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Entropy Generation of MHD Poiseuille Flow
with Hall and Joule Heating Effects

A. A. Opanuga*, O. O. Agboola, H. I. Okagbue, A. M. Olanrewaju

Abstract—In this article investigation has been conducted on the
effects of Hall parameter, rotation parameter and Joule heating on the
entropy generation of fully developed electrically conducting
Poiseuille flow. The coupled system of ordinary differential
equations for the flow are obtained, non-dimensionalised and
solutions are constructed by Adomian decomposition technique. The
effects of Hall current, Ion-slip, Joule heating and magnetic
parameters on the velocity, temperature, entropy generation and
Bejan number are explained and shown graphically. The results
indicate that fluid entropy generation is induced by increase in Hall
current, rotation and Joule heating parameters. Furthermore Bejan
number is accelerated by Hall current, rotation, Magnetic and Joule
heating parameters which signifies that heat transfer irreversibility
dominates entropy generation.

Keywords— Poiseuille flow, Hall current, Ion-slip, Entropy
generation, Adomian decomposition method (ADM).

I. INTRODUCTION

Investigation regarding Magnetohydrodynamic flows was
pioneered by the discoveries of Alfven and others in the
1940s [1]. Magnetohydrodynamics (MHD) has been described
as the study of the interplay between magnetic fields and
conducting fluids. Such fluids must be electrically conducting;
these include liquid metals (such as mercury, gallium, molten
magnesium, molten antimony, liquid sodium etc.), plasmas
(ionized gases or electrically conducting gases) such as solar
atmosphere and salt water or electrolyte. Since its introduction
in the past half century several engineering and industrial
problems have been addressed: lubrication control of high-
speed spinning machine components with magnetic fields,
improved MHD generators [2], crystal growth control [3],
magnetoastronautical flows [4], fusion reaction [5],
electrolysis (reduction of aluminium oxide to aluminium) [6].
Due to the significance of MHD flows appreciable studies
have been reported in literature, MHD Couette flow [7-9],
MHD Poiseuille flow [10-11], MHD couple stress fluid [12-
14], MHD nanofluid [15-17], MHD second grade fluid [18-
20], MHD third grade fluid [21-23], MHD micropolar fluid
[24-25], other interesting investigations are in refs.[26-33]. In
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addition, several investigations have been conducted to

incorporate Hall-magnetohydrodynamics, rotating
magnetohydrodynamic flows in the study of
magnetohydrodynamic.

In all the previously mentioned investigations on

magnetohydrodynamics, an assumption of small and moderate
magnetic field was taken in the application of Ohm’s law
resulting in unnoticeable impact in the flows. However current
trend in the application of MHD is towards strong magnetic
field owing to its numerous applications in magnetic fusion
systems, electrically-conducting  aerodynamics, energy
generators, Hall accelerators and flight
magnetohydrodynamics. Lighthill [34] was the first to suggest
the inclusion of Hall effect in MHD flows, notwithstanding
Sato [35] conducted the first significant research of Hall
current effects on magnetohydrodynamic boundary layers, it
was reported that such flow becomes secondary in nature.
Furthermore, investigations have revealed that the interaction
of the Coriolis and electromagnetic forces cannot be ignored in
MHD flows. It is noteworthy that Coriolis and MHD forces are
comparable in magnitude and Coriolis force stimulates
secondary flow in the fluid. Rotating magnetohydrodynamic
flows have practical applications in the turbo machinery, the
solidification process in metallurgy, and some astrophysical
problems. In view of the foregoing several investigators have
studied the  significance of Hall and rotating
magnetohydrodynamcs in various fluid flows under different
configurations. Mohanty [36] investigated MHD flow in a
rotating channel. Jana et al. [37] studied the hydromagnetic
Couette flow and heat transfer with Ion-slip effect. Hall current
effect on hydromagnetic Couette flow in a rotating system was
considered by Jana and Datta [38]. Seth et al. [39] studied an
unsteady MHD Couette flow in a rotating system. Rao and Rao
[40] studied the MHD flow of Rivlin—-Ericksen fluid of
rotating second grade contained between two infinite, parallel
plates. Kasiviswanathan and Gandhi [41] reported on MHD
flow of rotating micropolar fluid between two infinite parallel,
rotating disks.

