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Introduction

The purpose of this paper is to establish the existence of at least one solution for the mixed fractional order p-Laplacian boundary
value problem:

<D} ¢, (D&, x(1)) = h(t, x(), DI x(1), Dg+x(z)), 1 € (0, +c0) )

subject to boundary conditions

m
x(0) = 127°x(0) =0, DI 'x(0) = Y [;DE " x(&),
i=1
. ‘ 3]
Dg, x(+00) = Z w; Dy, x(€;)
j=1
where € (0,11, ¢€(23], L €R,i=123,...m w;€R, j=123,.. ,n
cDg+ is the Caputo fractional derivative, Dg+ is the Riemann-Liouville fractional derivative, 2 <a+f <4, 0<¢ <& <& <
< gy <400, 0<E <l <3< <€, <+00, h:[0,+00)xR> — R is a continuous function and the p-Laplacian operator
$p(5) =I5l s, p#2, ¢! =¢gand T+ 2 = 1.

The fractional order p-Laplacian BVP (1)-(2) is nonlinear, hence we apply the Ge and Ren extension of coincidence degree for
the existence results.

* Corresponding author.
E-mail addresses: kadejo.ojopgs@stu.cu.edu.ng (E.K. Ojo), samuel.iyase@covenantuniversity.edu.ng (S.A. Iyase), timothy.anake@covenantuniversity.edu.ng
(T.A. Anake).

https://doi.org/10.1016/j.sciaf.2024.e02108

Received 19 October 2023; Received in revised form 24 November 2023; Accepted 26 January 2024

Available online 29 January 2024

2468-2276/© 2024 The Author(s).  Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://www.elsevier.com/locate/sciaf
https://www.elsevier.com/locate/sciaf
mailto:kadejo.ojopgs@stu.cu.edu.ng
mailto:samuel.iyase@covenantuniversity.edu.ng
mailto:timothy.anake@covenantuniversity.edu.ng
https://doi.org/10.1016/j.sciaf.2024.e02108
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sciaf.2024.e02108&domain=pdf
https://doi.org/10.1016/j.sciaf.2024.e02108
http://creativecommons.org/licenses/by-nc-nd/4.0/

E.K. Ojo et al. Scientific African 23 (2024) 02108

Fractional order equations are tools for modeling complex phenomena such as found in electromagnetics, acoustics, control
theory, electrochemistry, finance, and material science see [1-9] and the references therein.

Researchers have focused attention on fractional order boundary value problems with or without a p-Laplacian operator, due to
its ability to explain the dynamical behavior of some physical systems. Some authors have used Caputo fractional order derivatives to
develop mathematical models for some deadly infectious diseases such as Lassa fever [10], and Covid-19 [11,12]. In these studies, the
authors applied the Laplace-Adomian decomposition method and numerical simulations to the fractional-order Caputo derivatives
to produce the approximate solutions of the models analytically.

Some studies have focused on the existence of solutions of the fractional order p-Laplacian boundary value problems. The motive
has been to determine whether such problems are solvable or not. The author in [13] established that a solution exists for the
resonant p-Laplacian boundary value problem:

607 (¢, (307x)) = (t.x, §Dfx), €011

x(0)=0, ¢DIx(0) = {Dx(1),

where0 < a,f < 1, (C)D;’ and BDf are Caputo fractional derivatives, f : [0,1]xR? — R is a continuous function, @,(s) = [s|P2s (s#
0), ¢,(0)=0, p> 1, by using the continuation theorem of coincidence degree theory, when the dimension of the kernel equals one.

In another study [14], the authors derived existence results for a class of p-Laplacian fractional differential equations with integral
boundary conditions by using Schaefer’s fixed point theorem and Banach contraction mapping principle

Dl ¢, (°DE,x(t) = [ (t.x(1)). 1€ (1),
1

x@=/ammm x(1) =0,
0

1
¢, (‘DG x(0) = ¢, (D, x(1)) = / h($), (DG, x(s)) ds,

[
where 1 <a, f<2,3<a+p <4, CDg+ and cDg+ are the Caputo fractional derivatives, f € C ([0,1] xR,R), g,h € C ([0,1],R), and

by(s)=1s|"%s, p> 1.
Researchers in [15] studied a resonant fractional order boundary value problem with one-dimensional kernel on the half-line;

D% ¢, (Dh, u(®) = e'w (t,u(t), D), u(r)), 1€ (0,+c0),

1,7Pu(0) =0, ¢, (Dg,u(0)) = ¢, (D), u(0)),

where ¢Djis the left Caputo fractional derivative on the half-line and Dg . is the right Riemann-Liouville fractional derivative on
the half-line, 0 <ab<1 ,0<a+b<2, ¢, =Ir"?r, p#2, with ¢! = ¢, and 1 +§ =1, w:[0,+0)xR? > Risa
continuous function. The authors applied the Ge and Ren coincidence degree theorem to the problem with nonlinear differential
operator to obtain the existence results .

The growing interest in the study of fractional-order models among researchers and scientists is motivated by its better description
of systems associated with its higher degrees of freedom. On the other hand, fractional calculus has become an excellent set of tools
for describing the memory and hereditary properties of various materials and processes (see [16].

Previous studies on mixed fractional order problems have focused on one-dimensional kernel and the ones with two-dimensional
kernels are on the bounded domains. This paper intends to fill this gap by investigating the existence of the solution of a mixed
fractional order p-Laplacian boundary value problem at resonance when the dimension of the kernel equals two in an unbounded
domain. In this study, the differential operator is nonlinear, hence, the adoption of the extension of coincidence degree theorem.

