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Abstract: Fast Fourier Transform (FFT) is a mathemati cal too l often used to represent tim e-varying 
rea l data set function /(1). In this paper, the FFT was applied to the measured stratospheric ozone data 
at Lagos from 1997 to 2002 . T he total number of data set used was 211 giving 2048. Both first order 
and second order derivati ves of the data set were generated using FFT. The total ozone data over 
Lagos was latter generated us ing the derivati ves. The simulated ozone data was compared with the 
observed ones. The mean ozone concentration value from the observed data was 270.8±0.3D U, its 
standard deviation was 15.3D U and its range 93. 1 D U. For FFT (N - 2048) generated data, its mean 
was 27 1. 2±0.3D U, its standard deviation was 15.5D U and its range was 79.8D U. The result of the 
generated data us ing FFT of (N - 2048), and that o f the observed values had a correlation of 0.99 
while that of (N- 1024) had a corre lation value of 0.94. The rate of depletion of ozone in January 
and February was also observed to have average values of -0.14D U per day with an average initial 
valw: of about 250DU. Simi larly the rate of increase in ozone in .luly to September was about 0.3D U 
per day with an average initial value of about 28 0D U. 
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INTROD UCTIO N 

i\ fun ction expressed as a sum of sine and cos ine terms over a finite interval with no particular petiodi city 
is called the Fast Fourier Transform (FFT). FFT prov ides a simple representation of a funct ion de fined over 
an inter val us ing data set of N - 2m, where m is an integer. FFT is often used to represent real time-varying 
data set function / (1) (Riley e1 a/., 1999) . If th ere fore a measured data is time varying, one can perform a FFT 
on the data. To do this, the bas ic requirement on the function / is that 

K=jf'(t)jdt (I ) 

where K is finite. 

T his imp I ies that the integral over one period of i f(!) I must converge (R ilcy e1 at., 1999 ). 
The measured ozone data for Lagos was taken to represent the fun ction 1; which in turn was represented 

as a complex Fourier series: 
N-1-

f(t) = Lg ( wk )( cosw.~;t + i sin w,~;t) (2) 

k=O 

N - 2m, where m is an integer, For this work only two va lues of N were used: 

N = i 0 = 1024 N = 211 = 2048 
l\1 any time, the value of N used was specifically mentioned. 

w, is a di screte freq uency and g I Wk I is the Fast Fourier Transform of/ 

Equation (2) can be s implified by making usc of the fact that 

exp liwt t = coswt +i sin wt 
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T hus, 

N-1 ... 

f(t)= Lg(wk}eiwt (3) 

k=O 

Similarly, we can write 

(4 ) 

T his implies that the func tio n /(1) is the inve rse FFT o f g ( W~ ) 

W e can a lso write 

(5) 

T he discrete frequency w. as noted by Parker (2002) is g iven by; 

2Jrk 
w = --

t Nlli 
(6) 

In th is particular analys is s ince the m easured data were taken daily, which implies 

Mathematical Procedures cmcl Results: 
Total ozone data over Lagos was generated us ing FFT data se t N - 2048 ( i.e. k - 0 to k - 2047). Below 

are the mathematical procedures take n (Riley et a! .. 1999), 

... N-1 

F [ f { t) J = g ( W k ) = _!_ L f ( t ) e -iw 
1 

N k=O 

(7) 

On differentiatin g in equation (7) w ith respect to time, 

F[df]=!!_ [g (wk )] = -iw ~ f(t )e -iw r 

dt dt N k=O 

(8) 

T hus from equations (7 and 8) we derive the following; 

(9) 

FFT ff(t)l - g (w.J arc li s ted in Ta b le I co lumn 2 . 
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Table 1: Ta ble showing portions of obtained values in simula tion of ozone data in Lagos (N =2048), using FFT [r (t)) . 

k FFT [/(1)) FFT [/ ' (1)= /i* w• FFT[/(1))} IFFT[/ '(I) I Re lm 
0 555456.6 0 64 .5 + 27.6i 64 .5 27.6 

-3105. 1 . 948 .3i 2.9 . 9.5i 58 .9 + l Si 58 .9 15 
5505.4 + 2494i -15.3 + 33.8i 51.3 + 9.4i 51.3 9.4 
146.2 . 77.4i 0.7 + 1.3i 39.5 . 0.7i 39.5 0.7 

4 - 1970. 1 -969 .5i 11.9 . 24.2i 27.2 + 9.1 i 27 .2 9. 1 
1020 · 165.5 • 8i 25 · 5 17.8i 76 .8 + 24.4i 76.8 24.4 

