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A B S T R A C T

In this paper, by using the Ge and Ren extension of coincidence degree theory, we established
the existence of a solution for a resonant mixed fractional order p-Laplacian boundary value
problem (BVP) on the half-line. In the process, we solved the corresponding homogeneous
fractional order BVP for conditions critical for resonance and showed that the operator 𝐴(𝑥, 𝜆)(𝑡)
constructed from the abstract equation 𝑀𝑥(𝑡) = 𝑁𝑥(𝑡) is relatively compact. The results are
demonstrated with an example.

Introduction

The purpose of this paper is to establish the existence of at least one solution for the mixed fractional order p-Laplacian boundary
value problem:

𝑐𝐷𝛽
0+𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

= ℎ
(

𝑡, 𝑥(𝑡), 𝐷𝛼−1
0+ 𝑥(𝑡), 𝐷𝛼

0+𝑥(𝑡)
)

, 𝑡 ∈ (0,+∞) (1)

subject to boundary conditions

𝑥(0) = 𝐼2−𝛼0+ 𝑥(0) = 0, 𝐷𝛼−1
0+ 𝑥(0) =

𝑚
∑

𝑖=1
𝑙𝑖𝐷

𝛼−1
0+ 𝑥(𝜉𝑖),

𝐷𝛼
0+𝑥(+∞) =

𝑛
∑

𝑗=1
𝑤𝑗𝐷

𝛼
0+𝑥(𝓁𝑗 )

(2)

where 𝛽 ∈ (0, 1], 𝛼 ∈ (2, 3], 𝑙𝑖 ∈ R, 𝑖 = 1, 2, 3,… , 𝑚, 𝑤𝑗 ∈ R, 𝑗 = 1, 2, 3,… , 𝑛.
𝑐𝐷𝛽

0+ is the Caputo fractional derivative, 𝐷𝛼
0+ is the Riemann–Liouville fractional derivative, 2 < 𝛼 + 𝛽 ≤ 4, 0 < 𝜉1 < 𝜉2 < 𝜉3 <

⋯ < 𝜉𝑚 < +∞, 0 < 𝓁1 < 𝓁2 < 𝓁3 < ⋯ < 𝓁𝑛 < +∞, ℎ ∶ [0,+∞) × R3 ⟶ R is a continuous function and the p-Laplacian operator
𝜙𝑝(𝑠) = |𝑠|𝑝−2𝑠, 𝑝 ≠ 2, 𝜙−1

𝑝 = 𝜙𝑞 and 1
𝑝 + 1

𝑞 = 1.

The fractional order p-Laplacian BVP (1)–(2) is nonlinear, hence we apply the Ge and Ren extension of coincidence degree for
the existence results.
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Fractional order equations are tools for modeling complex phenomena such as found in electromagnetics, acoustics, control
heory, electrochemistry, finance, and material science see [1–9] and the references therein.

Researchers have focused attention on fractional order boundary value problems with or without a p-Laplacian operator, due to
ts ability to explain the dynamical behavior of some physical systems. Some authors have used Caputo fractional order derivatives to
evelop mathematical models for some deadly infectious diseases such as Lassa fever [10], and Covid-19 [11,12]. In these studies, the
uthors applied the Laplace–Adomian decomposition method and numerical simulations to the fractional-order Caputo derivatives
o produce the approximate solutions of the models analytically.

Some studies have focused on the existence of solutions of the fractional order p-Laplacian boundary value problems. The motive
as been to determine whether such problems are solvable or not. The author in [13] established that a solution exists for the
esonant p-Laplacian boundary value problem:

𝑐
0𝐷

𝛽
𝑡
(

𝜙𝑝
(𝑐
0𝐷

𝛼
𝑡 𝑥

))

= 𝑓
(

𝑡, 𝑥, 𝑐
0𝐷

𝛼
𝑡 𝑥

)

, 𝑡 ∈ [0, 1]

𝑥(0) = 0, 𝑐
0𝐷

𝛼
𝑡 𝑥(0) = 𝑐

0𝐷
𝛼
𝑡 𝑥(1),

here 0 < 𝛼, 𝛽 ≤ 1, 𝑐
0𝐷

𝛼
𝑡 and 𝑐

0𝐷
𝛽
𝑡 are Caputo fractional derivatives, 𝑓 ∶ [0, 1]×R2 → R is a continuous function, 𝜙𝑝(𝑠) = |𝑠|𝑝−2 𝑠 (𝑠 ≠

), 𝜙𝑝(0) = 0, 𝑝 > 1, by using the continuation theorem of coincidence degree theory, when the dimension of the kernel equals one.
In another study [14], the authors derived existence results for a class of p-Laplacian fractional differential equations with integral

oundary conditions by using Schaefer’s fixed point theorem and Banach contraction mapping principle

𝑐𝐷𝛽
0+𝜙𝑝

(𝑐𝐷𝛼
0+𝑥(𝑡)

)

= 𝑓 (𝑡, 𝑥(𝑡)) , 𝑡 ∈ (0, 1),

𝑥(0) = ∫

1

0
𝑔(𝑠)𝑥(𝑠)𝑑𝑠, 𝑥(1) = 0,

𝜙𝑝
(𝑐𝐷𝛼

0+𝑥(0)
)

= 𝜙𝑝
(𝑐𝐷𝛼

0+𝑥(1)
)

= ∫

1

𝑜
ℎ(𝑠)𝜙𝑝

(𝑐𝐷𝛼
0+𝑥(𝑠)

)

𝑑𝑠,

here 1 < 𝛼, 𝛽 ≤ 2, 3 < 𝛼 + 𝛽 ≤ 4, 𝑐𝐷𝛼
0+ and 𝑐𝐷𝛽

0+ are the Caputo fractional derivatives, 𝑓 ∈ 𝐶 ([0, 1] × R,R) , 𝑔, ℎ ∈ 𝐶 ([0, 1],R), and
𝑝(𝑠) = |𝑠|𝑝−2 𝑠, 𝑝 > 1.

Researchers in [15] studied a resonant fractional order boundary value problem with one-dimensional kernel on the half-line;

𝑐𝐷𝑎
+0𝜙𝑝

(

𝐷𝑏
0+𝑢(𝑡)

)

= 𝑒−𝑡𝑤
(

𝑡, 𝑢(𝑡), 𝐷𝑏
0+𝑢(𝑡)

)

, 𝑡 ∈ (0,+∞),

𝐼1−𝑏0+ 𝑢(0) = 0, 𝜙𝑝
(

𝐷𝑏
0+𝑢(∞)

)

= 𝜙𝑝
(

𝐷𝑏
0+𝑢(0)

)

,

where 𝑐𝐷𝑎
0+ is the left Caputo fractional derivative on the half-line and 𝐷𝑏

0+ is the right Riemann–Liouville fractional derivative on
the half-line, 0 < 𝑎, 𝑏 ≤ 1 , 0 < 𝑎 + 𝑏 < 2, 𝜙𝑝(𝑟) = |𝑟|𝑝−2 𝑟, 𝑝 ≠ 2, with 𝜙−1

𝑝 = 𝜙𝑞 and 1
𝑝 + 1

𝑞 = 1, 𝑤 ∶ [0,+∞) × R2 → R is a
continuous function. The authors applied the Ge and Ren coincidence degree theorem to the problem with nonlinear differential
operator to obtain the existence results .

The growing interest in the study of fractional-order models among researchers and scientists is motivated by its better description
of systems associated with its higher degrees of freedom. On the other hand, fractional calculus has become an excellent set of tools
for describing the memory and hereditary properties of various materials and processes (see [16].

Previous studies on mixed fractional order problems have focused on one-dimensional kernel and the ones with two-dimensional
kernels are on the bounded domains. This paper intends to fill this gap by investigating the existence of the solution of a mixed
fractional order p-Laplacian boundary value problem at resonance when the dimension of the kernel equals two in an unbounded
domain. In this study, the differential operator is nonlinear, hence, the adoption of the extension of coincidence degree theorem.

The paper is structured as follows. Section ‘‘Materials and methods’’ presents some relevant lemmas and definitions which will
be used in the proof of the main existence results. Section ‘‘Results and discussion’’ focuses on the main existence results. In Section
‘‘Example’’, we demonstrate the results with an example.

Materials and methods

This section presents some relevant definitions, lemmas, and theorems from fractional calculus and coincidence degree theory.

Definition 1 ([16]). The Riemann–Liouville and Caputo fractional integral of order 𝛼 > 0 for a function ℎ ∶ (0,+∞) → R is given by

𝐼𝛼0+ℎ(𝑡) =
1

𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝑠)𝛼−1ℎ(𝑠) 𝑑𝑠,

provided the right-hand side integral is pointwise defined on (0,+∞).
2
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Definition 2 ([16,17]). The Riemann–Liouville fractional derivative of order 𝛼 > 0 for a function ℎ ∶ (0,+∞) → R is given by

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐷𝛼
0+ℎ(𝑡) = 𝑑𝑛

𝑑𝑡𝑛 𝐼
𝑛−𝛼
0+ ℎ(𝑡)

= 1
𝛤 (𝑛 − 𝛼)

𝑑𝑛

𝑑𝑡𝑛 ∫

𝑡

0
(𝑡 − 𝑠)𝑛−𝛼−1 ℎ(𝑠)𝑑𝑠

(3)

where 𝑛 = [𝛼] + 1, and [𝛼] is the greatest integer ≤ 𝛼 provided that the right-hand side integral is pointwise defined on (0,+∞).

Definition 3 ([16]). The Caputo fractional derivative of order 𝛽 > 0 for a function ℎ ∶ (0,+∞) → R is given by

𝑐𝐷𝛽
0+ℎ(𝑡) =

1
𝛤 (𝑛 − 𝛽) ∫

𝑡

0
(𝑡 − 𝑠)𝑛−𝛽−1 ℎ𝑛(𝑠)𝑑𝑠 (4)

Lemma 1 ([18]). Let 𝛼 > 0, then the general solution of the Riemann–Liouville fractional order differential equation 𝐷𝛼
0+𝑥(𝑡) = 0 is

𝑥(𝑡) = 𝑐1𝑡
𝛼−1 + 𝑐2𝑡

𝛼−2 +⋯ + 𝑐𝑛𝑡
𝛼−𝑛 (5)

where 𝑐𝑖 ∈ R, 𝑖 = 1, 2,… , 𝑛 and 𝑛 = [𝛼] + 1 is the smallest integer greater than or equal to 𝛼.

Lemma 2 ([18]). If 𝛼 > 0 and ℎ, 𝐷𝛼
0+ℎ ∈ 𝐿1(0, 1), then

𝐼𝛼0+𝐷
𝛼
0+ℎ(𝑡) = ℎ(𝑡) + 𝑐1𝑡

𝛼−1 + 𝑐2𝑡
𝛼−2 +⋯ + 𝑐𝑛𝑡

𝛼−𝑛, (6)

where 𝑛 = [𝛼] + 1, 𝑐𝑖 ∈ R, π = 1, 2,… , 𝑛 are arbitrary constants.