The paper is structured as follows. Section “Materials and methods” presents some relevant lemmas and definitions which will
be used in the proof of the main existence results. Section “Results and discussion” focuses on the main existence results. In Section
“Example”, we demonstrate the results with an example.

Materials and methods

This section presents some relevant definitions, lemmas, and theorems from fractional calculus and coincidence degree theory.

Definition 1 ([16]). The Riemann-Liouville and Caputo fractional integral of order « > 0 for a function A : (0, +c0) — R is given by

1

Ig+h(t) = m

t
/ (t—9)%'h(s)ds,
0

provided the right-hand side integral is pointwise defined on (0, +c0).
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Definition 2 ([16,17]). The Riemann-Liouville fractional derivative of order « > 0 for a function 4 : (0,+o) — R is given by
_d" e
DI h(t) = 11 h(r)

(3)

_ 1 d" ! _ yp—a—l
= mﬁ‘/o‘(l S) h(S)dS

where n = [a] + 1, and [«] is the greatest integer < a provided that the right-hand side integral is pointwise defined on (0, + ).
Definition 3 ([16]). The Caputo fractional derivative of order # > 0 for a function 4 : (0,+c0) — R is given by

cpb — 1 ! n—p— n
Dl h(t) = F(n—_ﬂ)/o(r—s) =1 p(s)ds )]

Lemma 1 ([18]). Let a > 0, then the general solution of the Riemann-Liouville fractional order differential equation Dfj, x(1) =0 is
x(t) = 197 4 0t e 1" 5)

where c; e R, i =1,2,...,n and n = [a] + 1 is the smallest integer greater than or equal to a.

Lemma 2 ([18]). If a > 0 and h, D}, h € L'(0, 1), then
I8, DY, h(t) = h(r) + I AR OV L T Lo (6)

where n=[al+1, ¢; € R,n=1,2,...,n are arbitrary constants.

Lemma 3 ([18]). Let a > 0, then the general solution of the Caputo fractional order differential equation Dy, x(1) = 0 is
x(t) = do + dit' + dyt® + - + d 1" )

where d; € R, i =1,2,...,n and n = [a] + | is the smallest integer greater than or equal to a.

Lemma 4 ([18]). If « > 0 and h, D}, h € L'(0, 1), then
(g DE (1) = h(t) + do + dy1' + dyt® + -+ + d 1", (8)

where n = [a]l+ 1, d; €R,i=1,2,...,n are arbitrary constants.

Lemma 5 ([19]). Given that « > f > 0. If h(t) € L'(0, 1) then,
15, 10, k) = 15 h@), - DY, 15 h() = I) I h@) = 157 hG).
In particular,

Dg’+ Iéﬁh(t) = Io‘f Ig;h(z) = h(t).

Lemma 6 ([20]). Suppose that @ > 0, @ > —1, t > 0. Then,

T'w+1)
Ig+ Y =

— —thra
Fo+a+1) ’ 9)

and

I'(w+1)
Dg+ 10 =

“Te-atD' - (10)

Definition 4 ([18]). Gamma function for a« € R is given by
[se]
I'a)= / e 1%t 1)
0

where I'(a) = (a — 1)!, « € RT.
Let (X,||-llx) and (Z,]| - || ;) be any two Banach spaces. Let M be a continuous operator such that

M : dom M c X — Z, and Mx(t) = D} ¢, (D%, x(1)).

for any x € dom M.
Define the operator N,x : 2 — Z such that

N = 2h(1,x(0), D, x(0), D' x(1)). A€ [0,1], 1€ (0.+00), 2 € X

3
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is an open bounded set. Then the fractional differential equation (1) can be written in abstract form as

Mx(t) = N,x(). (12)

Definition 5 ([21]). An operator M : X ndom M — Z is said to be quasilinear if

(i) ImM = M (X ndom M) is a closed subset of Z.
(ii) ker M = {x € X ndom M : Mx = 0} is linearly homeomorphic to R".

Definition 6 ([21]). An operator T : X — Z is said to be bounded if T (£2) C Z is bounded for any bounded subset 2 C X. Let
X, =ker M and X, be the complement of the space of X; in X such that X = X, @ X,. Also, let Z, C Z be a subspace of Z and
Z, be the complement space of Z, in Z, so that Z = Z, @ Z,. Let P : X — X, is a projector and Q : Z — Z, is a semi-projector
and 2 C X an open bounded set with § € Q as the origin in a linear space. Define ©, = {x € Q : Mx(t) = N,x(¢), 4 €[0,1]} and
let N, : @ — Z, be a continuous operator.

Definition 7 ([14]). The mapping QO : Z — Z, is a semi-projector if
Q%z2=Qzand Q(kz)=kQz, z€ Z, ke R.

Definition 8 ([22]). An operator ¢, : R — R is p-Laplacian if it satisfies the following properties:
(i) ¢, is continuous, monotonically increasing, and invertible such that ¢;1 = ¢, and for

qg>1 +-=1

1
" p
(i) ¢ (x+3) <, () +h, (). if 1<p<2.
(iil) ¢, (x +y) <2772 (¢, () + b, ) . if p>2.