In this article detailed analysis of the effects of Hall current
and Ion-slip on electrically conducting Poiseuille flow in a
rotating frame of reference is considered. To the best of
authors’ knowledge the irreversibility associated with the Hall
current and Ion-slip effects of this important flow has not been
adequately addressed. First law of thermodynamics approach
has been applied in several investigations reported in
literature, however in several engineering processes, factors
responsible for exergy loss in various fluid flows are of interest
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because information regarding factors responsible for such
destruction will enhance system design and energy
conservation. Second law of thermodynamics is applied in this
work, the approach which has developed to a new discipline
being referred to as entropy generation minimization (EGM), it
was pioneered by Bejan [42] and several other investigators
have applied it various fluid flow; third grade fluid [43],
micropolar fluid [44], couple stress fluid [45-46], Casson fluid
[47], Couette flow [47] and others [48-50].

In spite of several techniques such as Homotopy perturbation
method [51], differential transform method [52-53], variational
iteration technique [54], finite difference technique [55],
Network Simulation method [56] etc. reported in literature for
the solution various fluid models, the robust technique of
Adomian decomposition is employed to solve the
dimensionless momentum and energy equations obtained from
the model equations owing to its rapid convergence and
simplicity in application as reported in the following
references [57-59]. The organization of the rest of the paper is
as follows: section two presents derivation of the governing
equations, Adomian decomposition method of solution is
treated in section three, section four is based on the discussion
of results and the concluding remarks are made in section five.

II. MATHEMATICAL ANALYSIS

Steady, viscous and incompressible electrically conducting
Poiseuille flow between infinite horizontal parallel plates with
thickness his considered. A uniform magnetic field of

strength B, is applied perpendicularly to the direction of flow,

ignoring the induced magnetic fields due to the assumption of
a very small magnetic Reynolds number. The x-axis is along
the lower plate in the flow direction, the y -axis is

perpendicular to the channel plates while the z-axis is normal
to xy- plane. Furthermore, assumption of relatively high

electron-atom collision frequency is taken so that the effects of
Hall current and ion slip are considered. The fluid is rotating

with an angular velocity Q) about the normal to the plate as
shown in Figure 1. The governing equations of flow in a
rotating frame of reference under the assumptions made above
are [11].

pvod—u*+2§2 w :,ud itz _d_p_ i 02 (u —mw );
dy dy dx 1+m (1)
u (0)=0=u"(h),
’ . W oB;y [ . .
oV, dw* -2Q'u =,ud v:; - L (w +mu');
dy dy 1+m 2)
w (0)=0=w (h),
* oy 5\ 2 =\ 2
dar’  d’T (du j (dw ]
pcp—*=k—*2+,u — | | — +
dy dy dy dy 3)

B (W*2 +u” );T*(O) —T"(h)=0.
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Introducing the non-dimensional expressions into equations
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* * T* T £
y=2u=2 w="g= 0 g2 -2
h Vo Vo T, -1, M
2 2
T, -T U
vy dx T, k(T, -Ty)
2,2
pr= P no= Toh EG2
k k(T =T)
.1.
9}
i,
w1 =t
i

Primary flow
—_—

v=»

=W,

Fig.1: Physical representation of the model

The dimensionless coupled differential equations below are
obtained as

2 2
sd—u+2K2w:A+d L:— 2(u—mw);u(O):0:u(1), (&)
dy dy” l+m
2 2
sd—w—2K2u:d VZV— M ~(w+mu);w(0) =0 = w(l), (6)
dy dy” l+m
) 2 2
sp,ﬁ:d ?+Br du + dw +J(w2+u2);
dy dy dy dy @)
6(0)=6(01)=0.