1021 · 12 .4 + 375.6i · I 176.6 • 38.8i 63 .7 + 14.7i 63 .7 14.7 

1022 -355.8 + 146.2i -458.4 • Ill S. 7i 64 .2 + 42.0i 64 .2 42.0 

1023 · 215 + 190.7i -598.4 . 863 . 1i 65 + 11.6i 65 11.6 
1024 12.6 39.6i 52 . 1 + 16.9i 52 . 1 16.9 
1025 · 215 • 190.7i 599.6 • 864.8i 53 .8 + 36.7i 53 .8 36.7 
1026 -355.8 • 146.2i 460 .2 • 1120. 1 i 50 .5 + 12.5i 50.5 12.5 
1027 · 12 .4 • 3 75 .6i 11 83.5 • 39. 1i 48 .3 + 43i 48 .3 43 
1028 - 165.5 + 8i -25.2 . 52 1.8i 56 . 1 + 32i 56 . 1 32 

1029 · 10 1.5 • I 83.3i 578.6 • 320.4i 52 .2 + 24 . 1i 52.2 24. 1 
2043 1374 .3 + 191 5.7i -12007.6 + 8614 .2i 50 .2 + 72.2i 50 .2 72.2 
2044 - 1970. 1 + 969.5i -6079.6 . 12354.6i 54 .6 + 41.4i 54 .6 41.4 
2045 146.2 + 77.4i .485.6 + 917.3i 55 .8 + 60i 55 .8 60 
2046 5505.4 2494i 15655.2 + 34557.6i 58 .3 + 34.5i 58 .3 34.5 
2047 -3105 + 948 .3i -5955.3 . 19500.2i 59 .5+48.3i 59.5 48.3 

/(1) is the original data on which Fast Fourier T ransform (FFT) was perform ed , I '(1) is the firs t order de riva tive of /(1) . 

w = 21lk/ N8t = frequency of the wave components. while (i) is the com plex number prefix. IFFT is the Inverse FFT. 
Rc is the real coe fficien t of lFFT. lm is the imaginary coefficient of IFFT. 

Si-D E is the simula ted values of ozone devia tion from i ts m ean . (Si -D E = lm 1·3) 

M eth Off of OtJeration: 

Si-DE 
-9.2 
.s 
-3 . 1 

0.2 
-3.0 
· 8. 1 
· 4.9 
· 14 
· 3.9 
· 5.6 
· 12.2 
· 4.2 
· 14.3 
. • 0.7 

· 8 
-24. 1 
- 13.8 
-20 
. • 1.5 

- 16. 1 

The measured satellite data of daily total ozone conccrllration at Lagos from .January 1997 to December 
2002 were taken as function f(t), and was f ourier analysed. The measured data were obtained from satellite 
EJ>TOMS (EarthJ>robc Total Ozone Mapping Spectrometer) of NASA Goddard Institute for Space Study, USA 
(EarthJ>robc V .7, 2003). The numbers of days first used in the ffT s imulation were the first I 024 days of the 
who le data available. FFT returned the f ourier transform of the data in the form : 

{r + iy), where x, y E 1Jt, i' + / - 0, !Jt - is the SCI of rea l num bcrs. 

T he absolute value of convergence as generated using FfT analysis for data set (N- I 024) of Lagos total 
ozone conccrllration, was 305.0. 

Fast f ourier Transform was also performed on twice this number i.e. N - 2048. This was the farthe st ffT 
that could be done with the available data, as the next ffT to this will require 4096 data. The absolute value 
of convergence for FFT at N - 2048 data set of Lagos total ozone conccrllration respectively was 12.6 
(Table I, column 2). This showed the higher accuracy of the greater N. 

RES ULTS AND DISCUSSION 

Using equation 9, the first order der ivatives FFT f/'{1)1 of total ozone over Lagos were calculated 
(Table I column 3). Rc implies the real coeffic ient of the inverse ffT, lm implies the imaginary cocffic icrll 
of the inverse FfT . On performing correlation analys is of the Rc and lm data each with the observed data, 
Rc had a correlation of less that 0.01 while lm had a correlation of 1.0 respectively (Table I , columns 5 
and 6). Samples of the generated data arc shown in Table I. The first five, middle ten and last five can be 
seen in the table. 

Besides, the re lationship between the first order derivatives l' of daily variation ozone concentration at 
Lagos and the rea l data series on monthly basis were studied (Figures 1-3). The graph (' against /of ozone 
concentration at Lagos in January and February had well defined linear regression pallcrn as revea led in figures 
I, 2 and 3 with average negative gradients of - 2.97 for .J anuary and -2.62 for february, yielding a general 
formula of 

(' - -2.8 / + 750.0 for .January and February ( I 0) 
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Fig. I : Comparing 1hc mon1hly paucnL~ of d fldl of ozone conccnHalio n a1 Lagos (y-axis) wi1h I he raw ozone 

da1a (x -axis) in 1997. 
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f'ig. 2: Comparing the monthly pallerns of d l/dt of o zone concentration at Lagos (y-axis) w ith the raw ozone 
data (x -ax is) in I 998. 
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f'ig. 3: Comparing the monthly pallerns of d l/dt of o zone concentration at Lagos (y-ax is) w ith the raw ozone 
data (x -ax is) in I 999. 
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Also the linear re lationship of f{t) to 1 for the same period was 

and/ - -0.141 + 251.2 (II ) 