Definition 9 ([21]). The operator N, is said to be M-compact in Q if there exists a vector subspace Z; C Z such that dim Z, =
dim X, (X, = ker M, Q C X) and a compact and continuous operator, A : Q X [0,1] - X, such that for A € [0, 1], the following
conditions hold:

@) T-QN,;(Q)cImMcU-0)Z;
(i) ON;x=0< ONx=0, A€ (0,1);
(iii) A (-, 0) is the zero operator;
(iv) AG,A) = - P);

V) M[P+A(, DI=T-Q)N,.

Theorem 1 ([21]). Let (X, || - lx) and (Z, || - |l ;) be any two Banach spaces and 2 C X an open bounded set. If the following properties
hold,

(i) The operator M : X ndom M — Z is quasilinear;
(ii) The operator N, : @ — Z, A €[0,1] is M-compact;
(iii) ONx #0, Vx € ker M N 022,
(iv) Mx# N,x, A€[0, 1], x € 082;
(v) deg{JON, 2 n ker M, 0} # 0, where the operator J : W; — X, is a homeomorphism such that J (6) = 6 and the degree is the
Brouwer degree,

then the abstract equation Mx (t) = Nx () has at least one solution in Q N dom M.

Let X = {x(t) = C?[0,+0) : (x(), D§;'x(1), D, x(1)) € L' (0,+0), sup e ™"|x(1)l,
t€[0,400)

sup e Dg;'x(t)‘ and sup Dngx(t)‘ exist, for n € R*}
1€[0,+00) 1€[0,+00)
with norms
Il = max{ Ix@llos 155" 5@llos 110G, xOlos }
where
Ix®lly = sup e |x(0)] 1057 " xOlls = sup ™| DG (o),
1€[0,+00) 1€[0,+00) 13)

D%, x(Dlle = sup ‘D&x(r)‘ and
t€[0,+00)

+oo
lizllz = llzll 1 where ||z] ;1 =/ |z(®)]d1.
0
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Lemma7. If ¥ 1,&=0, YL L=1 Y _ w =1 ad ¥ w¢;" =0, then

ker M = {x € domM : x(1) = d|1* + dyt*~ '}, d|,d) €R, 1t € [0,+00) and dimker M = 2.
Proof. If x € ker M, then
“DY, ¢, (Df,x(0) =0 (14)
®, <D8+x(t)) =1’ (0)=c. cER
So, D" x(t) = ¢,(c) and by Lemma 2,

I8 D% x(t) = If, dy(c) + dyt™ " +d3t™ 2 4 dy1"3

0+ 0+
()
1) = — % 4 dpt™ N+ dyt*? 4 d g3
D= e 2 3 4

Ayt 4+ dyt™ ! 4 dy1972 4 d g1,

Applying x(0) = 0 = I7,*x(0), we obtain

x(t) = di 1% + dyt* 7. (15)

By applying the boundary conditions (2) to (15), we obtain

m m
d, <1 - 21,.) =d, Y 1,& =0,
i=i

i=i

= D=1 Y I&=0. (16)

n n
d1<1— wj>=d22w,-fj_l,
j=i j=1

=>iwj:l, ZLUI,”_ 17)
=

ker M = {x(l)‘x(t) =dit* +dyt*!, di,d, €R, te(0, +oo)}. Since ker M depends on two coefficients, then dimker M =2. []

Also,

m m n n
(Hp: Y h=1, Y 1&=0, Y w,=1and Y w7 =
i=i i=i j=1 Jj=1

Lemma 8. The following statement holds:

ImM = {zeZ : Q1z=Q2z=O} where

m i i _
0,z = El"/o &4 <ﬁ/o (§i—r)ﬁ lz(r)dr) ds
i—1
1 [ - c A -
z= ¢q<m/0 t—sy lz(s)ds>—j§wj¢q(m/0 (¢;-s)" 1z(s)ds>

and the operator M : dom M C X — Z is quasi-linear.
Proof. Consider CDngde (Dg+x(t)> = z(¥), for z(t) € Im M and x € dom M, then

x(t) = I¢, ¢, ( z(t)) +dy 1% + dyt® 4 dy %7 4 dy*

From the initial conditions x(0) = 13+‘“x(0) =0,dy;=0,d,=0.
Hence,

x(0) = I, ¢, (Io+z(t)) )17+ dyt® (18)

Applying the boundary conditions (2) to (18), we have

dy, = ili <A§i b, (Ig+z(r)dr> ds+d& + d2>

i=1



E.K. Ojo et al

n & 1 4] p-1 i -
=2 (i [, @ o) v e 3

By (16), we obtain

m & 1 & _
d2=gzil) qsq(Tﬂ)/O &-r)’ lz(r)dr) ds+d,.

Thus,

il./éi(p <L/§i (5.—r)ﬂ_lz(r)dr>ds=02=QIZ
“Jo TINLB Jo

[ -
b, <Tﬂ)/o (t—s/ lz(s)ds) +d,

n
= D\ w; D x(¢))
=

n ’.
=Y uw (o L/ (6 - 9P 2(5)ds | +dy + dyt!
L\ P\ @ fy )

n

j=1
By using (16), we have

I - < [ .
¢q<m/o t-s) 1,z(s)ds>+d1 :Z{w"d)"(ﬁ/o ;- s\ 1z(s)ds>+d1.

Hence,

I _ c AL _
¢"<W/o (t—s) 1z(s)ds> —Z‘Tw,qsq(m/o ;-5 1z(s)a's>=0 =0,z O

We have established that InM ={z€ Z : Qz=0,z = 0}.