Lemma 3 ([18]). Let 𝛼 > 0, then the general solution of the Caputo fractional order differential equation 𝑐𝐷𝛼
0+𝑥(𝑡) = 0 is

𝑥(𝑡) = 𝑑0 + 𝑑1𝑡
1 + 𝑑2𝑡

2 +⋯ + 𝑑𝑛𝑡
𝑛 (7)

where 𝑑𝑖 ∈ R, 𝑖 = 1, 2,… , 𝑛 and 𝑛 = [𝛼] + 1 is the smallest integer greater than or equal to 𝛼.

Lemma 4 ([18]). If 𝛼 > 0 and ℎ, 𝐷𝛼
0+ℎ ∈ 𝐿1(0, 1), then

(𝐼𝛼0+ )
𝑐𝐷𝛼

0+ℎ(𝑡) = ℎ(𝑡) + 𝑑0 + 𝑑1𝑡
1 + 𝑑2𝑡

2 +⋯ + 𝑑𝑛𝑡
𝑛, (8)

here 𝑛 = [𝛼] + 1, 𝑑𝑖 ∈ R, 𝑖 = 1, 2,… , 𝑛 are arbitrary constants.

emma 5 ([19]). Given that 𝛼 > 𝛽 > 0. If ℎ(𝑡) ∈ 𝐿1(0, 1) then,

𝐼𝛼0+ 𝐼𝛽0+ℎ(𝑡) = 𝐼𝛼+𝛽0+ ℎ(𝑡), 𝐷𝛽
0+𝐼

𝛼
0+ℎ(𝑡) = 𝐼−𝛽0+ 𝐼𝛼0+ℎ(𝑡) = 𝐼𝛼−𝛽0+ ℎ(𝑡).

n particular,

𝐷𝛼
0+ 𝐼𝛼0+ℎ(𝑡) = 𝐼−𝛼0+ 𝐼𝛼0+ℎ(𝑡) = ℎ(𝑡).

emma 6 ([20]). Suppose that 𝛼 > 0, 𝜔 > −1, 𝑡 > 0. Then,

𝐼𝛼0+ 𝑡𝜔 =
𝛤 (𝜔 + 1)

𝛤 (𝜔 + 𝛼 + 1)
𝑡𝜔+𝛼 , (9)

and

𝐷𝛼
0+ 𝑡𝜔 =

𝛤 (𝜔 + 1)
𝛤 (𝜔 − 𝛼 + 1)

𝑡𝜔−𝛼 . (10)

Definition 4 ([18]). Gamma function for 𝛼 ∈ R is given by

𝛤 (𝛼) = ∫

∞

0
𝑒−𝑡 𝑡𝛼−1 𝑑𝑡 (11)

where 𝛤 (𝛼) = (𝛼 − 1)!, 𝛼 ∈ 𝑅+.
Let

(

𝑋, ‖ ⋅ ‖𝑋
)

and
(

𝑍, ‖ ⋅ ‖𝑍
)

be any two Banach spaces. Let 𝑀 be a continuous operator such that

𝑀 ∶ dom 𝑀 ⊂ 𝑋 ⟶ 𝑍, and 𝑀𝑥(𝑡) = 𝑐𝐷𝛽
0+𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

,

for any 𝑥 ∈ 𝑑𝑜𝑚𝑀 .
Define the operator 𝑁𝜆𝑥 ∶ 𝛺 ⟶ 𝑍 such that

𝑁 𝑥 = 𝜆ℎ
(

𝑡, 𝑥(𝑡), 𝐷𝛼 𝑥(𝑡), 𝐷𝛼−1𝑥(𝑡)
)

, 𝜆 ∈ [0, 1], 𝑡 ∈ (0,+∞) , 𝛺 ⊂ 𝑋
3

𝜆 0+ 0+
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is an open bounded set. Then the fractional differential equation (1) can be written in abstract form as

𝑀𝑥(𝑡) = 𝑁𝜆𝑥(𝑡). (12)

Definition 5 ([21]). An operator 𝑀 ∶ 𝑋 ∩ 𝑑𝑜𝑚𝑀 ⟶ 𝑍 is said to be quasilinear if

(i) 𝐼𝑚𝑀 = 𝑀 (𝑋 ∩ 𝑑𝑜𝑚𝑀) is a closed subset of 𝑍.
(ii) ker𝑀 = {𝑥 ∈ 𝑋 ∩ 𝑑𝑜𝑚𝑀 ∶ 𝑀𝑥 = 0} is linearly homeomorphic to R𝑛.

Definition 6 ([21]). An operator 𝑇 ∶ 𝑋 ⟶ 𝑍 is said to be bounded if 𝑇 (𝛺) ⊂ 𝑍 is bounded for any bounded subset 𝛺 ⊂ 𝑋. Let
𝑋1 = ker𝑀 and 𝑋2 be the complement of the space of 𝑋1 in 𝑋 such that 𝑋 = 𝑋1

⨁

𝑋2. Also, let 𝑍1 ⊂ 𝑍 be a subspace of 𝑍 and
𝑍2 be the complement space of 𝑍1 in 𝑍, so that 𝑍 = 𝑍1

⨁

𝑍2. Let 𝑃 ∶ 𝑋 → 𝑋1 is a projector and 𝑄 ∶ 𝑍 ⟶ 𝑍1 is a semi-projector
nd 𝛺 ⊂ 𝑋 an open bounded set with 𝜃 ∈ 𝛺 as the origin in a linear space. Define 𝛩𝜆 = {𝑥 ∈ �̄� ∶ 𝑀𝑥 (𝑡) = 𝑁𝜆𝑥 (𝑡) , 𝜆 ∈ [0, 1]} and
et 𝑁𝜆 ∶ �̄� → 𝑍, be a continuous operator.

efinition 7 ([14]). The mapping 𝑄 ∶ 𝑍 → 𝑍1 is a semi-projector if

𝑄2𝑧 = 𝑄𝑧 𝑎𝑛𝑑 𝑄 (𝑘𝑧) = 𝑘𝑄𝑧, 𝑧 ∈ 𝑍, 𝑘 ∈ R.

efinition 8 ([22]). An operator 𝜙𝑝 ∶ R → R is p-Laplacian if it satisfies the following properties:

(i) 𝜙𝑝 is continuous, monotonically increasing, and invertible such that 𝜙−1
𝑝 = 𝜙𝑞 and for

𝑞 > 1, 1
𝑝
+ 1

𝑞
= 1

(ii) 𝜙𝑝 (𝑥 + 𝑦) ≤ 𝜙𝑝 (𝑥) + 𝜙𝑝 (𝑦) , 𝑖𝑓 1 < 𝑝 < 2.
(iii) 𝜙𝑝 (𝑥 + 𝑦) ≤ 2𝑝−2

(

𝜙𝑝 (𝑥) + 𝜙𝑝 (𝑦)
)

, 𝑖𝑓 𝑝 > 2.

Definition 9 ([21]). The operator 𝑁𝜆 is said to be 𝑀-compact in �̄� if there exists a vector subspace 𝑍1 ⊂ 𝑍 such that dim𝑍1 =
dim𝑋1, (𝑋1 = ker𝑀, 𝛺 ⊂ 𝑋) and a compact and continuous operator, 𝐴 ∶ �̄� × [0, 1] → 𝑋2 such that for 𝜆 ∈ [0, 1], the following
conditions hold:

(i) (𝐼 −𝑄)𝑁𝜆
(

�̄�
)

⊂ 𝐼𝑚𝑀 ⊂ (𝐼 −𝑄)𝑍;
(ii) 𝑄𝑁𝜆𝑥 = 0 ⟺ 𝑄𝑁𝑥 = 0, 𝜆 ∈ (0, 1);

(iii) 𝐴 (⋅, 0) is the zero operator;
(iv) 𝐴 (⋅, 𝜆) = (𝐼 − 𝑃 );
(v) 𝑀[𝑃 + 𝐴 (⋅, 𝜆)] = (𝐼 −𝑄)𝑁𝜆.

Theorem 1 ([21]). Let
(

𝑋, ‖ ⋅ ‖𝑋
)

and
(

𝑍, ‖ ⋅ ‖𝑍
)

be any two Banach spaces and 𝛺 ⊂ 𝑋 an open bounded set. If the following properties
hold,

(i) The operator 𝑀 ∶ 𝑋 ∩ 𝑑𝑜𝑚𝑀 ⟶ 𝑍 is quasilinear;
(ii) The operator 𝑁𝜆 ∶ �̄� ⟶ 𝑍, 𝜆 ∈ [0, 1] is 𝑀-compact;
(iii) 𝑄𝑁𝑥 ≠ 0, ∀ 𝑥 ∈ ker𝑀 ∩ 𝜕𝛺;
(iv) 𝑀𝑥 ≠ 𝑁𝜆𝑥, 𝜆 ∈ [0, 1], 𝑥 ∈ 𝜕𝛺;
(v) 𝑑𝑒𝑔{𝐽𝑄𝑁, 𝛺 ∩ ker𝑀, 0} ≠ 0, where the operator 𝐽 ∶ 𝑊1 → 𝑋1 is a homeomorphism such that 𝐽 (𝜃) = 𝜃 and the degree is the

Brouwer degree,

then the abstract equation 𝑀𝑥 (𝑡) = 𝑁𝑥 (𝑡) has at least one solution in �̄� ∩ 𝑑𝑜𝑚𝑀 .

Let 𝑋 =
{

𝑥(𝑡) = 𝐶2 [0,+∞) ∶
(

𝑥(𝑡), 𝐷𝛼−1
0+ 𝑥(𝑡), 𝐷𝛼

0+𝑥(𝑡)
)

∈ 𝐿1 (0,+∞) , sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡|𝑥(𝑡)|,

sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡||
|

𝐷𝛼−1
0+ 𝑥(𝑡)||

|

and sup
𝑡∈[0,+∞)

|

|

|

𝐷𝛼
0+𝑥(𝑡)

|

|

|

exist, for 𝑛 ∈ R+
}

with norms

‖𝑥‖𝑋 = max
{

‖𝑥(𝑡)‖0, ‖𝐷𝛼−1
0+ 𝑥(𝑡)‖∞, ‖𝐷𝛼

0+𝑥(𝑡)‖∞,
}

where

‖𝑥(𝑡)‖0 = sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡||
|

𝑥(𝑡)||
|

, ‖𝐷𝛼−1
0+ 𝑥(𝑡)‖∞ = sup

𝑡∈[0,+∞)
𝑒−𝑛𝑡||

|

𝐷𝛼−1
0+ 𝑥(𝑡)||

|

,

‖𝐷𝛼
0+𝑥(𝑡)‖∞ = sup

𝑡∈[0,+∞)

|

|

|

𝐷𝛼
0+𝑥(𝑡)

|

|

|

and

‖𝑧‖𝑍 = ‖𝑧‖𝐿1 where ‖𝑧‖𝐿1 =
+∞

|𝑧(𝑡)|𝑑𝑡.

