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Abstract. An anharmonic oscillator with a perturbed quadratic potential which is coupled with an
exponential term is being investigated in this paper by isolating an anharmonic oscillator interaction potential
from the actual interaction experienced by the quantum system studied, and using standard perturbative
techniques. The anharmonic potential considered is of interest because of its usefulness in the study of non-
centrosymmetric materials which have applications in piezoelectricity. The ground state energy eigenvalue
and its associated eigenstates were calculated for the quantum system using an analytical approach. Results
obtained are compared to those of quantised harmonic oscillator to show the effect of the perturbation.
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1. Introduction

The Schrodinger equation is solvable for a limited number of systems and among them is the
quantum harmonic oscillator, however, in nature, where only real systems exist, this equation
does not have a solution except for that of the hydrogen atom. [1, 2, 3]. In previous studies,
anharmonic oscillators with cubic, sextic and decatic potentials have been solved using different
numerical methods [3, 4, 5, 6, 7]. The perturbation theory is one of the methods to find solutions
to the Schrodinger equation of an anharmonic oscillator [1, 9]. An alternative approach to this
method was developed in [8] and was used to solve a system with quadratic perturbations. This
method was compared to the Rayleigh-Schrodinger theory and was reported to contain results of
the time independent case and the time dependent parameters served to time evolutions of the
correctness [8].Other methods like the Dirac operator technique and Fourth order Runge-Kutta
method within the Numerov approach were also used to study quartic anharmonic oscillators due
to their simplicity and robust nature. Furthermore, it was stated that the asymptotic iteration
method is a more efficient but rigorous approach for obtaining wave functions of anharmonic
systems especially those without exact solutions [4].
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In this study, an analytical approach has been used to find ground state wave function and
eigenvalue of an anharmonic oscillatorwith quadratic-exponential form perturbation term and
bounded at infinity. This was achieved by employing the first order perturbation theory and also
standard integral definitions [10]. This kind of anharmonic potential can be used to study non-
centrosymmetric materials which have applications in piezoelectricity [11, 12].

2. Perturbation Theory

The one-dimensional time-independent Schrodinger equation is a basic and essential step
towards the calculation of the eigenvalues (energies) of an anharmonic oscillator [3]. Thus, in
general, the one-dimensional time-independent Schrodinger equation is given as:

~ 0D |y () (x) = Enipn(®) (1)

where ¥,,(x) is wave function,V(x) is the potential energy and E,, is the corresponding energy
eigenvalue.

For an ideal system, equation (1) can be rewritten as
HOY) = Exyn )

Now suppose that equation (2) is solved, a complete set of orthonormal eigenfunctions,
P (where the superscript 0 represents an unperturbed quantity) are obtained, that is,

(lpglll)gz> = 8nm 3)

with their corresponding energy eigenvalues, EQand &,,,,is the kronecker delta. However, when
the system is slightly perturbed, there is a new equation,

Hlljn = Enlpn (4)
such that
H= H’+eH (5)

where H' is the perturbation and 0 < € < 1. The first-order correction to the nth eigenvalue, EL
also known as the expectation value of the perturbation is given as

= (YO|H |P3) (6)

Likewise, the first-order correction to the wave function is given as

(¢m|H )
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Thus, the perturbed wave function corrected to the first order is given as

Yo = Yo+ YPn ®)
while the corresponding perturbed eigenvalue value corrected to the first order is given as
E, = Ep + (W H [y) ©)

3. Problem Formulation

Consider an ideal harmonic oscillator,

V(x) = s ka? (10)

but for the purpose of this paper, we introduce a perturbation to give rise to the anharmonic
potential,

V(x) = %kx2 +116(x+x2)e” (11)

and k = mw?, k > 0 and r > 0 are constants, m is the mass of the particle and o is the angular
frequency. Figure (1) shows the plot for both the harmonic and anharmonic potentials. From the
graph, it can be seen that close to the equilibrium point the plots coincide despite the presence of
perturbation, however, at larger distances, the effect of perturbation is more pronounced. From
equation (11), the perturbation term is

|
H=_(+ x2)e™ (12)
and it can be seen that it consists of both a quadratic term coupled with an exponential factor.

The anharmonic potential (12) does not satisfy the equation, V(x) = V(-x) which makes it
promising for the study of non-centrosymmetric materials [11]. Non-centrosymmetric materials
do not have points of inversion symmetry throughout their volume and are important in the study
of piezoelectric materials [12].

Also, the non-zero ground state energy of the harmonic oscillator is
1
Ey=-hw (13)

while the ground state wave function of the harmonic oscillator is given as

Py(x) = (f)% e (14)

(4

where @ = 2mmv/h, h is the Planck’s constant, m is the mass andv is the frequency.
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Figure 1: Graph of potential against displacement for the harmonic and the anharmonic oscillator

4.Calculations and Results

(a) Perturbed Eigenvalue Calculation

Substituting equation (6) into equations (13) and (14) and writing in integral form, hence, the

following calculations:

o] 0 7 0)*
Eh= [T W HYY dx

1 1 2

BL= 7 (9) e T (2) e T alx

© \1

1 2 2

El = (E)E fjooo e T (1—16 (x + xz)e”‘) e T dx

(15)

(16)

(17)
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1

El = 1—16 (g)E IZ e (x + x¥)e"dx (18)
1
El = %(%)2 fjooo xe & H42(3)x + x%e “X2+2(5)de (19)

Using the standard integrals [10],

qZ

[ xe P t2axgy = 1 |Tey (20)
—oo PP
And
VZ
© 2 ,—px?+2 1 "
[2, xPemw i gy = (1+ ) Q1)