L[ _ “ S
=Y w, <¢q<m/o ¢ —s) 'z(s)ds>>+dlj§wj+d2j=zlefj1.

Scientific African 23 (2024) 02108

19

(20)

For x € dom M, it is observed that dimker M =2 and Im M is a closed subset of Z. Thus, M is a quasi-linear operator.

Let
Qlta—le—t Q2ta—le—t

O %! O %!

_ 4 4

ay  ap
where

m & 1 & _
0,z = [:21[1./0 é, (Tﬁ),/o (’g’i—r)ﬂ 1z(r)dr) ds, and

1 [t _ < v [G
0,z = ¢, <ﬁﬁ)/0 t-s)P lZ(S)dS> —Zl,wj%(m/o j-s)’ 'Z(S)dS>

(H,): Assume that D = ajay, — ajpa,, #0,
We define the projector P : X — X, as
DZ x(+oo)t® D! x(0)*!
Px(1) = —2 + , X€EX.
T(a+1) I'(a)

Next, we define operators L|,L, : Z — Z, as

1 _ 1 -
Liz= > (422012 — a3)0,z) €', Lyz = ) (-ap0iz+a;,0,z) ™,
and the operator Q : Z — Z, as
Qz=(Lyz-t"") + (Lyz-1%)

where Z, is the complement space of the Im M in Z.
Lemma 9. The operator Q : Z — Z, is a semi-projector.

Proof. We make the following computations.

_ 1 - =1\ o~
Ly (Lyz)* ! = D (Ly (420,217 = a3 0y 21" ") €™")

1
D (apayy — ayap) (Ly2) = Ly z.

(21)
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1 - -
Ly (Lyz) 1" = — (a0 (Ly2)t%™" — a5 05(Ly2)t"e™)

D
= % -0(Lyz) =0
Ly (Lyz) 1" = % (—a10, (L 2" + ay Qo (L 21" 1) e
= % (—apa; +ayap) (L1z) =0
L (L,2) % = 5 (~apQ, (L2 + ay Qo L,2)) ¢
= % (—anay +ay1ax) (Lyz) = Lyz.

From (21)-(24), we obtain
0%z=0((Ly2) 17"+ (Ly2) - 1%)
=(Ly2)- 1" +(Lyz2) - 1" =0z
For any u € R,

1 _
Lipz= o (a0 1z — ay; Qyuz) e

1 _
=u 5 (azzQ]z - alezz) e =ulz
1 —
Lyuz= 5 (=a120 1z — a,0,uz)

1 -
=u 3 (-a;pQuz +ay Qyz) e = ul,yz.

Quz = (Lyuz) - 157 + (Lyuz) - 1°.
By using (26) and (27), we obtain
Quz=u ((le) g (Lyz) - t”)
= uQz.
Therefore, by Definition 7, Q : Z — Z, is a semi-projector. []

Lemma 10. If h is an L'- Carathéodory function, then N, : @ — Z is M-compact on the closure of an open and bounded 2 C X.

Proof. To prove condition 9(i), consider (I — Q) N, x(1),

0 - Q) N,;x(t) = ON,x(t) — 0> N, x(t)
=ON,;x(t)— ON,x(t) =0.

Thus, O(I — Q) N;x(1) C ImM =ker Q. Also for z€ Im M, Oz =0. Thus, z€ kerQ i.e ze (I — Q)z.

Therefore, 0(I — Q) N,;x(t) c ImM C (I — Q)z.

Next, to prove 9(ii), let ON,x(r) = 0 for A € [0, 1]. Then,
ON;x(t) = 0 = Q (4h (1. x(1), DY, x(1), D§, x(1)))

AONXx(1)

=0.

Conversely, if ONx(t) = 0, then
ONx(t) = 0=L, (ON;x(1)) - 1*~' + L, (ON,x(1)) - 1*

= % [a22Q1 (ON,x(O)*"e™ — ay, 05 (QN X)) e~

— a0 (ON,;x()%e™" + a”Qz(QNAx(I))t"e”]
= % [azlet“_le_’ - aZIta“_le_’ — a0 1% + a”ta”e_’] -ON,x.
= % (D + D) QN x(t) = 20N ;x(1) = 0.

Then, ON;x(t) = 0.
To prove 9(iii), 9(iv), and 9(v), we define an operator
A XXx[0,1] — X, as

AG DO = 18, [ (10,1 = ON,x(0)) = D xt+o0)| = 171 (DG %)) 4 € 0,1

7
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(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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From 9(i), ON,x(t)=0.1f N, = {x€ @ : Mx(t) = N,x(t), 1€ [0, 1]}, then *D) ¢, (Dg+x(z)) = N,x(t) €Im M = ker Q.
A(x,0) = 0. Hence a zero operator and 9(iii) is satisfied.