(13)
4

∫0
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Lemma 7. If ∑𝑚
𝑖=1 𝑙𝑖𝜉𝑖 = 0,

∑𝑚
𝑖=1 𝑙𝑖 = 1,

∑𝑛
𝑗=1 𝑤𝑗 = 1, and ∑𝑛

𝑗=1 𝑤𝑗𝓁
−1
𝑗 = 0, then

ker𝑀 =
{

𝑥 ∈ dom𝑀 ∶ 𝑥(𝑡) = 𝑑1𝑡𝛼 + 𝑑2𝑡𝛼−1
}

, 𝑑1, 𝑑2 ∈ R, 𝑡 ∈ [0,+∞) and dim ker𝑀 = 2.

Proof. If 𝑥 ∈ ker𝑀 , then
𝑐𝐷𝛽

0+𝜙𝑝
(

𝐷𝛼
0+𝑥(𝑡)

)

= 0 (14)

𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

= 𝐼𝑝0+(0) = 𝑐, 𝑐 ∈ R.

So, 𝐷𝛼
0+𝑥(𝑡) = 𝜙𝑞(𝑐) and by Lemma 2,

𝐼𝛼0+𝐷
𝛼
0+𝑥(𝑡) = 𝐼𝛼0+𝜙𝑞(𝑐) + 𝑑2𝑡

𝛼−1 + 𝑑3𝑡
𝛼−2 + 𝑑4𝑡

𝛼−3

𝑥(𝑡) =
𝜙𝑞(𝑐)

𝛤 (𝛼 + 1)
𝑡𝛼 + 𝑑2𝑡

𝛼−1 + 𝑑3𝑡
𝛼−2 + 𝑑4𝑡

𝛼−3

= 𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 𝑑3𝑡
𝛼−2 + 𝑑4𝑡

𝛼−3.

pplying 𝑥(0) = 0 = 𝐼2−𝛼0+ 𝑥(0), we obtain

𝑥(𝑡) = 𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1. (15)

y applying the boundary conditions (2) to (15), we obtain

𝑑2

(

1 −
𝑚
∑

𝑖=𝑖
𝑙𝑖

)

= 𝑑1
𝑚
∑

𝑖=𝑖
𝑙𝑖𝜉𝑖 = 0,

⟹

𝑚
∑

𝑖=𝑖
𝑙𝑖 = 1,

𝑚
∑

𝑖=𝑖
𝑙𝑖𝜉𝑖 = 0. (16)

lso,

𝑑1

(

1 −
𝑛
∑

𝑗=𝑖
𝑤𝑗

)

= 𝑑2
𝑛
∑

𝑗=1
𝑤𝑖𝓁

−1
𝑗 ,

⟹

𝑛
∑

𝑗=1
𝑤𝑗 = 1,

𝑛
∑

𝑗=1
𝑤𝑗𝓁

−1
𝑗 = 0. (17)

ker𝑀 =
{

𝑥(𝑡)||
|

𝑥(𝑡) = 𝑑1𝑡𝛼 + 𝑑2𝑡𝛼−1, 𝑑1, 𝑑2 ∈ R, 𝑡 ∈ (0,+∞)
}

. Since ker𝑀 depends on two coefficients, then dim ker𝑀 = 2. □

(𝐻1) ∶
𝑚
∑

𝑖=𝑖
𝑙𝑖 = 1,

𝑚
∑

𝑖=𝑖
𝑙𝑖𝜉𝑖 = 0,

𝑛
∑

𝑗=1
𝑤𝑗 = 1 and

𝑛
∑

𝑗=1
𝑤𝑗𝓁

−1
𝑗 = 0.

Lemma 8. The following statement holds:

Im𝑀 =
{

𝑧 ∈ 𝑍 ∶ 𝑄1𝑧 = 𝑄2𝑧 = 0
}

where

𝑄1𝑧 =
𝑚
∑

𝑖−1
𝑙𝑖 ∫

𝜉𝑖

0
𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝜉𝑖

0

(

𝜉𝑖 − 𝑟
)𝛽−1 𝑧(𝑟)𝑑𝑟

)

𝑑𝑠

𝑄2𝑧 = 𝜙𝑞

(

1
𝛤 (𝛽) ∫

∞

0
(𝑡 − 𝑠)𝛽−1 𝑧(𝑠)𝑑𝑠

)

−
𝑛
∑

𝑗=1
𝑤𝑗𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝓁𝑗

0

(

𝓁𝑗 − 𝑠
)𝛽−1 𝑧(𝑠)𝑑𝑠

)

nd the operator 𝑀 ∶ dom𝑀 ⊂ 𝑋 → 𝑍 is quasi-linear.

roof. Consider 𝑐𝐷𝛽
0+𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

= 𝑧(𝑡), for 𝑧(𝑡) ∈ Im𝑀 and 𝑥 ∈ dom𝑀 , then

𝑥(𝑡) = 𝐼𝛼0+𝜙𝑞

(

𝐼𝛽0+𝑧(𝑡)
)

+ 𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 𝑑3𝑡
𝛼−2 + 𝑑4𝑡

𝛼−3.

rom the initial conditions 𝑥(0) = 𝐼2−𝛼0+ 𝑥(0) = 0, 𝑑3 = 0, 𝑑4 = 0.
Hence,

𝑥(𝑡) = 𝐼𝛼0+𝜙𝑞

(

𝐼𝛽0+𝑧(𝑡)
)

+ 𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1. (18)

Applying the boundary conditions (2) to (18), we have

𝑑2 =
𝑚
∑

𝑙𝑖

(

∫

𝜉𝑖
𝜙𝑞

(

𝐼𝛽0+𝑧(𝑟)𝑑𝑟
)

𝑑𝑠 + 𝑑1𝜉𝑖 + 𝑑2

)

5

𝑖=1 0
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H

(

=
𝑚
∑

𝑖=1
𝑙𝑖 ∫

𝜉𝑖

0
𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝜉𝑖

0

(

𝜉𝑖 − 𝑟
)𝛽−1 𝑧(𝑟)𝑑𝑟

)

+ 𝑑1
𝑚
∑

𝑖−1
𝑙𝑖𝜉𝑖 + 𝑑2

𝑚
∑

𝑖=1
𝑙𝑖

By (16), we obtain

𝑑2 =
𝑚
∑

𝑖=1
𝑙𝑖 ∫

𝜉𝑖

0
𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝜉𝑖

0

(

𝜉𝑖 − 𝑟
)𝛽−1 𝑧(𝑟)𝑑𝑟

)

𝑑𝑠 + 𝑑2.

Thus,
𝑚
∑

𝑖=1
𝑙𝑖 ∫

𝜉𝑖

0
𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝜉𝑖

0

(

𝜉𝑖 − 𝑟
)𝛽−1 𝑧(𝑟)𝑑𝑟

)

𝑑𝑠 = 0 ∶= 𝑄1𝑧 (19)

Also,

𝜙𝑞

(

1
𝛤 (𝛽) ∫

∞

0
(𝑡 − 𝑠)𝛽−1 𝑧(𝑠)𝑑𝑠

)

+ 𝑑1

=
𝑛
∑

𝑗=1
𝑤𝑗𝐷

𝛼
0+𝑥(𝓁𝑗 )

=
𝑛
∑

𝑗=1
𝑤𝑗

(

𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝓁𝑗

0
(𝓁𝑗 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

+ 𝑑1 + 𝑑2𝓁
−1
𝑗

)

=
𝑛
∑

𝑗=1
𝑤𝑗

(

𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝓁𝑗

0
(𝓁𝑗 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

))

+ 𝑑1
𝑛
∑

𝑗=1
𝑤𝑗 + 𝑑2

𝑛
∑

𝑗=1
𝑤𝑗𝓁

−1
𝑗 .

By using (16), we have

𝜙𝑞

(

1
𝛤 (𝛽) ∫

+∞

0
(𝑡 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

+ 𝑑1 =
𝑛
∑

𝑗=1
𝑤𝑗𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝓁𝑗

0
(𝓁𝑗 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

+ 𝑑1.

ence,

𝜙𝑞

(

1
𝛤 (𝛽) ∫

+∞

0
(𝑡 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

−
𝑛
∑

𝑗=1
𝑤𝑗𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝓁𝑗

0
(𝓁𝑗 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

= 0 ∶= 𝑄2𝑧. □ (20)

We have established that Im𝑀 =
{

𝑧 ∈ 𝑍 ∶ 𝑄1𝑧 = 𝑄2𝑧 = 0
}

.
For 𝑥 ∈ dom𝑀 , it is observed that dim ker𝑀 = 2 and Im𝑀 is a closed subset of 𝑍. Thus, 𝑀 is a quasi-linear operator.
Let

𝐷 =
|

|

|

|

|

𝑄1𝑡𝛼−1𝑒−𝑡 𝑄2𝑡𝛼−1𝑒−𝑡

𝑄1𝑡𝛼𝑒−𝑡 𝑄2𝑡𝛼𝑒−𝑡
|

|

|

|

|

∶=
|

|

|

|

|

𝑎11 𝑎12
𝑎21 𝑎22

|

|

|

|

|

,

where

𝑄1𝑧 =
𝑚
∑

𝑖=1
𝑙𝑖 ∫

𝜉𝑖

0
𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝜉𝑖

0

(

𝜉𝑖 − 𝑟
)𝛽−1 𝑧(𝑟)𝑑𝑟

)

𝑑𝑠, and

𝑄2𝑧 = 𝜙𝑞

(

1
𝛤 (𝛽) ∫

+∞

0
(𝑡 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

−
𝑛
∑

𝑗=1
𝑤𝑗𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝓁𝑗

0
(𝓁𝑗 − 𝑠)𝛽−1𝑧(𝑠)𝑑𝑠

)

𝐻2): Assume that 𝐷 = 𝑎11𝑎22 − 𝑎12𝑎21 ≠ 0,
We define the projector 𝑃 ∶ 𝑋 ⟶ 𝑋1 as

𝑃𝑥(𝑡) =
𝐷𝛼

0+𝑥(+∞)𝑡𝛼

𝛤 (𝛼 + 1)
+

𝐷𝛼−1
0+ 𝑥(0)𝑡𝛼−1

𝛤 (𝛼)
, 𝑥 ∈ 𝑋.