In equations (1)-(7) (u*,u) are dimensional and

dimensionless velocity components respectively

along x — axis , (W*,W) are dimensional and dimensionless
velocity component respectively along z — axis , (T*,H) are
fluid
respectively, (k, K 2) are fluid thermal conductivity and

the dimensional and dimensionless temperature

. . *
rotation parameter respectively, (Q,Q) are temperature

difference and angular velocity respectively, (Bg M 2)are

uniform transverse magnetic field and magnetic field

parameter respectively, (vo,s) are constant velocity of fluid
suction/injection and suction/injection parameter respectively,
A is the dynamic viscosity, p is fluid pressure, o electrical

conductivity of the fluid, his channel width, mis Hall
parameter, J is Joule heating parameter, p is fluid density,
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Pris Prandtl number, C,, is specific heat at constant pressure

and Br is the Brinkman number.

III. METHOD OF SOLUTION BY ADM

By direct integration of equations (5) — (7) the following forms
are obtained

200 du
u(y)=ay+ s——2K*w—A+
(y)=ay _([_H 27

2

~(u— mw)}deY, (8)

1+m

1+m

[ du ]2 [ dw jz
Br|| —| +| — + (10)
dy dy dydy.

J(u2+w2)

0 dw 2 1‘42
W(y):by—i—J.J‘ sd—Y+2K u+ 5 (w+mu)dydy, —(9)
00

o(y) =

By Adomian decomposition method of solution it is
assumed that

u(y) = u, (0, W)= w,(»), 0= 6,(y), (11)
n=0 n=0 n=0
In view of (11) equations (8) — (10) yield the following
recurrence relations
yy
> up(y) =ay—”{A}deY,
n=0
00 (12)
© Yy e
ZM”+1(y)=_[_[ s—+2K*w+ 2(ld—mw) dydy,
n=0 00 l+m
> wo(y) =by;
n=0
vy " (13)
an+1(y)=IJ- s—+2K%u+ 2(w+mu) dydy
1+m
00
Z%(y) =

(14)
0,(y) = j I{ sp, — [BrED+Z)]+]}deY,

The non- 11near terms in equation (14) are identified as follows

2
D, = du) o LA
dy dy

and the Adomian polynomials are decomposed as

5)
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dy dy
Ey =(—dw°j £, =2[—dW°J i
y dy ) dy
2
dy dy dy
Fy =ul, F, = 2uqu;, Fy = ud +2ugi, (17
H, —wg, 1 =2wyw,H, —wo +2wyw,

The exact solution of Eq. (5) is given in Eq. (18) and this is
compared with the Adomian decomposition result and
presented in Table 1 to validate the result of this analysis.

u(y) = —0.026463916072631308¢ | 0024984394500783y
8.446825606379067 —

(18)
9.446825606379067¢ -2024984394500783y
1.64.004996878900157y

Table 1. Comparison of Resultsat K =m =0, A=]1,
s=02.M =2
S/IN Z U pxacr 15 ERROR
ZUADM
y=0
0.1 0.0325348622 0.0325348622 —4.0x107
0.2 0.0569114718 0.0569114718 0.00000
0.3 0.0739531887 0.0739531887 3.0x107!!
0.4 0.0842026674 0.0842026674 —3.0x10"
0.5 0.0879381842 0.0879381842 1.0x10710
0.6 0.0851795771 0.0851795771 1.0x107'°
0.7 0.0756838288 0.0756838288 3.0x10°'°
0.8 0.0589299059 0.0589299059 2.0x1071°
0.9 | 0.03409202082 | 0.03409202082 1.0x10710

NOTE: ERROR = U,y .,

The local entropy generation for the flow is given as Bejan

- UADM

[42]
k(ar'\ d’ Y (aw' Y
e ) ﬁ[(d_] (J]
0 0 y y (19)
B/ . )
95 (w +u ),
T,
30
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The first term in equation (19) iz di
T, \ dy