A, D) = I, [¢q (I(’)’+(I - Q)N,lx(t)> - Dg+x(+oo)] - 1" (D' x(0))
1z, [y (1,N:50) = D xhoo)| = 197 (D1 x(0)
x(@) = I, (Df x(+00)) = 1" (D' x(0)

D x(+
x(f) — [Mz“ + LD“x(O)z‘”]

I'a+1) I'(a)
= x(t) — Px(1).
Thus,
A(x, A)(t) = (1 = P)x(). (30)

Next, for any x € Q,

M [Px + A(x, )] (t)

a
_ D0+x(+oo)ta+ 1 DOy 4 1¢
I'@+1) I'(a) 0t 0+

by (I&(I - Q)Nzx(t)> - Dg+X(+oo)]
=D ¢, [DS+ <Ig+ <¢q(1(§’+ (I- Q)N,pc(t))) )]
- cug+¢p<¢q(15+(1 -0) Nix(,))>

0}, (14, (1 - Q)N,x()
(I -Q)N,;x(

Hence,
M [Px + A(x, D] (1) = (I = Q) N, x(1). (31

Thus, 9(iv) and 9(v) of the Definition 9 are satisfied.
Next, we prove that A is relatively compact for 4 € [0, 1] in the following steps;

Step 1:  A(x, A)(¢) is uniformly bounded in X.
Step 2:  A(x, A)(?) is equicontinuous on every compact subset of (0, +c0).
Step 3:  A(x, A)(¢) is equiconvergent at infinity.

Step 1: Let 2 C X be an open bounded set and B > 0 such that ||x||y < B for any x € Q. Since his a L!- Carathéodory
function, then for a.e, + € [0,+00) and 4 € [0,1], there exists Fg : [0,4+00) —> [0,+0c0) such that f0+°° Fp(t)dt < +o0,

'h (r, x(0), DI x(1), Dg+x(t))' < Fy(t) hence,

+oo
/ |1 - @) Nxs)|ds < [|Fg(@)|, + IONx(s)Il 2. (32)
0

Hence, for any x € Q,

A, Dllg = sup e™™ [ACx, DD
1€[0,400)
= sup_ e |17 (¢, (10,01 = QN x()) = D, x(+o0) ) = 17! (DS;IX(O))‘
t€[0,400)
a DY x(+00)
< sup e [abq (IF5) 5 + IONx(s)ll ;) —— L ]

+ t
1€10.4+00) Fla+1)  I'e+1)

+ sup
t€[0,+00)

et |: DS—:‘ x(o) ta—l :|
I(a)

Let Df, x(+c0) = my, Dg;lx(O) = m,, then

IAG Dl < b, ([ Fa®l, + ION Il ) +my +am,. (33)



E.K. Ojo et al

103" AGx, Dl

hence
D5 AGx, Ml <
Next,

1Dg, AGx, Dl =

IA

IA

hence

Scientific African 23 (2024) 02108

sup e ™ Dg;l A(x, ﬁ)(")'
t€[0,+00)

g (7 0 (1,0 - 0x0) )
t€[0,+00)

-1 (D %) |

sup te" [qﬁq (||FB(s)||Z + ||QNx(r)||Z) + ml] + sup e "my,
t€[0,+00) 1€[0,+00)

o8 (||FB(S)||Z+||QNX||2)+'"1 +my (34)

sup (D Alx, ,1)(:)(

te[0,+o0)

sup |Dg, <I"’ <¢q <Ig+(1 - Q)N,lx(r)) - Dg+x(+oo))

1€[0,+c0)
iy (Dg;lx(O))>‘

sup <¢q <Ig+(1 - Q)N,lx(r)) +m]>

1€[0,+c0)
¢q (|IFs®)|; + IONx|I £) + my,

IDg, ACx, Dl < &, ([|[FaG)||, + IONxllz) + my. (35)
From (33), (34), and (35), we have

”A(x, A)”X < max

(nac. Do |

DA )| [ pg, Ac /1)”00) =C

where C is an arbitrary constant. Hence, A(x, 1) is uniformly bounded in Z.
Step _2: Next, we show that A(x, 1)£2 is equicontinuous in a compact subinterval of [0, +o0). Let M > 0, 1,1, € [0, M] with 7, <
t,, x € 2 and 4 € [0, 1], we get

‘e’"’ZA(x N(ty)

— oM A(x, /1)(:,)‘

ty (I _S)a 1 R
'F(a) / i <¢q(1(f+(1 - Q)ij(r)> - D0+x(+oo)> ds

5]
F(a -1 /
2] (
<r<a)/

£ — %2
2 enfz) (D2 x(0)) ds

_ a-l1
I emsl) <¢q( 0. - Q)N,lx(r)) - |Dg+x(+oo)>ds
(t) — 52

51
F(a—l)/

o (D5 'x(0) ds>

0( o

t] e 5

m 1 2
< — ( Fy(s + Nx ) + = -
F(a+ 1)¢q ” B( )”Z e lz "’1 Ta+1) |em et
—1 a—1
m, | 1* t
2L _2 ] _50as 1 =1
[‘(a) e'”l emz

(e-mz DI AGx, 2)(t) — e DI AG, A)(, )(

g <Ig+(¢q 12,1 = ON x| = D x(+o0) ) - 15! (Dg;lx(())))

—1
Da.[aa(¢q

et

(1&(1 - Q)Nﬂx(r)) - D x(+o0) ) — I (Dg;lx(O))]

< ¢, (1Pl +

e
5 J I I
IONxll ) | = el my | o = 22| —0as 1 =1y
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and

DE, A(x, A(ty) — DE, A(x, ,1)(:1)|

[5]
DE, [Ig+ <¢"(ﬁ /0 (ty = /71T = QN,x(1)ds ) = D x(+00) ) = I3 (ngx(O))]

n
g, [Ig+ ((ﬁ"(%/o (t, - P11 - Q)N,lx(r)ds) - Dg+x(+oo)) - (Dg;lx(O))“
1 2 - _
< &, Tﬂ)/ )(zz—s)/’ Lt —s) 1||(I—Q)N,1x(r)|ds>
+ ¢, 1“(/3)/ |ty = s’ |1 - Q)N,lx(r)|ds] > 0ast — t.