Next, we define operators 𝐿1, 𝐿2 ∶ 𝑍 ⟶ 𝑍1 as

𝐿1𝑧 = 1
𝐷

(

𝑎22𝑄1𝑧 − 𝑎21𝑄2𝑧
)

𝑒−𝑡, 𝐿2𝑧 = 1
𝐷

(

−𝑎12𝑄1𝑧 + 𝑎11𝑄2𝑧
)

𝑒−𝑡,

and the operator 𝑄 ∶ 𝑍 ⟶ 𝑍1 as

𝑄𝑧 =
(

𝐿1𝑧 ⋅ 𝑡
𝛼−1) +

(

𝐿2𝑧 ⋅ 𝑡
𝛼)

where 𝑍1 is the complement space of the Im𝑀 in 𝑍.

Lemma 9. The operator 𝑄 ∶ 𝑍 ⟶ 𝑍1 is a semi-projector.

Proof. We make the following computations.

𝐿1
(

𝐿1𝑧
)

𝑡𝛼−1 = 1
𝐷

(

𝐿1
(

𝑎22𝑄1𝑧𝑡
𝛼−1 − 𝑎21𝑄2𝑧𝑡

𝛼−1) 𝑒−𝑡
)

= 1 (

𝑎 𝑎 − 𝑎 𝑎
)

(𝐿 𝑧) = 𝐿 𝑧.
(21)
6

𝐷 22 11 21 12 1 1
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T

C

T

𝐿1
(

𝐿2𝑧
)

𝑡𝛼 = 1
𝐷

(

𝑎22𝑄1(𝐿2𝑧)𝑡𝛼𝑒−𝑡 − 𝑎21𝑄2(𝐿2𝑧)𝑡𝛼𝑒−𝑡
)

= 1
𝐷

⋅ 0(𝐿2𝑧) = 0
(22)

𝐿2
(

𝐿1𝑧
)

𝑡𝛼−1 = 1
𝐷

(

−𝑎12𝑄1(𝐿1𝑧)𝑡𝛼−1 + 𝑎11𝑄2(𝐿1𝑧)𝑡𝛼−1
)

𝑒−𝑡

= 1
𝐷

(

−𝑎12𝑎11 + 𝑎11𝑎12
)

(𝐿1𝑧) = 0
(23)

𝐿2
(

𝐿2𝑧
)

𝑡𝛼 = 1
𝐷

(

−𝑎12𝑄1(𝐿2𝑧)𝑡𝛼 + 𝑎11𝑄2(𝐿2𝑧)𝑡𝛼
)

𝑒−𝑡

= 1
𝐷

(

−𝑎12𝑎21 + 𝑎11𝑎22
)

(𝐿2𝑧) = 𝐿2𝑧.
(24)

From (21)–(24), we obtain

𝑄2𝑧 = 𝑄
(

(𝐿1𝑧) ⋅ 𝑡𝛼−1 + (𝐿2𝑧) ⋅ 𝑡𝛼
)

= (𝐿1𝑧) ⋅ 𝑡𝛼−1 + (𝐿2𝑧) ⋅ 𝑡𝛼 = 𝑄𝑧.
(25)

For any 𝜇 ∈ R,

𝐿1𝜇𝑧 = 1
𝐷

(

𝑎22𝑄1𝜇𝑧 − 𝑎21𝑄2𝜇𝑧
)

𝑒−𝑡

= 𝜇 ⋅
1
𝐷

(

𝑎22𝑄1𝑧 − 𝑎21𝑄2𝑧
)

𝑒−𝑡 = 𝜇𝐿1𝑧
(26)

𝐿2𝜇𝑧 = 1
𝐷

(

−𝑎12𝑄1𝜇𝑧 − 𝑎11𝑄2𝜇𝑧
)

𝑒−𝑡

= 𝜇 ⋅
1
𝐷

(

−𝑎12𝑄1𝜇𝑧 + 𝑎11𝑄2𝑧
)

𝑒−𝑡 = 𝜇𝐿2𝑧.
(27)

𝑄𝜇𝑧 = (𝐿1𝜇𝑧) ⋅ 𝑡𝛼−1 + (𝐿2𝜇𝑧) ⋅ 𝑡𝛼 .

By using (26) and (27), we obtain

𝑄𝜇𝑧 = 𝜇
(

(𝐿1𝑧) ⋅ 𝑡𝛼−1 + (𝐿2𝑧) ⋅ 𝑡𝛼
)

= 𝜇𝑄𝑧.
(28)

Therefore, by Definition 7, 𝑄 ∶ 𝑍 → 𝑍1 is a semi-projector. □

Lemma 10. If ℎ is an 𝐿1- Carathéodory function, then 𝑁𝜆 ∶ 𝛺 → 𝑍 is 𝑀-compact on the closure of an open and bounded 𝛺 ⊂ 𝑋.

roof. To prove condition 9(i), consider (𝐼 −𝑄)𝑁𝜆𝑥(𝑡),

𝑄 (𝐼 −𝑄)𝑁𝜆𝑥(𝑡) = 𝑄𝑁𝜆𝑥(𝑡) −𝑄2𝑁𝜆𝑥(𝑡)

= 𝑄𝑁𝜆𝑥(𝑡) −𝑄𝑁𝜆𝑥(𝑡) = 0.

hus, 𝑄 (𝐼 −𝑄)𝑁𝜆𝑥(𝑡) ⊂ 𝐼𝑚𝑀 = ker𝑄. Also for 𝑧 ∈ Im𝑀 , 𝑄𝑧 = 0. Thus, 𝑧 ∈ ker𝑄 i.e 𝑧 ∈ (𝐼 −𝑄)𝑧.
Therefore, 𝑄 (𝐼 −𝑄)𝑁𝜆𝑥(𝑡) ⊂ 𝐼𝑚𝑀 ⊂ (𝐼 −𝑄)𝑧.
Next, to prove 9(ii), let 𝑄𝑁𝜆𝑥(𝑡) = 0 for 𝜆 ∈ [0, 1]. Then,

𝑄𝑁𝜆𝑥(𝑡) = 0 = 𝑄
(

𝜆ℎ
(

𝑡, 𝑥(𝑡), 𝐷𝛼−1
0+ 𝑥(𝑡), 𝐷𝛼

0+𝑥(𝑡)
))

= 𝜆𝑄𝑁𝑥(𝑡)

= 0.

onversely, if 𝑄𝑁𝑥(𝑡) = 0, then

𝑄𝑁𝑥(𝑡) = 0 = 𝐿1
(

𝑄𝑁𝜆𝑥(𝑡)
)

⋅ 𝑡𝛼−1 + 𝐿2
(

𝑄𝑁𝜆𝑥(𝑡)
)

⋅ 𝑡𝛼

= 1
𝐷

[

𝑎22𝑄1(𝑄𝑁𝜆𝑥(𝑡))𝑡𝛼−1𝑒−𝑡 − 𝑎21𝑄2(𝑄𝑁𝜆𝑥(𝑡))𝑡𝛼−1𝑒−𝑡

− 𝑎12𝑄1(𝑄𝑁𝜆𝑥(𝑡))𝑡𝛼𝑒−𝑡 + 𝑎11𝑄2(𝑄𝑁𝜆𝑥(𝑡))𝑡𝛼𝑒−𝑡
]

= 1
𝐷

[

𝑎22𝑄1𝑡
𝛼−1𝑒−𝑡 − 𝑎21𝑄2𝑡

𝛼−1𝑒−𝑡 − 𝑎12𝑄1𝑡
𝛼𝑒−𝑡 + 𝑎11𝑄2𝑡

𝛼𝑒−𝑡
]

⋅𝑄𝑁𝜆𝑥.

= 1
𝐷

(𝐷 +𝐷)𝑄𝑁𝜆𝑥(𝑡) = 2𝑄𝑁𝜆𝑥(𝑡) = 0.

hen, 𝑄𝑁𝜆𝑥(𝑡) = 0.
To prove 9(iii), 9(iv), and 9(v), we define an operator
𝐴 ∶ 𝑋 × [0, 1] ⟶ 𝑋2 as

𝐴(𝑥, 𝜆)(𝑡) = 𝐼𝛼
[

𝜙
(

𝐼𝛽 (𝐼 −𝑄)𝑁 𝑥(𝑡)
)

−𝐷𝛼 𝑥(+∞)
]

− 𝐼𝛼−1
(

𝐷𝛼−1𝑥(0)
)

, 𝜆 ∈ [0, 1]. (29)
7

0+ 𝑞 0+ 𝜆 0+ 0+
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H

T

S

S

S

f
|

|

|

|

From 9(ii), 𝑄𝑁𝜆𝑥(𝑡) = 0. If 𝑁𝜆 =
{

𝑥 ∈ 𝛺 ∶ 𝑀𝑥(𝑡) = 𝑁𝜆𝑥(𝑡), 𝜆 ∈ [0, 1]
}

, then 𝑐𝐷𝛽
0+𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

= 𝑁𝜆𝑥(𝑡) ∈ Im M = ker𝑄.
𝐴(𝑥, 0) = 0. Hence a zero operator and 9(iii) is satisfied.

𝐴(𝑥, 𝜆)(𝑡) = 𝐼𝛼0+
[

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑡)
)

−𝐷𝛼
0+𝑥(+∞)

]

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)

= 𝐼𝛼0+
[

𝜙𝑞

(

𝐼𝛽0+𝑁𝜆𝑥(𝑡)
)

−𝐷𝛼
0+𝑥(+∞)

]

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)

= 𝑥(𝑡) − 𝐼𝛼0+
(

𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)

= 𝑥(𝑡) −

[

𝐷𝛼
0+𝑥(+∞)
𝛤 (𝛼 + 1)

𝑡𝛼 + 1
𝛤 (𝛼)

𝐷𝛼−1𝑥(0)𝑡𝛼−1
]

= 𝑥(𝑡) − 𝑃𝑥(𝑡).

Thus,

𝐴(𝑥, 𝜆)(𝑡) = (1 − 𝑃 ) 𝑥(𝑡). (30)

Next, for any 𝑥 ∈ 𝛺,

𝑀 [𝑃𝑥 + 𝐴(𝑥, 𝜆)] (𝑡)

= 𝑀

[

𝐷𝛼
0+𝑥(+∞)
𝛤 (𝛼 + 1)

𝑡𝛼 + 1
𝛤 (𝛼)

𝐷𝛼−1
0+ 𝑥(0)𝑡𝛼−1 + 𝐼𝛼0+

[

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑡)
)

−𝐷𝛼
0+𝑥(+∞)

]

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)

]

= 𝑐𝐷𝛽
0+𝜙𝑝

[

𝐷𝛼
0+

(

𝐼𝛼0+

(

𝜙𝑞

(

𝐼𝛽0+
(

𝐼 −𝑄
)

𝑁𝜆𝑥(𝑡)
)

))

]

= 𝑐𝐷𝛽
0+𝜙𝑝

(

𝜙𝑞

(

𝐼𝛽0+
(

𝐼 −𝑄
)

𝑁𝜆𝑥(𝑡)
)

)

= 𝑐𝐷𝛽
0+

(

𝐼𝛽0+
(

𝐼 −𝑄
)

𝑁𝜆𝑥(𝑡)
)

=
(

𝐼 −𝑄
)

𝑁𝜆𝑥(𝑡)

ence,

𝑀 [𝑃𝑥 + 𝐴(𝑥, 𝜆)] (𝑡) =
(

𝐼 −𝑄
)

𝑁𝜆𝑥(𝑡). (31)

hus, 9(iv) and 9(v) of the Definition 9 are satisfied.
Next, we prove that 𝐴 is relatively compact for 𝜆 ∈ [0, 1] in the following steps;

tep 1: 𝐴(𝑥, 𝜆)(𝑡) is uniformly bounded in 𝑋.

tep 2: 𝐴(𝑥, 𝜆)(𝑡) is equicontinuous on every compact subset of (0,+∞).

tep 3: 𝐴(𝑥, 𝜆)(𝑡) is equiconvergent at infinity.

