=0+ G+ +--+Q, +
t? t°
=sin x(l——+-~j+cosx[t——+--~j
2! 3!
=sin x(cost)+cos x(sint) 4.17)
(p.q)=(cos(x+t),sin(x+t)) (4.18)

Equation (4.18) denotes the LADM solution of case Il. These are plotted in Figures 5 to 8 in comparison
with the exact solutions in (4.15).
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Figure 5: Case 2 Exact solution for p(x,t)

Figure 6: Case 2 Approximate solution for p(x,t)
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Figure 7: Case 2 Exact solution for q(x,t)
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Figure 8: Case 2 Approximate solution for q(x,t)

5. Concluding Remark

This research has successfully considered anproximate-analytical solutions of some certain partial
differential models using a transform method termed Laplace Adomian decomposition technique
(LADM). The approximate solutions obtained using the technique are compared to the exact solution
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graphically, and the method yields the same result as the exact solution. Thus, the LADM is highly
recommended for higher-order differential models in pure and applied.
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