Thus, A(x, A)Q is equicontinuous on [0, M].
Step 3:
Next, we show that A(x, 1) is equiconvergent at +oo.
For any x € 2, we have
+o00
[ 0= 0Nx]dsl <1ESOZ + IONxlz

Hence, given e > 0, there exists K > 0 such that for r > K, then

<€, VxeQR

bo( 7o -l 0N (rydr)
q F(ﬁ) « r /«Lxr r

_Kye-! . _ . .
In addition, since lim,_,, 5% =0, lim,_ “ 51“ =0 and lim,_, ’eT’f =0, then for the given ¢ there exists k; > K > 0 such that
for any #,,7, > K and ¢ € [0, K], we have

i 1o ,a—l Z41—1
CE— A= - L] <e, tﬂ—tﬂ‘<€ for fe(0,1] and
etz et etz ety 2 1
&) _ [
ety ohl

Thus, for t,1, > k|, we have

e™2 AGx, )(ty) — e AGx, (1))

Vn‘z a— . y N -
= ['((l) / (12 - S) 1 ¢q ( (/):—(1 — Q)NAX(")> - D0+x(+oo)] ds —e 1210+1 (DO+1x(O))
< o / (1, — 5)*! ¢ ( 1 a- Q)Ngx(r)> - D% x(+oo)] ds — e~ =1 (D“_lx(O))>
e e 0+ 0+ 0+
- z "
S Ta+D T(a+ 1) <||FB(S)||Z + IIQNx||Z> 2oL
L N _n my |6 !
Fla+1) |emt e T'(a) e e

1 m
< [m(%(”ﬂg(@”z +IONx|l; +my) + ﬁ)] €

|e2 D3t Ak, A)(ey) — e DI A, Aty
Di 1. (# (15,0 - ONix() - D o)) - 15 (03130

ent2
D! [I(‘;+ (4 (10,01 = ONx()) = Dy x(+o0) ) - I (Dg;lx(O))]
- oni
&) ) no_
< ¢q(||FB(S)||Z+”QNx”Z> e”_’Z_e"_Il my e"_’z eml +m2€

< (@ (1Fs@ll, +1ONxIZ) +my +m )e
and

DE, A(x, )(ty) = DE, A(x, A, )|

10
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Dg+[1g+ (& (10,0 = QN,x(0) ) = D, x(+0)) = 157! (Dg;'x(O))]

Dg, [Ig+ (44 (10,01 = ONx() ) - Dy, x(+o0) ) - 15" (D! x(O))] ‘

#
|
< ¢, <|(I Q)N x(r)] F(ﬂ+1)>

|(I = Q)N x(r)|
<¢q< TG+ e)

Thus, A(x, )Q is equiconvergent at +oo0. Since A(x, )@ is bounded, equicontinuous, and equiconvergent at infinity, consequently,
A X x[0,1] — X, is relatively compact. []

Results and discussion
In this section, we state and prove the existence results for the fractional order p-Laplacian boundary value problem (1)-(2).

Theorem 2. Let h be a Carathéodory function. If (H,),(H,), and the following conditions hold:
(H) There exist nonnegative functions h;(t) € Z, i = 1,2,3,4, such that for all t € [0, +),

ROl 1P hyOlogPh g ®)los P!
(ent)pfl (ent)pfl (ent)pfl

|f(t,01,00,09)] < + hy(D), (01, 0,,03) ERS,

(H,) There exists a constant B > 0 such that for x e dom M, t € [0,+00) i

D8+x(t)| > Bor ‘D(")’;'x(t)‘ > B, then either
O,Nx()#0 or Q,Nx(t)#0;
(Hs) There exists C > 0 such that for |d,| > C or |d,| > C with d|,d, € R, and x € X either
d,0, Nx(t) + d,0, Nx(t) < 0 (36)
or
d,0,Nx(t) + dyO, Nx(t) > 0 (37)

then, the BVP (1)—(2) has at least one solution in X provided;

1
5 1 Al 1 1 .
2% 4m [F(a—-il-l) +lhlli + Al [ < L if 1<p<2,

or

Y FL T R
rg+1 | Ta@+n "N 3l cypzs

Before proving Theorem 2, we state and prove the following lemmas;

Lemma 11. If assumptions (H,) and (H3) of Theorem 2 hold, then set
Q,={xe donM\ker M, Mx=N,x, Ai€l[0,1]}
is bounded.

Proof. Suppose x € 2, then Mx = N,x and ON,x =0,
since N;x € Im M = ker Q. By (18) in Lemma 8

x(t) = dyi* + " + I ¢, (l&rz(l)) ’
From CDg+¢ (D" x(t)) = z(1),
x(t) = dit* + dyt* ' + 1% D x(1),

0+770+

t
dyt* +dyt* !+ —— ! (t—r)”‘lDS+X(r)dr ,

[x(®] = @

dy.dy €R.