Step 1: Let 𝛺 ⊂ 𝑋 be an open bounded set and 𝐵 > 0 such that ‖𝑥‖𝑋 < 𝐵 for any 𝑥 ∈ 𝛺. Since ℎ is a 𝐿1- Carathéodory
unction, then for a.e, 𝑡 ∈ [0,+∞) and 𝜆 ∈ [0, 1], there exists 𝐹𝐵 ∶ [0,+∞) ⟶ [0,+∞) such that ∫ +∞

0 𝐹𝐵(𝑡)𝑑𝑡 < +∞,
ℎ
(

𝑡, 𝑥(𝑡), 𝐷𝛼−1
0+ 𝑥(𝑡), 𝐷𝛼

0+𝑥(𝑡)
)

|

|

|

|

≤ 𝐹𝐵(𝑡) hence,

∫

+∞

0

|

|

|

(𝐼 −𝑄)𝑁𝜆𝑥(𝑠)
|

|

|

𝑑𝑠 ≤ ‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥(𝑠)‖𝑍 . (32)

Hence, for any 𝑥 ∈ 𝛺,

‖𝐴(𝑥, 𝜆)‖0 = sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡 |𝐴(𝑥, 𝜆)(𝑡)|

= sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡
|

|

|

|

𝐼𝛼
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)|

|

|

|

≤ sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡
[

𝜙𝑞
(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥(𝑠)‖𝑍
) 𝑡𝛼

𝛤 (𝛼 + 1)
+

𝐷𝛼
0+𝑥(+∞)
𝛤 (𝛼 + 1)

𝑡𝛼
]

+ sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡
[

𝐷𝛼−1
0+ 𝑥(0)
𝛤 (𝛼)

𝑡𝛼−1
]

.

Let 𝐷𝛼
0+𝑥(+∞) = 𝑚1, 𝐷𝛼−1

0+ 𝑥(0) = 𝑚2, then

‖𝐴(𝑥, 𝜆)‖ ≤ 𝜙
(

‖𝐹 (𝑠)‖ + ‖𝑄𝑁𝑥‖
)

+ 𝑚 + 𝛼𝑚 . (33)
8
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‖𝐷𝛼−1
0+ 𝐴(𝑥, 𝜆)‖∞ = sup

𝑡∈[0,+∞)
𝑒−𝑛𝑡 ||

|

𝐷𝛼−1
0+ 𝐴(𝑥, 𝜆)(𝑡)||

|

= sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡||
|

𝐷𝛼−1
0+

(

𝐼𝛼
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

)

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)

|

|

|

≤ sup
𝑡∈[0,+∞)

𝑡𝑒−𝑛𝑡
[

𝜙𝑞
(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥(𝑟)‖𝑍
)

+ 𝑚1
]

+ sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡𝑚2,

hence

‖𝐷𝛼−1
0+ 𝐴(𝑥, 𝜆)‖∞ ≤ 𝜙𝑞

(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
)

+ 𝑚1 + 𝑚2 (34)

Next,

‖𝐷𝛼
0+𝐴(𝑥, 𝜆)‖∞ = sup

𝑡∈[0,+∞)

|

|

|

𝐷𝛼
0+𝐴(𝑥, 𝜆)(𝑡)

|

|

|

= sup
𝑡∈[0,+∞)

|

|

|

𝐷𝛼
0+

(

𝐼𝛼
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−1
(

𝐷𝛼−1
0+ 𝑥(0)

)

)

|

|

|

≤ sup
𝑡∈[0,+∞)

(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

+ 𝑚1

)

≤ 𝜙𝑞
(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
)

+ 𝑚1,

hence

‖𝐷𝛼
0+𝐴(𝑥, 𝜆)‖∞ ≤ 𝜙𝑞

(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
)

+ 𝑚1. (35)

From (33), (34), and (35), we have
‖

‖

‖

𝐴(𝑥, 𝜆)‖‖
‖𝑋

≤ max
(

‖𝐴(𝑥, 𝜆)‖0 ,
‖

‖

‖

𝐷𝛼−1
0+ 𝐴(𝑥, 𝜆)‖‖

‖∞
, ‖‖
‖

𝐷𝛼
0+𝐴(𝑥, 𝜆)

‖

‖

‖∞

)

= 𝐶

where 𝐶 is an arbitrary constant. Hence, 𝐴(𝑥, 𝜆) is uniformly bounded in 𝑍.
Step 2: Next, we show that 𝐴(𝑥, 𝜆)𝛺 is equicontinuous in a compact subinterval of [0,+∞). Let 𝑀 > 0, 𝑡1, 𝑡2 ∈ [0,𝑀] with 𝑡1 <

𝑡2, 𝑥 ∈ 𝛺 and 𝜆 ∈ [0, 1], we get
|

|

|

𝑒−𝑛𝑡2𝐴(𝑥, 𝜆)(𝑡2) − 𝑒−𝑛𝑡1𝐴(𝑥, 𝜆)(𝑡1)
|

|

|

=
|

|

|

|

1
𝛤 (𝛼) ∫

𝑡2

0

(𝑡2 − 𝑠)𝛼−1

𝑒𝑛𝑡2

(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

𝑑𝑠

− 1
𝛤 (𝛼 − 1) ∫

𝑡2

0

(𝑡2 − 𝑠)𝛼−2

𝑒𝑛𝑡2
(

𝐷𝛼−1
0+ 𝑥(0)

)

𝑑𝑠

−

(

1
𝛤 (𝛼) ∫

𝑡1

0

(𝑡1 − 𝑠)𝛼−1

𝑒𝑛𝑡1

(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

− |𝐷𝛼
0+𝑥(+∞)

)

𝑑𝑠

− 1
𝛤 (𝛼 − 1) ∫

𝑡1

0

(𝑡1 − 𝑠)𝛼−2

𝑒𝑛𝑡1
(

𝐷𝛼−1
0+ 𝑥(0)

)

𝑑𝑠

)

|

|

|

|

≤ 1
𝛤 (𝛼 + 1)

𝜙𝑞

(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
) |

|

|

|

|

𝑡𝛼2
𝑒𝑛𝑡2

−
𝑡𝛼1
𝑒𝑛𝑡1

|

|

|

|

|

+
𝑚1

𝛤 (𝛼 + 1)

|

|

|

|

|

𝑡𝛼1
𝑒𝑛𝑡1

−
𝑡𝛼2
𝑒𝑛𝑡2

|

|

|

|

|

+
𝑚2
𝛤 (𝛼)

|

|

|

|

|

|

𝑡𝛼−11
𝑒𝑛𝑡1

−
𝑡𝛼−12
𝑒𝑛𝑡2

|

|

|

|

|

|

⟶ 0 as 𝑡1 → 𝑡2.

|

|

|

𝑒−𝑛𝑡2𝐷𝛼−1
0+ 𝐴(𝑥, 𝜆)(𝑡2) − 𝑒−𝑛𝑡1𝐷𝛼−1

0+ 𝐴(𝑥, 𝜆)(𝑡1)
|

|

|

=
|

|

|

|

|

𝐷𝛼−1
0+

(

𝐼𝛼0+
(

𝜙𝑞

[

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
]

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+

(

𝐷𝛼−1
0+ 𝑥(0)

)

)

𝑒𝑛𝑡2

−

𝐷𝛼−1
0+

[

𝐼𝛼0+
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+

(

𝐷𝛼−1
0+ 𝑥(0)

)]

𝑒𝑛𝑡1

|

|

|

|

|

≤ 𝜙
(

‖𝐹 (𝑠)‖ + ‖𝑄𝑁𝑥‖
)

|

|

𝑡2 −
𝑡1 |

| + 𝑚
|

|

𝑡1 −
𝑡2 |

| ⟶ 0 as 𝑡 → 𝑡
9

𝑞 ‖ 𝐵 ‖𝑍 𝑍 |

|
𝑒𝑛𝑡2 𝑒𝑛𝑡1 |

|

1 |
|
𝑒𝑛𝑡1 𝑒𝑛𝑡2 |

|

1 2
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and
|

|

|

𝐷𝛼
0+𝐴(𝑥, 𝜆)(𝑡2) −𝐷𝛼

0+𝐴(𝑥, 𝜆)(𝑡1)
|

|

|

=
|

|

|

|

𝐷𝛼
0+

[

𝐼𝛼0+
(

𝜙𝑞

( 1
𝛤 (𝛽) ∫

𝑡2

0
(𝑡2 − 𝑠)𝛽−1(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)𝑑𝑠

)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+
(

𝐷𝛼−1
0+ 𝑥(0)

)

]

− 𝐷𝛼
0+

[

𝐼𝛼0+
(

𝜙𝑞

( 1
𝛤 (𝛽) ∫

𝑡1

0
(𝑡1 − 𝑠)𝛽−1(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)𝑑𝑠

)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+
(

𝐷𝛼−1
0+ 𝑥(0)

)

]

|

|

|

|

≤ 𝜙𝑞

( 1
𝛤 (𝛽) ∫

𝑡2

0

|

|

|

(𝑡2 − 𝑠)𝛽−1 − (𝑡1 − 𝑠)𝛽−1||
|

|

|

(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)|| 𝑑𝑠
)

+ 𝜙𝑞

( 1
𝛤 (𝛽) ∫

𝑡2

𝑡1

|

|

𝑡1 − 𝑠|
|

𝛽−1
|

|

(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)|| 𝑑𝑠
]

→ 0 as 𝑡1 → 𝑡2.

Thus, 𝐴(𝑥, 𝜆)𝛺 is equicontinuous on [0,𝑀].