0

2
J is entropy

generation due to heat transfer, the next term

)

2
dy’
o B
dissipation and

is entropy generation due to viscous

(W*2 +u*z)is magnetic field entropy
0
generation.
Using Eq. (4) in Eq. (18) the dimensionless form of
entropy generation is becomes
Lw ),

doY Br(du) (dw)
Ns=|— | +—||— | +| —| [+
dy Q(\ldy dy Q

where (EG,Ns)are the dimensional and dimensionless

(20)

entropy generation rate.
The ratio of heat transfer entropy generation (Nl)to fluid

friction entropy generation (Nz) is represented as

N
O="2 21
1
Alternatively, Bejan number gives the entropy generation

distribution ratio parameter; it represents the ratio of heat

transfer entropy generation (N1) to the total entropy

generation (NS) due to heat transfer and fluid friction, it is

defined as
Be=Ni__1 (22)
N 1+d

N

Clearly, Eq. (22) reveals that Bejan number ranges from
0tol. Be=O0represents the limit at which fluid friction
irreversibility =~ dominates  entropy  generation,  while
Be =1corresponds to the dominance of heat transfer
irreversibility over fluid friction irreversibility and Be =0.5 is
the case when heat transfer and fluid friction entropy
generation rates are equal

IV. RESULTS AND DISCUSSION

A. Velocity Profiles

Effects of Hall parameter on primary velocity and secondary
velocity are displayed in Figures 2A and 2B. Fluid motion in
both directions is enhanced as shown in the plots. This is
attributed to the weakening of the magnetic resistivity by the

inclusion of Hall parameter. The term (m)which represents

M2
1em? )

Therefore increasing the values of (m) when (M) is fixed will

Hall current is appearing as a denominator in[

reduce the resistive force imposed by the magnetic parameter.
In Figures 3A and 3B it is observed that increase in the

rotation parameter (K 2) decelerates primary velocity while

on the other hand it boosts secondary velocity. This is due to
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the effect of Coriolis force that is dominant in the region close
to the axis of rotation. It is an established fact reported in
literature that rotation usually enhances secondary fluid
velocity in the flow-field by retarding the primary fluid
velocity.

Next is the effect of magnetic parameter on fluid motion, it
is noted in Figures 4A and 4B that fluid velocity is
considerably impeded as the values of magnetic parameter
increases. This phenomenon is well established in literature by
many authors. The underlying reason for such behavior is the
presence of Lorentz forces as a result of the applied magnetic
field which is opposite to the flow direction.

=:.‘.’ =l M=2s=1K :J}
u
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006k
004
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Fig.2A: Primary velocity versus Hall parameter
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Fig.2B: Secondary velocity versus Hall parameter
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Fig.3A: Primary velocity versus rotation parameter
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Fig.3B: Secondary velocity versus rotation parameter
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Fig.4A: Primary velocity versus magnetic parameter
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Fig.4B: Secondary velocity versus magnetic parameter

B. Temperature Profiles

Figures 5 and 6 illustrate the effects of Hall current and
rotation parameters on fluid temperature, it is observed that
Hall parameter does not have much significant influence on
fluid temperature as depicted in Figure 5. However reduction
in fluid temperature is noticed in the region0.2 <y <0.85.

The reduction in fluid temperature is traced to the fact that
inclusion of Hall parameter in the Navier-Stoke equation
reduces the fluid magnetic resistivity force as displayed in
Figure 2. In Figure 6 it is observed that increase in rotation
parameter does not have any remarkable effect on fluid
temperature. Figures 7 and 8 indicate that a rise in the values
of Joule heating and magnetic parameters result to a
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corresponding enhancement in fluid temperature. The rise in
fluid temperature is connected to the term that represents Joule
heating parameter in the energy equation; it is the product of
magnetic parameter and Brinkman number, and increase in
Brinkman number enhances fluid viscous dissipation. In
addition, viscous heating becomes more pronounced due to the
Lorentz heating effect from the magnetic parameter. The
collective effect of all these is the significant rise in fluid
temperature as illustrated in Figures 7 and 8.