By definition,

sup e —nt

t€[0,+00)

lIxllo

dy 1% + dyt*~ 1+m/(t—r)" 'Dg, x(r)dr

11
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< sup e r*|di|+ sup e d,|
t€[0,400) t€[0,400)
1 +o00
+ sup e‘"’t"—/ ’D" x(r)| dr
1€[0,400) I'@+1) Jo 0+
1
lIxlly <2C + mIID{LxIIw =M.
DS x(Dlle = sup e ng(dlz“ +dyt* 1+Ig+Dg+x(r)>|
1€[0,+00)

IN

+o0
F(a+ 1) |di| + (@) |dy| + sup ze*"’/o | D, x|dr

t€[0,+00)

IA

F(a+ 1) |d1| +F((Z) |d2| + ”D(H_x”oo

DS %Dl < Cla+ DI@) + 1D, xlg = M.

1D, 50l = _sup | D, x(0)] := Ms.

t€[0,400)

Hence, from the assumption (H,) of Theorem 2, there exists a constant B > 0 such that for any
the condition (H,) of Theorem 2 and from the BVP (1)-(2)

CD§+¢,, (Dg, x(0)) = Ah (2, x(), Dg;lx(z), Dy x(1)) .
We obtain
|5 (D, x(0)|

t
= |¢, (D§, x(1))) — %ﬁ)/{(r—tl)ﬂ_lf(r,x(r),DS;lx(r),Dg+x(r))dr
1

) |07 ) oy

d
(enr)p—l (enr)p—l r

« A _ _
< |¢p(D0+x(t1))(+Tﬂ)/ =1, + 3 [v |7 + hy(r)

(11111 8, (o) + 1y 8, (1085 ¥1l)

< (B + F(ﬂ+l)

+ sl 6, (105, ) + Il ]
1 1
< ¢,(B)+ TG+ D [||h1||1 on (2C+ m||l)g+x||co>
+ hylly ¢, (Cla+ DI@ + IDE, xllo) + 1311y b, (1D, xll.o) + ||h4||1],

by (38)—(40). Thus,

1
rg+1)

1
sl &, <2c + —||Dg+x||m)

®, (1D, x(ll) < (B) + TesD

+ Ihally @, (Cla+ D@ + 1D, xllo) + 31y b, (1D, xlloo) +||h4||1]

If 1 < p<2,then
_
I+

A 09"
F(ﬁ+1) F(a+1)

IDE, x(1)ll < 22"‘4{3 + [2C||h1 17+ Clat DE@IR I + 17

+1h 17" + ||h3||;’*1] IDE, x(Dll }
Hence, by (13)

2q—4
2 {B * T T(ﬁ+1) [

2CA I 1+C(a+1>r<a)||h2||q g G 1]}

I1Dg, xMll <
1 — 2294

||A II
[ ‘ +||h2||q L sl ‘]

rp+1) l"(u(+1)

12
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(38)

(39

(40)

t; € [0,400),

Dg+x(tl)| < B. By
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Similarly, if p > 2, then

{B+ o [ + Ca+ D@l + ||h4||?‘1]}

DS, x(D)l < ——
1 1 -1 -1
= Te) [Til) + ||h2||‘11 + ||h3||‘11 ]

Hence,
—1
Il = max{ lixllo, 1057 %l 105, xls |

_r
Ta+1)

max{Ml,Mz,M3} =M.

= max{zc + IDE, Xlloll, C(a + DI + | DE, Xl 0, DE, xlleo }

IA

Therefore, @2, is bounded in X. []
Lemma 12. If (Hs) of Theorem 2 holds, then 2, = {x €ker M : Nx € In M} is bounded.

Proof. Suppose x € Q,, with x = d,1% + d,t*"!, d,,d, € R.
Since Nx € ImM = kerQ, then O Nx = 0 = Q, Nx. From the condition (Hs) of Theorem 2, it follows that there exists a
nonnegative constant C, such that |4,| < C and |4, < C|, then

-1
max{ llxllo 105, ¥lls 11D, xIls |

llxll x

max{ sup et |di|+ sup e Tt*'|dy|, sup e

D (dy1* + d2t“_1)| ,
1€[0,4+00) 1€[0,+00) 1€[0,+00)

sup

-1
DE, (dy1* + dyt® )|}
1€[0,400)

- max{|d1| +|ds|. T(a+1)|di|+ () |dy|, T'(a+ 1)|d1|}
|d)| + |dy| + 20 (a + 1) |dy| + I'(a) |dy] -

IN

Therefore, £, is bounded. []

Proof of Theorem 2. We have earlier proved that M is quasi-linear and N, is M-compact on Q. Also, from Lemmas 11 and 12,
we have shown that conditions (iii) and (iv) of Theorem 1 (Ge & Ren) hold.

Lastly, we prove that the condition (v) of Theorem 1 also holds.

Define a homeomorphism J : Im Q — ker M by

J(d 1"+ dyt*") = % ((ay; |dy| + arz |da]) 17" + (g |d1| + anp |da]) %) €7 (41)
If (36) holds, for any x € dom M N 982, x(t) = d,1* + d,t*~! # 0, define a homotopy mapping

H(x,))=-ix+(1-A)JONx, Ael0,1] (42)
Then, H(x,0) = JONx # 0 and H(x,1) = —x # 0. For 1 € (0, 1), we suppose that H(x, A) =0, then from (41) and (42), we obtain

Mayy |dy| +ay |dy|l = (1= 2) [a, O\ N (dyt* + dyt®") + d 1,05 N (dt* + dpt*")]