Step 3:
Next, we show that 𝐴(𝑥, 𝜆)𝛺 is equiconvergent at +∞.
For any 𝑥 ∈ 𝛺, we have

∫

+∞

0
|

|

(𝐼 −𝑄)𝑁𝜆𝑥(𝑠)|| 𝑑𝑠| ≤ ‖𝐹𝐵(𝑠)‖𝑍 + ‖𝑄𝑁𝑥(𝑠)‖𝑍 ,

Hence, given 𝜖 > 0, there exists 𝐾 > 0 such that for 𝑟 ≥ 𝐾, then
|

|

|

|

|

𝜙𝑞

( 1
𝛤 (𝛽) ∫

+∞

𝐾
(𝑡 − 𝑟)𝛽−1(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)𝑑𝑟

)|

|

|

|

|

< 𝜖, ∀ 𝑥 ∈ 𝛺

In addition, since lim𝑡→∞
(𝑡−𝐾)𝛼
𝑒𝑛𝑡 = 0, lim𝑡→∞

(𝑡−𝐾)𝛼−1
𝑒𝑛𝑡 = 0 and lim𝑡→∞

𝑡−𝐾
𝑒𝑛𝑡 = 0, then for the given 𝜖 there exists 𝑘1 > 𝐾 > 0 such that

for any 𝑡1, 𝑡2 ≥ 𝐾 and 𝑡 ∈ [0, 𝐾], we have

|

|

|

|

|

𝑡𝛼2
𝑒𝑛𝑡2

−
𝑡𝛼1
𝑒𝑛𝑡1

|

|

|

|

|

< 𝜖,
|

|

|

|

|

|

𝑡𝛼−12
𝑒𝑛𝑡2

−
𝑡𝛼−11
𝑒𝑛𝑡1

|

|

|

|

|

|

< 𝜖, ||
|

𝑡𝛽2 − 𝑡𝛽1
|

|

|

< 𝜖 for 𝛽 ∈ (0, 1] and

|

|

|

|

𝑡2
𝑒𝑛𝑡2

−
𝑡1
𝑒𝑛𝑡1

|

|

|

|

< 𝜖.

Thus, for 𝑡1, 𝑡2 ≥ 𝑘1, we have

|

|

𝑒−𝑛𝑡2𝐴(𝑥, 𝜆)(𝑡2) − 𝑒−𝑛𝑡1𝐴(𝑥, 𝜆)(𝑡1)||

=
|

|

|

|

|

𝑒−𝑛𝑡2
𝛤 (𝛼) ∫

𝑡2

0
(𝑡2 − 𝑠)𝛼−1

[

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

]

𝑑𝑠 − 𝑒−𝑛𝑡2𝐼𝛼−10+
(

𝐷𝛼−1
0+ 𝑥(0)

)

−
(

𝑒−𝑛𝑡1
𝛤 (𝛼) ∫

𝑡1

0
(𝑡1 − 𝑠)𝛼−1

[

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

]

𝑑𝑠 − 𝑒−𝑛𝑡1𝐼𝛼−10+
(

𝐷𝛼−1
0+ 𝑥(0)

)

)

|

|

|

|

|

≤ 1
𝛤 (𝛼 + 1)

𝜙𝑞

(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
) |

|

|

|

|

𝑡𝛼2
𝑒𝑛𝑡2

−
𝑡𝛼1
𝑒𝑛𝑡1

|

|

|

|

|

+
𝑚1

𝛤 (𝛼 + 1)

|

|

|

|

|

𝑡𝛼1
𝑒𝑛𝑡1

−
𝑡𝛼2
𝑒𝑛𝑡2

|

|

|

|

|

+
𝑚2
𝛤 (𝛼)

|

|

|

|

|

|

𝑡𝛼−11
𝑒𝑛𝑡1

−
𝑡𝛼−12
𝑒𝑛𝑡2

|

|

|

|

|

|

<
[

1
𝛤 (𝛼 + 1)

(

𝜙𝑞
(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍 + 𝑚1
)

+
𝑚2
𝛤 (𝛼)

)

]

𝜖.

|

|

|

𝑒−𝑛𝑡2𝐷𝛼−1
0+ 𝐴(𝑥, 𝜆)(𝑡2) − 𝑒−𝑛𝑡1𝐷𝛼−1

0+ 𝐴(𝑥, 𝜆)(𝑡1)
|

|

|

=
|

|

|

|

|

𝐷𝛼−1
0+

[

𝐼𝛼0+
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+

(

𝐷𝛼−1
0+ 𝑥(0)

)]

𝑒𝑛𝑡2

−
𝐷𝛼−1

0+

[

𝐼𝛼0+
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+

(

𝐷𝛼−1
0+ 𝑥(0)

)]

𝑒𝑛𝑡1

|

|

|

|

|

≤ 𝜙𝑞

(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
)

|

|

|

|

𝑡2
𝑒𝑛𝑡2

−
𝑡1
𝑒𝑛𝑡1

|

|

|

|

+ 𝑚1
|

|

|

|

𝑡1
𝑒𝑛𝑡2

−
𝑡2
𝑒𝑛𝑡1

|

|

|

|

+ 𝑚2𝜖

<
(

𝜙𝑞
(

‖

‖

𝐹𝐵(𝑠)‖‖𝑍 + ‖𝑄𝑁𝑥‖𝑍
)

+ 𝑚1 + 𝑚2

)

𝜖

and
| 𝛼 𝛼 |
10

|

|

𝐷0+𝐴(𝑥, 𝜆)(𝑡2) −𝐷0+𝐴(𝑥, 𝜆)(𝑡1)|
|
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T

R

T

L

P

=
|

|

|

|

|

𝐷𝛼
0+

[

𝐼𝛼0+
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+
(

𝐷𝛼−1
0+ 𝑥(0)

)

]

− 𝐷𝛼
0+

[

𝐼𝛼0+
(

𝜙𝑞

(

𝐼𝛽0+(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)
)

−𝐷𝛼
0+𝑥(+∞)

)

− 𝐼𝛼−10+
(

𝐷𝛼−1
0+ 𝑥(0)

)

]|

|

|

|

|

≤ 𝜙𝑞

(

|

|

(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)||
|𝑡𝛽2 − 𝑡𝛽1 |
𝛤 (𝛽 + 1)

)

< 𝜙𝑞

(

|

|

(𝐼 −𝑄)𝑁𝜆𝑥(𝑟)||
𝛤 (𝛽 + 1)

𝜖
)

hus, 𝐴(𝑥, 𝜆)𝛺 is equiconvergent at +∞. Since 𝐴(𝑥, 𝜆)𝛺 is bounded, equicontinuous, and equiconvergent at infinity, consequently,
𝐴 ∶ 𝑋 × [0, 1] ⟶ 𝑋2 is relatively compact. □

esults and discussion

In this section, we state and prove the existence results for the fractional order p-Laplacian boundary value problem (1)–(2).

heorem 2. Let ℎ be a Carathéodory function. If (𝐻1), (𝐻2), and the following conditions hold:

(𝐻3) There exist nonnegative functions ℎ𝑖(𝑡) ∈ 𝑍, 𝑖 = 1, 2, 3, 4, such that for all 𝑡 ∈ [0,+∞),

|

|

𝑓 (𝑡, 𝑣1, 𝑣2, 𝑣3)|| ≤
ℎ1(𝑡)|𝑣1|

𝑝−1

(𝑒𝑛𝑡)𝑝−1
+

ℎ2(𝑡)|𝑣2|
𝑝−1

(𝑒𝑛𝑡)𝑝−1
+

ℎ3(𝑡)|𝑣3|
𝑝−1

(𝑒𝑛𝑡)𝑝−1
+ ℎ4(𝑡), (𝑣1, 𝑣2, 𝑣3) ∈ R3,

(𝐻4) There exists a constant 𝐵 > 0 such that for 𝑥 ∈ dom M, 𝑡 ∈ [0,+∞) if ||
|

𝐷𝛼
0+𝑥(𝑡)

|

|

|

> 𝐵 or |

|

|

𝐷𝛼−1
0+ 𝑥(𝑡)||

|

> 𝐵, then either

𝑄1𝑁𝑥(𝑡) ≠ 0 or 𝑄2𝑁𝑥(𝑡) ≠ 0;

(𝐻5) There exists 𝐶 > 0 such that for |

|

𝑑1|| > 𝐶 or |

|

𝑑2|| > 𝐶 with 𝑑1, 𝑑2 ∈ R, and 𝑥 ∈ 𝑋 either

𝑑1𝑄1𝑁𝑥(𝑡) + 𝑑2𝑄2𝑁𝑥(𝑡) < 0 (36)

or

𝑑1𝑄1𝑁𝑥(𝑡) + 𝑑2𝑄2𝑁𝑥(𝑡) > 0 (37)

then, the BVP (1)–(2) has at least one solution in 𝑋 provided;

22𝑞−4 1
𝛤 (𝛽 + 1)

[

‖ℎ1‖
𝑞−1
1

𝛤 (𝛼 + 1)
+ ‖ℎ2‖

𝑞−1
1 + ‖ℎ3‖

𝑞−1
1

]

< 1, if 1 < 𝑝 < 2,

or

1
𝛤 (𝛽 + 1)

[

‖ℎ1‖
𝑞−1
1

𝛤 (𝛼 + 1)
+ ‖ℎ2‖

𝑞−1
1 + ‖ℎ3‖

𝑞−1
1

]

< 1, if 𝑝 > 2.

Before proving Theorem 2, we state and prove the following lemmas;

emma 11. If assumptions (𝐻2) and (𝐻3) of Theorem 2 hold, then set

𝛺1 =
{

𝑥 ∈ dom𝑀 ⧵ ker 𝑀, 𝑀𝑥 = 𝑁𝜆𝑥, 𝜆 ∈ [0, 1]
}

is bounded.

roof. Suppose 𝑥 ∈ 𝛺1, then 𝑀𝑥 = 𝑁𝜆𝑥 and 𝑄𝑁𝜆𝑥 = 0,
since 𝑁𝜆𝑥 ∈ 𝐼𝑚𝑀 = ker𝑄. By (18) in Lemma 8

𝑥(𝑡) = 𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 𝐼𝛼0+𝜙𝑞

(

𝐼𝛽0+𝑧(𝑡)
)

,

From 𝑐𝐷𝛽
0+𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

= 𝑧(𝑡),

𝑥(𝑡) = 𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 𝐼𝛼0+𝐷
𝛼
0+𝑥(𝑡),

|𝑥(𝑡)| =
|

|

|

|

|

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝑟)𝛼−1𝐷𝛼

0+𝑥(𝑟)𝑑𝑟
|

|

|

|

|

, 𝑑1, 𝑑2 ∈ R.