3
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]
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Q0015 |
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00005 |
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Fig.5: Temperature versus Hall parameter
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Fig.6: Temperature profile versus rotation parameter
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Fig.7: Temperature profile versus Joule heating parameter
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Fig.8: Temperature profile versus magnetic parameter

C. Entropy Generation

Effects of Hall parameter, rotation parameter and Joule heating
parameter on entropy generation rate are shown in Figures 9,
10 and 11. Generally entropy generation is enhanced as the
parameters take higher values. As depicted in Figures 2A and
2B, Hall parameter raises fluid motion by supressing the
magnetic resistive force, the net effect is the increased entropy
production as shown in Figure 9. Similar explanation holds for
the effect of rotation parameter on fluid irreversibility, as
portrayed in Figure 10 entropy generation received a boost as
rotation parameter values increase. In Figure 11 it is
noteworthy to observe that entropy generation is slightly raised
at the centreline of the channel but the effect is not significant
at the channel walls as Joule heating parameter increases.

=:,‘!=1:BI=D.5:PI=D.?1:Q_=1 K: =2 J=2s=1 M :1}

m=0.5,1,1.5

02 04 0.6 08 107
Fig.9: Entropy generation versus Hall parameter
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Ns

K*=05,1,15

1.3
1.0

0.3

02 04 06 08 10 *

Fig.10: Entropy generation versus rotation parameter

=:.£ =1,Br=05Pr=071.0=1m=035 F1=2:s=1 M =J}
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Fig.11: Entropy generation versus Joule heating parameter

D. Irreversibility Ratio

02 0.4 0.6 08 107

Fig.12: Bejan number versus Hall parameter
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Figures 12 to 15 describe the influence of Hall parameter,
rotation parameter, Joule heating parameter and magnetic
parameter on fluid irreversibility ratio. Apparently Bejan
number is enhanced as each of the parameter increases. This is
an indication that heat transfer irreversibility dominates
entropy generation.
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0.0002

K*=05,1,15
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0.8

02 04 06 107

Fig.13: Bejan number versus rotation parameter
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Fig.14: Bejan number versus Joule parameter
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Fig.15: Bejan number versus magnetic parameter

V. CONCLUSION

An analytical investigation of Hall current and Joule
heating effects on entropy generation of rotating Poiseuille
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flow has been conducted. The obtained governing equations
are nondimensionalised and solved wusing Adomian
decomposition technique. The solution is used to determine
entropy generation rate and irreversibility ratio. Plots are
presented to explain the physics of the flow.

Flow with stationary channel plates maintained at constant
and equal temperatures is referred to as Poisuille flow. Such
flow has applications in the following areas; blood flows
through the arteries and human heart, motion of fluid in car
engine and the control of fluid speed by the application of
Lorentz force in metallurgical industry. In addition, the
discovery that heat transfer irreversibility dominates entropy
production would improve entropy generation minimization in
system design and manufacturing industries. This paper is
limited to heat transfer Poiseuille flow, future research can
include mass transfer and thermal buoyancy

From the results it is concluded that:
1. Hall parameter enhances both primary and secondary

velocity,

[\

. Rotation parameter increases secondary velocity but
decreases primary velocity,

3. Magnetic parameter decreases both primary and

secondary velocity,

~

. Fluid temperature is reduced by both Hall current and
rotation parameters while Joule and magnetic
parameter boost it,

5. Hall current, rotation and Joule heating parameters

induce entropy production,

6. Bejan number rises due to increase in Hall current,

rotation, magnetic and Joule heating parameters,
the of heat
irreversibility.

signifying dominance transfer
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