May, |di| +an |dy|] = (1= 2) [ay10 N (dy#* + dyt™™") + dppy Oy N (dy 1% + dpt™ ")
or

ap[Ald] = (1= DON (dy1* + dyt® )+ appld|dy]| — (1 = DO, N (dy1* +dpt* ™)1 = 0

ay[A|d;] = (1 = DOIN (dyt* + dyt® )+ apld|dy]| = (1 = DO,N (dyt* + dpt*™!)] = 0.
Assume (H,), we have

Ald| = (1= HON (dyt* + dpt*™")

Aldy| = (1= HO,N (d1* + dyt*™1).
Hence,

1-4 a a—1 a a—1
|di| + |ds| = T(QIN(dlt +dyt*1) + QN (dy1* + dyt )) <0

which contradicts |d,| + |d,| > 0.
If (37) holds, then we define

H(x,A)=—-ix—-(1-4)JONx, A€][0,1].

13
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Then, by a similar argument,
|di] +|da| =— %(QIN (dit* + dpt™ ') + QN (dy1* +d21"_l)) <0

which also contradicts |d,| + |d,| > 0.
Thus, by the homotopy property of Brouwer degree, we have

deg(JON, @n M, 0) = deg(H(-,0), 2 nker M, 0)
= deg(H(-, 1), 2nker M, 0)
deg(+J, 2nker M, 0)

sgn <% )

= +1#0.
Therefore, at least one solution exists in X for the BVP (1)-(2)

app ap

ayp G

Example

Consider the fractional order BVP
‘/2¢3( S/Zx(t)) (z x (0. DYx (1) D5/2x(t)),t€[0,+oo)

subject to the boundary conditions

_1
XxO=I2xO =0,  D)/’x(©0)=3Dx2)-2D/x(3).
D)7x (+00) = —4 5/2x(4)+5D5/2x(5) and
—Tt o e~ 10 cosD x(t) e~ sin D5/2x ®
(x x (1), DYx (1) D5/2x(t)) =¢ 5““" n - . .

Here, f=1/2, a=5/2,p=3,1,=3,,=-2 6 =2,6=3 0, =4, 0,=5¢,=4,,=5,m=n=2

2 2
Zli: Z . =0 Zw =1 and ijf;1=(_4)71+5(571)=0'

Condition (H,) holds.

Next, by computing a;, = 4.0241, a,, = —-0.5115, a,; = —1.2529, and a,, = —1.07309, we obtain D = a; ay, — ajpa,; = —4.9591 #0,
Hence, (H,) holds.

a1 = 52, My @) I = 5 and [lA3 (@) 1 = 55

Since p > 2, —1 Ity + 1l + A4
P25 Th+D | Ta@srn T2l 3h

1\1?
| oo )+ )

TTGeR)|TaR 20

=0.4881 <1

Hence, (H;) is satisfied.

Let B = 60 for any x € dom M. Assume |D3/ 2x(z)l > B holds for ¢ € [0,+c0). Then from the continuity of D;{zx(t), either
D?x(t)> B or D)/x (1) < -B.
3/ 2x () > B holds for any

If D}
2 & T .
Q]Nx(t):Zl,-/O ¢, <W/o (&=r)"" Nx(r) dr) ds
i=1
2 1 2 ~12 Be—lOr e—7r e—Sr
>3/O ¢3/2(m/0(2—r) <T_T_T>dr ds
3 1 3 ~12 Be—lOr e—7r e—Sr
-2 ¢3/2<r<1/2>/o(3") < 2 ‘T‘T) dr

14

ds =0.6628 > 0

N——
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Similarly, if | D)/*x ()| > B, then either D)/*x (1) > B or D)/*x (1) < =B, for t € [0,+). If D)/*x (1) > B, for t € [0,+c), then
1 +o00 in
O, Nx(t) = (—/ t—r /er)dr>
W Nx (1) = ¢3)) T2 Jo (t=r) (
2 1 7 -1/2
—;“’1‘153/2 T/Z)/o (¢;—r)" " Nx () dr

= by 5 (0.412143) — 56b5., (0.366491) = ~0.45899 < 0

Since Q| Nx () # 0 or Q, Nx (t) # 0, then the condition (H,) is satisfied.
Lastly, If C = 120, for any d,,d, € R, if |d,| or |d,| > C. Given a =5/2,

ON (dyt* + dpt®™ ') + QN (dy1* + dpt*™'),

2 3
= 3/ 3/, (4.197) ds — 2/ $3/2(3343) ds + 0+ 4¢3, (2.86655)
0 0
— 5¢3/(2.54925) = 0.0961 > 0

Thus, d; QN (d;1% + dy1*~') + d,Q, N (d1* + d,1*~') # 0, hence, condition (Hs) holds. Therefore, from Theorem 2, the fractional
BVP (“Example”) has at least one solution in dom M n d<2.

Conclusions

The study has investigated a mixed fractional-order p-Laplacian BVP with two-dimensional kernel on an unbounded domain.
By using the Ge and Ren extension of coincidence degree theory and some assumptions, we have shown that the mixed fractional
order BVP (1)-(2) has at least a solution. The outcome of this investigation is supported by the findings of the studies on mixed
fractional order p-Laplacian BVPs with lower dimensions of kernel on bounded or unbounded domain [13-15]. The result is new
and demonstrated with an example. In contrast to this study, some researchers have used Laplace Adomian decomposition method
and numerical simulation approach to obtain an approximate analytical solutions to fractional order derivative models [10-12].
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