By definition,

‖𝑥‖0 = sup 𝑒−𝑛𝑡
|

|

|𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 1 𝑡
(𝑡 − 𝑟)𝛼−1𝐷𝛼

0+𝑥(𝑟)𝑑𝑟
|

|

|

11

𝑡∈[0,+∞) |

|

𝛤 (𝛼) ∫0 |

|
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I

≤ sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡𝑡𝛼 |
|

𝑑1|| + sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡𝑡𝛼−1 |
|

𝑑2||

+ sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡𝑡𝛼 1
𝛤 (𝛼 + 1) ∫

+∞

0

|

|

|

𝐷𝛼
0+𝑥(𝑟)

|

|

|

𝑑𝑟

‖𝑥‖0 ≤ 2𝐶 + 1
𝛤 (𝛼 + 1)

‖𝐷𝛼
0+𝑥‖∞ ∶= 𝑀1. (38)

‖𝐷𝛼−1
0+ 𝑥(𝑡)‖∞ = sup

𝑡∈[0,+∞)
𝑒−𝑛𝑡

|

|

|

|

𝐷𝛼−1
0+

(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1 + 𝐼𝛼0+𝐷
𝛼
0+𝑥(𝑡)

)

|

|

|

|

≤ 𝛤 (𝛼 + 1) |
|

𝑑1|| + 𝛤 (𝛼) |
|

𝑑2|| + sup
𝑡∈[0,+∞)

𝑡𝑒−𝑛𝑡 ∫

+∞

0
|𝐷𝛼

0+𝑥|𝑑𝑟

≤ 𝛤 (𝛼 + 1) |
|

𝑑1|| + 𝛤 (𝛼) |
|

𝑑2|| + ‖𝐷𝛼
0+𝑥‖∞

‖𝐷𝛼−1
0+ 𝑥(𝑡)‖∞ ≤ 𝐶(𝛼 + 1)𝛤 (𝛼) + ‖𝐷𝛼

0+𝑥‖∞ ∶= 𝑀2. (39)

‖𝐷𝛼
0+𝑥(𝑡)‖∞ = sup

𝑡∈[0,+∞)

|

|

|

𝐷𝛼
0+𝑥(𝑡)

|

|

|

∶= 𝑀3. (40)

Hence, from the assumption (𝐻4) of Theorem 2, there exists a constant 𝐵 > 0 such that for any 𝑡1 ∈ [0,+∞), ||
|

𝐷𝛼
0+𝑥(𝑡1)

|

|

|

< 𝐵. By
the condition (𝐻2) of Theorem 2 and from the BVP (1)–(2)

𝑐𝐷𝛽
0+𝜙𝑝

(

𝐷𝛼
0+𝑥(𝑡)

)

= 𝜆ℎ
(

𝑡, 𝑥(𝑡), 𝐷𝛼−1
0+ 𝑥(𝑡), 𝐷𝛼

0+𝑥(𝑡)
)

.

We obtain
|

|

|

𝜙𝑝
(

𝐷𝛼
0+𝑥(𝑡)

)

|

|

|

=
|

|

|

|

|

𝜙𝑝
(

𝐷𝛼
0+𝑥(𝑡1)

)

− 𝜆
𝛤 (𝛽) ∫

𝑡

𝑡1
(𝑟 − 𝑡1)𝛽−1𝑓

(

𝑟, 𝑥(𝑟), 𝐷𝛼−1
0+ 𝑥(𝑟), 𝐷𝛼

0+𝑥(𝑟)
)

𝑑𝑟
|

|

|

|

|

≤ |

|

|

𝜙𝑝
(

𝐷𝛼
0+𝑥(𝑡1)

)

|

|

|

+ 𝜆
𝛤 (𝛽) ∫

𝑡

𝑡1
(𝑟 − 𝑡1)𝛽−1

|

|

|

|

|

|

ℎ1(𝑟) ||𝑣1||
𝑝−1

(𝑒𝑛𝑟)𝑝−1
+

ℎ2(𝑟) ||𝑣2||
𝑝−1

(𝑒𝑛𝑟)𝑝−1
+ ℎ3(𝑟) ||𝑣3||

𝑝−1 + ℎ4(𝑟)
|

|

|

|

|

|

𝑑𝑟

≤ 𝜙𝑝(𝐵) +
1

𝛤 (𝛽 + 1)

[

‖ℎ1‖1 𝜙𝑝
(

‖𝑥‖0
)

+ ‖ℎ2‖1 𝜙𝑝
(

‖𝐷𝛼−1
0+ 𝑥‖∞

)

+ ‖ℎ3‖1 𝜙𝑝
(

‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ4‖1
]

,

≤ 𝜙𝑝(𝐵) +
1

𝛤 (𝛽 + 1)

[

‖ℎ1‖1 𝜙𝑝

(

2𝐶 + 1
𝛤 (𝛼 + 1)

‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ2‖1 𝜙𝑝
(

𝐶(𝛼 + 1)𝛤 (𝛼) + ‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ3‖1 𝜙𝑝
(

‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ4‖1

]

,

by (38)–(40). Thus,

𝜙𝑝
(

‖𝐷𝛼
0+𝑥(𝑡)‖∞

)

≤ 𝜙𝑝(𝐵) +
1

𝛤 (𝛽 + 1)

[

‖ℎ1‖1 𝜙𝑝

(

2𝐶 + 1
𝛤 (𝛼 + 1)

‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ2‖1 𝜙𝑝
(

𝐶(𝛼 + 1)𝛤 (𝛼) + ‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ3‖1 𝜙𝑝
(

‖𝐷𝛼
0+𝑥‖∞

)

+ ‖ℎ4‖1

]

f 1 < 𝑝 < 2, then

‖𝐷𝛼
0+𝑥(𝑡)‖∞ ≤ 22𝑞−4

{

𝐵 + 1
𝛤 (𝛽 + 1)

[

2𝐶‖ℎ1‖
𝑞−1
1 + 𝐶(𝛼 + 1)𝛤 (𝛼)‖ℎ2‖

𝑞−1
1 + ‖ℎ4‖

𝑞−1
1

]

+ 1
𝛤 (𝛽 + 1)

[

‖ℎ1‖
𝑞−1
1

𝛤 (𝛼 + 1)
+ ‖ℎ2‖

𝑞−1
1 + ‖ℎ3‖

𝑞−1
1

]

‖𝐷𝛼
0+𝑥(𝑡)‖∞

}

.

Hence, by (13)

‖𝐷𝛼
0+𝑥(𝑡)‖∞ ≤

22𝑞−4
{

𝐵 + 1
𝛤 (𝛽+1)

[

2𝐶‖ℎ1‖
𝑞−1
1 + 𝐶(𝛼 + 1)𝛤 (𝛼)‖ℎ2‖

𝑞−1
1 + ‖ℎ4‖

𝑞−1
1

]

}

1 − 22𝑞−4 1
[

‖ℎ1‖
𝑞−1
1 + ‖ℎ2‖

𝑞−1 + ‖ℎ3‖
𝑞−1

]

12

𝛤 (𝛽+1) 𝛤 (𝛼+1) 1 1
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T

P

I

A

H

Similarly, if 𝑝 > 2, then

‖𝐷𝛼
0+𝑥(𝑡)‖∞ ≤

{

𝐵 + 1
𝛤 (𝛽+1)

[

2𝐶‖ℎ1‖
𝑞−1
1 + 𝐶(𝛼 + 1)𝛤 (𝛼)‖ℎ2‖

𝑞−1
1 + ‖ℎ4‖

𝑞−1
1

]

}

1 − 1
𝛤 (𝛽+1)

[

‖ℎ1‖
𝑞−1
1

𝛤 (𝛼+1) + ‖ℎ2‖
𝑞−1
1 + ‖ℎ3‖

𝑞−1
1

]

Hence,

‖𝑥‖𝑋 = max
{

‖𝑥‖0, ‖𝐷
𝛼−1
0+ 𝑥‖∞, ‖𝐷𝛼

0+𝑥‖∞
}

= max
{

2𝐶 + 1
𝛤 (𝛼 + 1)

‖𝐷𝛼
0+𝑥‖∞‖, 𝐶(𝛼 + 1)𝛤𝛼 + ‖𝐷𝛼

0+𝑥‖∞, 𝐷𝛼
0+𝑥‖∞

}

≤ max
{

𝑀1,𝑀2,𝑀3

}

∶= 𝑀.

Therefore, 𝛺1 is bounded in 𝑋. □

Lemma 12. If (𝐻5) of Theorem 2 holds, then 𝛺2 =
{

𝑥 ∈ ker 𝑀 ∶ 𝑁𝑥 ∈ Im𝑀
}

is bounded.

Proof. Suppose 𝑥 ∈ 𝛺2, with 𝑥 = 𝑑1𝑡𝛼 + 𝑑2𝑡𝛼−1, 𝑑1, 𝑑2 ∈ R.
Since 𝑁𝑥 ∈ Im𝑀 = ker𝑄, then 𝑄1𝑁𝑥 = 0 = 𝑄2𝑁𝑥. From the condition (𝐻5) of Theorem 2, it follows that there exists a

nonnegative constant 𝐶, such that |
|

𝑑1|| < 𝐶 and |

|

𝑑2 < 𝐶|

|

, then

‖𝑥‖𝑋 = max
{

‖𝑥‖0, ‖𝐷
𝛼−1
0+ 𝑥‖∞, ‖𝐷𝛼

0+𝑥‖∞
}

= max
{

sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡𝑡𝛼 |
|

𝑑1|| + sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡𝑡𝛼−1 |
|

𝑑2|| , sup
𝑡∈[0,+∞)

𝑒−𝑛𝑡 ||
|

𝐷𝛼−1
0+

(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)|
|

|

,

sup
𝑡∈[0,+∞)

|

|

|

𝐷𝛼
0+

(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)|
|

|

}

= max
{

|

|

𝑑1|| + |

|

𝑑2|| , 𝛤 (𝛼 + 1) |
|

𝑑1|| + 𝛤 (𝛼) |
|

𝑑2|| , 𝛤 (𝛼 + 1) |
|

𝑑1||
}

≤ |

|

𝑑1|| + |

|

𝑑2|| + 2𝛤 (𝛼 + 1) |
|

𝑑1|| + 𝛤 (𝛼) |
|

𝑑2|| .

herefore, 𝛺2 is bounded. □

roof of Theorem 2. We have earlier proved that 𝑀 is quasi-linear and 𝑁𝜆 is 𝑀-compact on 𝛺. Also, from Lemmas 11 and 12,
we have shown that conditions (iii) and (iv) of Theorem 1 (Ge & Ren) hold.