Thus, equation (19) becomes

r r ™/
[h (14 &)ea] (22)
Since @ = 2mmv/h, then equation (22) becomes
rh M hAmmv+hr?,
En = e 64m1t17( 4mmv )esmm (23)
Ei=——[1+7+; i | e (24)
64mmv v

Hence, using the fact that the eigenvalue of an ideal harmonic oscillator is given asl/2hAw,
thus,

2 ] hr

r
- e8mnv (25)

Using the first order perturbation theory for the correction of the energy we have equation (25).
(b) Perturbed Wave Function Calculation

The first four wave functions of the simple harmonic oscillators [1] are given by
1/4
o =(3) " e (26)

Py = (—) VZaxe ox'/2 27)
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_ (x\V* 1 2 —ax?/2
Yy = (;) 7 (2ax” - 1e (28)
Pz = (2)1/4L (2a3/2x3 — 3a1/2x)e—ax2/2 (29)
3 - V3

and the energy eigenvalues are
E,=(n+3)he ,n=0123,. (30)

In this section, another standard integral [10]was employed:

21 1 k
e« et [0 S () o»

To calculate the first order correction to the wave function, equation (7), the following terms are
first computed which will then be substituted back into equation (7):

01 100 o 1/4
% =l (&) e (e e (&) VEare e ax (32)
1/2 (% Y2 o 2 3\ ,—ax? ,rx
~ Tohe Tone (290 (;) S (% +x%) em e dx (33)
1/2
= _1611(» (2a)1/? (g) f_oo(xze—ax2+2(r/2) + x3e—ax2+2(r/2)) dx (34)
- Lo ()L [F(1+ D) et zrertie [F(D) gt L (2)] @5
~ 16h @ T 2+ a 2a) € € 8a/ “k=0 (3_2k) 1k \+2 (35)
-1 (2(1)1/2 (2)1/2 1 E(1+ﬁ) -r /4a+6e—1‘2/4a "(rg)(1+i) (36)
16hw T 2+ a 2a 8a/ \3  1r2
( OH' 0) 1 0 1/4- ) 1 1/4- 1 2
—‘”,‘;L_,L'fz =2 (5) e (L x+xDe™)(5) " Z@aa? - e 2dx  (37)
1/2
=5 (a) [ ax® —x + 2axt + x?) e 20/ Dy (38)

1 a\1/2 —r2/4q |T r3\ 1 a T 4 _r
2 () [12“‘3 \/;(a) [§+rz]—(z)\/£e o

2adle—r2/4anar38ak=0214-2k!/kar2k—12anal+r24 (39)
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(@) [rzae e EOY 2] () [Eefe- L [F(147) 4

48ae—r2/4ar4l6adnal24+12ar2+12ar22 (40)

01 14150 . 1/4 1/4
WO Iy) _ Ly (2)7 eme/2 (L (x + x2)er™) (%) }(zmx — 3aax)e " /2dx

E3—Ey 3hw Y= \m
(41)
1 1 (fa\1/2 .
- 48hw\/_§(_) f (Z“Zx - 3a2x + Zazx - 3a2x )e ax®+2(r/ 42)
_11a1/2 ?/a a - i 1
_48hwﬁ(;) 2az [48ae (16a4) ;<£+E(T—Z) E -3z [Za z
724e—r24a—

3a126e—r24anar38al3+ar2+2a324le—r2/4anar532a5k=0215-2K/Flar2k (43)

_ 1 1 /a 1/2 _,.2/40[ rt m(1 1/a 1/a 2

= () lz"” [oae e (222) 2 (a3 () +3(5) )| - 3 [ 5 (1 +
724e—r24a—3al26e—r24armar38al3+ar2+240a32e—r24anar532a51120+16ar
2+12ar22 (44)

Hence, substituting equations [36], [40] and [44] into equation (7)and then computing to get

W= VR (14 5) + 6 (D) G+ D) a4 ) - o+ 280 () (4

12ar2+12ar2212+433a32—1+r24142a+a1223a—a1235r54a51120+16ar2+12a
722+...e—r24aarl/4e—ax2/2 (45)

Thus, the ground state wave function of the anharmonic oscillator using the first-order
correction is given by equation (46)

bo= (&) o (@) e [VEa[ (1+2) + 6 (2) G+ B+ ] -

£+ 2 (&) - [ @ 3@ | o
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Figure 2: Graph of wave function against displacement for the harmonic and the anharmonic
oscillator

For this calculation, we have only used the first four terms of the simple harmonic oscillator,

hence the reason for the ellipsis. Since @ and r are basically constants, we can rewrite equation
(46) as

a\V4 2 a4 ol
= (- —ax®/2 4 & z (= ax“/2
wo (n) € + 16Aw e (n) € (47)
1/4 a P\ 2
Yo = (g) <1 t Tona © 4“) e /2 (48)

This means that in comparison with the unperturbed wave function, the perturbed wave function
differs by a factor of (1 + A/hw)which represents the terms in the largest parentheses in
equation (46). The plot of equations (26) and (48) is shown in figure (2), for simplicity, the
values of the arbitrary constants have been set to one. In general, the perturbed wave function
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has a similar trend to the unperturbed wave function although the former has a higher
amplitude.

5. Conclusion

In quantum mechanics, it is imperative to find solutions to the Schrédinger equation of the
system considered. However, in nature most systems differ from the ideal, a method like the
perturbation theory comes in handy in finding solutions to the perturbed systems. In this study,
the first order energy correction and the ground state wave function of an anharmonic oscillator
has been obtained analytically using definite integrals. The integral definition makes it easy to
solve the problems and hence is a powerful tool for this kind of problems, provided the integral
definition already exist in literature. This calculation can be extended to calculate the second
order energy correction and also other excited states wave functions which is still an ongoing
research.
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