This showed that the rate of depletion of o zone concentration in .l anuary and February was about -0.14DU 
per day. Some reasons for the observation may be that, in the absence of any other fac tors, it is expected that 
total ozone concentrations would be highes t o ver the tropics because of the greater intens ity of solar ult ravio let 
radiation in equatorial regions , which makes the regions the major source of stratospheric ozone. However, 
most of the ozone produced in the tropical stratosphere is transported to the middle and high latitudes of the 
northern and southern hemispheres by the stratospheric c irc ulation, known as the Brewer-Dobson c irculation 
(Stolarski, R. , 2003). The Brewer-Dobson c irc ulation transports rich o zone air from the tropics pole ward and 
downward to the lower stratosphere of the high latitudes . 

There is also the effect of the extra-t ropica l stratosphere and mesosphere action upon the tropical 
stratosphere on a continuous basis as a kind of global scale lluid-dynamical suc tion pump (Holton et al., 1995). 
It was disco vered that the most important of these eddy motions called "the breaking Rossby Waves'', have 
a strong tendency to give a pers istently one-way suc tion pumping ac tion, whose strength varies with season 
and also inter annually . With this eddy effect , air is gradually withdrawn from the tropical stratosphere and 
pushed pole ward and downward ( Dic kson, 1968; Holton et al., 1995). It can therefore be conc luded from 
figures 1-3 that the resultant effects of these stratospheric c irc ulations and the extra-tropical suc tion pump 
action were highest in the months of January and February at Lagos, and that the rate at which they transport 
ozone rich air from o ver the station is proportional to the rate at which ozone is produced o ver the station by 
equations I 0 and II above. 

Between Ju ly and September the s lope is observed to reverse to pos itive with an average gradient value 
of 2.7. This can be interpreted from the explanations above that the strength of both the Brewer-Dobson's 
c irculations and the extra-tropical suc tion pump ac tion gradually diminishes and reaches minimum between the 
months of Ju ly to September over Lagos. This also coinc ides with the time of minimum temperature over the 
location. 

It can also be added that the period of max imum lifting of o zone rich air from over Lagos by both the 
Brewer-Dobson c irculation and the extra-tropical suc tion pump coinc ided with the harmallan season, whi le the 
period of minimum lifting coinc ided with the raining season .. It was also observed that the divergence of the 
points from the observed linearity already mentioned began in March , likewise the gent le rotation from the 
negative gradient s lope to pos itive. 

This trend revea led the useful application of FFT as a mathematical tool to time series data. Also the 
gradual unfolding of the linear pallerns from both the negative gradient form in ear ly part of the year and the 
pos itive gradient form in the lallcr part of the year was observed to follow some definite order (Figures 1-3). 

By proceeding from the values of the first order derivatives, new set of daily o zone data were generated 
for Lagos. This is re presented by Figure 4, comparing s imulated and observed ozone data at Lagos (us ing(" 
at N- 2048). There is a strong link between the observed and the s imulated data. The figure also showed the 
seasonality of ozone concentration over Lagos with a period of between 340 days, which can be termed as 
annul seasonal variation. 

The means, the standard dev iations and ranges of the raw data and the s imulated data were also compared. 
The mean from the raw data was 270.8±0.3D U, its standard dev iation was 15.3 DU and its range 93.1 DU, 
whi le the mean from FFT of (N - I 024) s imulated data was 272.2±0.5DU, standard dev iation was 16.2DU 
and the range was 75DU . The mean from FFT (N - 2048) s imulated was 271.2±0.3DU, its standard dev iation 
was 15.5DU and its range was 79.8DU. 

Conclusion: 
FFT confirms the s inusoidal nature of Lagos ozone data. This was seen from the high leve l of correlation 

between the FFT generated data and those of the observed data. The correlation coeffic ient of the FFT set N 
- I 024 with the observed data was 0.94, while those of N - 2048 with the observed was 0.99. Also the 
imaginary values of the inverse FFT for the first order derivatives had high correlation with the observed data, 
whereas for the second order derivatives, it was the rea l values of it' s the inverse FFT that had high correlation 
with the observed data. 

The graph f' versus/ of ozone concentration at Lagos in January and February had well defined linear 
regression pa11ern with average negative gradients of - 2.8 for .l anuary and February, yie lding a general 
formula of f' - -2.8/ + 750.0 . Between July and September the s lope is observed to reverse to pos itive with 
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an average value of 2.60 in 1997, 2.45 in 1998 and 3.05 in 1999. The effec ts of the Brewer- Dobson's 
c irculation and the extra-tropical suction pump were stronges t over Lagos in January to February and least 
in .l uly to September which also coinc ided with the harmallan season and raining season respective ly o ver 
the station. 

Thus FFT had proven a good mathematical tool that can be applied to time series data. 
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