Lastly, we prove that the condition (v) of Theorem 1 also holds.
Define a homeomorphism 𝐽 ∶ Im𝑄 ⟶ ker 𝑀 by

𝐽 (𝑑1𝑡𝛼 + 𝑑2𝑡
𝛼−1) = 1

𝐷
((

𝑎11 ||𝑑1|| + 𝑎12 ||𝑑2||
)

𝑡𝛼−1 +
(

𝑎21 ||𝑑1|| + 𝑎22 ||𝑑2||
)

𝑡𝛼
)

𝑒−𝑡. (41)

f (36) holds, for any 𝑥 ∈ dom𝑀 ∩ 𝜕𝛺, 𝑥(𝑡) = 𝑑1𝑡𝛼 + 𝑑2𝑡𝛼−1 ≠ 0, define a homotopy mapping

𝐻(𝑥, 𝜆) = −𝜆𝑥 + (1 − 𝜆)𝐽𝑄𝑁𝑥, 𝜆 ∈ [0, 1]. (42)

Then, 𝐻(𝑥, 0) = 𝐽𝑄𝑁𝑥 ≠ 0 and 𝐻(𝑥, 1) = −𝑥 ≠ 0. For 𝜆 ∈ (0, 1), we suppose that 𝐻(𝑥, 𝜆) = 0, then from (41) and (42), we obtain

𝜆[𝑎11 ||𝑑1|| + 𝑎12 ||𝑑2||] = (1 − 𝜆)
[

𝑎11𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) + 𝑑12𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)]

𝜆[𝑎21 ||𝑑1|| + 𝑎22 ||𝑑2||] = (1 − 𝜆)
[

𝑎21𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) + 𝑑22𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)]

or

𝑎11[𝜆 ||𝑑1|| − (1 − 𝜆)𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)] + 𝑎12[𝜆 ||𝑑2|| − (1 − 𝜆)𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)] = 0

𝑎21[𝜆 ||𝑑1|| − (1 − 𝜆)𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)] + 𝑎22[𝜆 ||𝑑2|| − (1 − 𝜆)𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)] = 0.

ssume (𝐻2), we have

𝜆 |
|

𝑑1|| = (1 − 𝜆)𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)

𝜆 |
|

𝑑2|| = (1 − 𝜆)𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) .

ence,

|

|

𝑑1|| + |

|

𝑑2|| = 1 − 𝜆
𝜆

(

𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) +𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)
)

< 0

which contradicts |

|

𝑑1|| + |

|

𝑑2|| ≥ 0.
If (37) holds, then we define
13

𝐻(𝑥, 𝜆) = −𝜆𝑥 − (1 − 𝜆)𝐽𝑄𝑁𝑥, 𝜆 ∈ [0, 1].
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Then, by a similar argument,

|

|

𝑑1|| + |

|

𝑑2|| = − 1 − 𝜆
𝜆

(

𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) +𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1)
)

< 0

which also contradicts |𝑑1| + |𝑑2| ≥ 0.
Thus, by the homotopy property of Brouwer degree, we have

deg (𝐽𝑄𝑁, 𝛺 ∩𝑀, 0) = deg (𝐻(⋅, 0), 𝛺 ∩ ker𝑀, 0)

= deg (𝐻(⋅, 1), 𝛺 ∩ ker𝑀, 0)

= deg (±𝐽 , 𝛺 ∩ ker𝑀, 0)

= Sgn
(

1
𝐷

|

|

|

|

|

𝑎11 𝑎12
𝑎21 𝑎22

|

|

|

|

|

)

= ±1 ≠ 0.

Therefore, at least one solution exists in 𝑋 for the BVP (1)–(2)

Example

Consider the fractional order BVP

𝑐𝐷1∕2
0+ 𝜙3

(

𝐷5∕2
0+ 𝑥 (𝑡)

)

= ℎ
(

𝑡, 𝑥 (𝑡) , 𝐷3∕2
0+ 𝑥 (𝑡) , 𝐷5∕2

0+ 𝑥 (𝑡)
)

, 𝑡 ∈ [0,+∞)

subject to the boundary conditions

𝑥 (0) =𝐼
− 1

2
0+ 𝑥 (0) = 0, 𝐷3∕2

0+ 𝑥 (0) = 3𝐷3∕2
0+ 𝑥 (2) − 2𝐷3∕2

0+ 𝑥 (3) ,

𝐷5∕2
0+ 𝑥 (+∞) = −4𝐷5∕2

0+ 𝑥 (4) + 5𝐷5∕2
0+ 𝑥 (5) , and

ℎ
(

𝑥, 𝑥 (𝑡) , 𝐷3∕2
0+ 𝑥 (𝑡) , 𝐷5∕2

0+ 𝑥 (𝑡)
)

= 𝑒−7𝑡 sin 𝑥
5

+
𝑒−10𝑡 cos𝐷3∕2

0+ 𝑥 (𝑡)
2

+
𝑒−5𝑡 sin𝐷5∕2

0+ 𝑥 (𝑡)
8

.

Here, 𝛽 = 1∕2, 𝛼 = 5∕2, 𝑝 = 3, 𝑙1 = 3, 𝑙2 = −2, 𝜉1 = 2, 𝜉2 = 3, 𝜔1 = −4, 𝜔2 = 5, 𝓁1 = 4, 𝓁2 = 5, 𝑚 = 𝑛 = 2

2
∑

𝑖=1
𝑙𝑖 = 1,

2
∑

𝑖=1
𝑙𝑖𝜉𝑖 = 0,

∑

𝑗=1
𝜔𝑗 = 1 and

2
∑

𝑖=1
𝜔𝑗𝓁

−1
𝑗 = (−4)−1 + 5

(

5−1
)

= 0.

Condition (𝐻1) holds.
Next, by computing 𝑎11 = 4.0241, 𝑎12 = −0.5115, 𝑎21 = −1.2529, and 𝑎22 = −1.07309, we obtain 𝐷 = 𝑎11𝑎22 − 𝑎12𝑎21 = −4.9591 ≠ 0,
Hence, (𝐻2) holds.
‖ℎ1 (𝑡) ‖𝐿1 = 1

35 , ‖ℎ2 (𝑡) ‖𝐿1 = 1
20 and ‖ℎ3 (𝑡) ‖𝐿1 = 1

40 .

Since 𝑝 ≥ 2, 1
𝛤 (𝛽 + 1)

[

‖ℎ1‖
𝑞−1
1

𝛤 (𝛼 + 1)
+ ‖ℎ2‖

𝑞−1
1 + ‖ℎ3‖

𝑞−1
1

]

= 1
𝛤 (3∕2)

⎡

⎢

⎢

⎢

⎣

(

1
35

)1∕2

𝛤 (7∕2)
+
( 1
20

)1∕2
+
( 1
40

)1∕2
⎤

⎥

⎥

⎥

⎦

= 0.4881 < 1

Hence, (𝐻3) is satisfied.
Let 𝐵 = 60 for any 𝑥 ∈ 𝑑𝑜𝑚𝑀 . Assume |𝐷3∕2

0+ 𝑥 (𝑡)| > 𝐵 holds for 𝑡 ∈ [0,+∞). Then from the continuity of 𝐷3∕2
0+ 𝑥 (𝑡), either

𝐷3∕2
0+ 𝑥 (𝑡) > 𝐵 or 𝐷3∕2

0+ 𝑥 (𝑡) < −𝐵.
If 𝐷3∕2

0+ 𝑥 (𝑡) > 𝐵 holds for any

𝑄1𝑁𝑥 (𝑡) =
2
∑

𝑖=1
𝑙𝑖 ∫

𝜉𝑖

0
𝜙𝑞

(

1
𝛤 (𝛽) ∫

𝜉𝑖

0

(

𝜉𝑖 − 𝑟
)𝛽−1 𝑁𝑥 (𝑟) 𝑑𝑟

)

𝑑𝑠

> 3∫

2

0
𝜙3∕2

(

1
𝛤 (1∕2) ∫

2

0
(2 − 𝑟)−1∕2

(

𝐵𝑒−10𝑟

2
− 𝑒−7𝑟

5
− 𝑒−5𝑟

8

)

𝑑𝑟

)

𝑑𝑠

− 2∫

3
𝜙3∕2

(

1
∫

3
(3 − 𝑟)−1∕2

(

𝐵𝑒−10𝑟 − 𝑒−7𝑟 − 𝑒−5𝑟
)

𝑑𝑟

)

𝑑𝑠 = 0.6628 > 0
14

0 𝛤 (1∕2) 0 2 5 8
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Similarly, if |𝐷5∕2
0+ 𝑥 (𝑡)| > 𝐵, then either 𝐷5∕2

0+ 𝑥 (𝑡) > 𝐵 or 𝐷5∕2
0+ 𝑥 (𝑡) < −𝐵, for 𝑡 ∈ [0,+∞). If 𝐷5∕2

0+ 𝑥 (𝑡) > 𝐵, for 𝑡 ∈ [0,+∞), then

𝑄2𝑁𝑥 (𝑡) = 𝜙3∕2

(

1
𝛤 (1∕2) ∫

+∞

0
(𝑡 − 𝑟)−1∕2 𝑁𝑥 (𝑟) 𝑑𝑟

)

−
2
∑

𝑗=1
𝜔𝑗𝜙3∕2

(

1
𝛤 (1∕2) ∫

𝓁𝑗

0

(

𝓁𝑗 − 𝑟
)−1∕2 𝑁𝑥 (𝑟) 𝑑𝑟

)

= 4𝜙3∕2 (0.412143) − 5𝜙3∕2 (0.366491) = −0.45899 < 0

Since 𝑄1𝑁𝑥 (𝑡) ≠ 0 or 𝑄2𝑁𝑥 (𝑡) ≠ 0, then the condition (𝐻4) is satisfied.
Lastly, If 𝐶 = 120, for any 𝑑1, 𝑑2 ∈ R, if |𝑑1| or |𝑑2| > 𝐶. Given 𝛼 = 5∕2,

𝑄1𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) +𝑄2𝑁
(

𝑑1𝑡
𝛼 + 𝑑2𝑡

𝛼−1) ,

= 3∫

2

0
𝜙3∕2 (4.197) 𝑑𝑠 − 2∫

3

0
𝜙3∕2 (3343) 𝑑𝑠 + 0 + 4𝜙3∕2 (2.86655)

− 5𝜙3∕2 (2.54925) = 0.0961 > 0

Thus, 𝑑1𝑄1𝑁
(

𝑑1𝑡𝛼 + 𝑑2𝑡𝛼−1
)

+ 𝑑2𝑄2𝑁
(

𝑑1𝑡𝛼 + 𝑑2𝑡𝛼−1
)

≠ 0, hence, condition (𝐻5) holds. Therefore, from Theorem 2, the fractional
BVP (‘‘Example’’) has at least one solution in 𝑑𝑜𝑚 𝑀 ∩ 𝜕𝛺.

Conclusions

The study has investigated a mixed fractional-order p-Laplacian BVP with two-dimensional kernel on an unbounded domain.
By using the Ge and Ren extension of coincidence degree theory and some assumptions, we have shown that the mixed fractional
order BVP (1)–(2) has at least a solution. The outcome of this investigation is supported by the findings of the studies on mixed
fractional order p-Laplacian BVPs with lower dimensions of kernel on bounded or unbounded domain [13–15]. The result is new
and demonstrated with an example. In contrast to this study, some researchers have used Laplace Adomian decomposition method
and numerical simulation approach to obtain an approximate analytical solutions to fractional order derivative models [10–12].
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