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HIGHER FRACTIONAL ORDER p-LAPLACIAN 

BOUNDARY VALUE PROBLEM AT RESONANCE 

ON AN UNBOUNDED DOMAIN 

 

Abstract 

In this work, we use the Ge and Ren extension of Mawhin’s 

coincidence degree theory to investigate the solvability of the 

p-Laplacian fractional order boundary value problem of the form 
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1. Introduction 

The aim of this paper is to establish the existence of at least one solution 

for the p-Laplacian boundary value problem 
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where ( ) RR →×∞+ 5,0:f  is an 1
L -Carathéodory function, α

+0D  is the 

fractional derivative of order α  of Riemann-Liouville type; ,43 ≤α<  

,0 21 +∞<ξ<<ξ<ξ< m⋯  R∈µi  for ,...,,2,1 mi =  ( )tA  is a function 

of bounded variation and the p-Laplacian operator is defined as ( ) =φ sp  

.1
11

,,2, 12 =+φ=φ> −−
qp

pss qp
p

 

When ,2=p  the differential operator in BVP (1.1)-(1.2) is linear and 

the results for such are obtained by using Mawhin’s coincidence degree 

argument. The fractional order p-Laplacian BVP (1.1)-(1.2) is nonlinear, 

since 2>p  and Mawhin’s continuation theorem can no longer be applied 

directly. 
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In [12], the authors obtained existence results for the following 

fractional order boundary value problem with linear differential operator on 

the half-line by using Mawhin’s coincidence degree arguments: 
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under resonant conditions  = =µm

i i1
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i ii1
,0  ( )

η
=

0
1ttdA  and 

( )
η

=
0

,0tdA  where ,R∈µi  ,43 ≤α<  ,2kerdim =L  3210 ξ<ξ<ξ<  

,∞<ξ<< m⋯  ( ),,0 ∞+∈η  ( )tA  is a continuous and bounded variation 

function on ( ),,0 ∞+  f is a Carathéodory function, and α
+0D  is the standard 

Riemann-Liouville fractional derivative. 

In this paper, the differential operator is nonlinear, hence we will utilize 

Ge and Ren extension of the coincidence degree theory for the existence 

result. 

Fractional order boundary value problems have wide applications in 

modelling processes in viscoelastic media, steady flow of gas, blood flow, 

electromagnetics, acoustics, control theory, electrochemistry, finance, and 

material science [6, 11, 13]. 

For some recent works on fractional order boundary value problems with 

a p-Laplacian operator on the half-line, where Ge and Ren extension of the 

coincidence degree was applied to establish the existence results, we refer to 

[4-9, 13]. 

The contribution of this paper is to extend the results in a linear            

case (1.3)-(1.4) to a p-Laplacian boundary value problem with a nonlinear 

differential operator. 
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2. Materials and Methods 

We state and prove some relevant lemmas. Let ( )
X

X ⋅,  and 
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W ⋅,  be any two Banach spaces such that 
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Let M be a continuous operator such that 

,: WXMdomM →⊂  
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where 
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The fractional order differential equation (1.1) can be written in abstract 

form as 

 ( ) ( ),tNxtMx =  (2.1) 

where 

( ) ( ( ( ))) ,0
′φ= α

+ txDtMx p  

( ) ( ( ) ( ) ( ) ( ) ( )),,,,,, 0
1

0
2

0
3

0 txDtxDtxDtxDtxtftxN
α
+

−α
+

−α
+

−α
+λ λ=  and .1=λ  

Definition 1 [3]. An operator WMdomXM →∩:  is said to be 

quasilinear if 

 (i) ( )MdomXMM ∩=Im  is a closed subset of W; 

(ii) { }0:ker =∈= MxMdomXxM ∩  is linearly homeomorphic to 

.n
R  

Definition 2. An operator WXT →:  is said to be bounded if 

( ) WUT ⊂  is bounded for any bounded subset .XU ⊂  Let MX ker1 =  

and 2X  be the complement space of 1X  in X such that .21 XXX ⊕=  

Also, let WW ⊂1  be a subspace of W and 2W  be the complement space of 

1W  in W such that .21 WWW ⊕=  Let 1: XXP →  be a projector, 

1: WWQ →  a semi-projector, and X⊂Ω  an open bounded set with the 

origin .0 Ω∈  
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Definition 3. If 1W  is a subset of a Banach space W, then the mapping 

1: WWQ →  is a semi-projector if 

QwwQ =2
   and   ( ) ,kQwkwQ =  for any Ww ∈  and .R∈k  

Definition 4. A linear operator ,: VVT →  where V is a vector space, 

is a projector if TvvT =2  for any .Vv ∈  

Lemma 5 [2]. Let ( ) .
2

sss
p

p
−=φ  Then RR →φ :p  satisfies the 
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p
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Definition 6 [3]. An operator λN  is said to be M-compact in Ω  if        

there exists a vector subspace ,1 WW ⊂  such that 11 dimdim XW =  and          

a compact and continuous operator, [ ] 21,0: XT →×Ω  such that for 

[ ]:1,0∈λ  

  (i) ( ) ( ) ( ) ;Im WQIMNQI −⊂⊂Ω− λ  
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(iv) ( ) ( ) ,, λλ −=λ⋅ XPIXT  where { }xNMxxX λλ =Ω∈= :  and 
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Theorem 7 [3]. Let ( )
X
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W

W ⋅,  be any two Banach 

spaces and X⊂Ω  be an open bounded set of X. Then the following 
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properties hold: 

(i) the operator WMdomXM →∩:  is quasilinear; 

(ii) the operator [ ]1,0,: ∈λ→Ωλ WN  is M-compact;  
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Proof. The corresponding homogeneous equation of (1.1)-(1.2) is 
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Integrating (2.3) with respect to t from t to ,∞+  we have 
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Conditions expressed in equations (2.6) and (2.7) are critical for the 

resonance of the BVP (1.1)-(1.2), where 
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Lemma 11. The following statement holds: 
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We have shown that { }0:Im 21 ==∈= wQwQWwM  for .Mdomx ∈  It 

is observed that the 2kerdim =M  and the MIm  is a closed subset of W, 

hence, M is a quasilinear operator. □ 
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From the results in (2.20)-(2.23) and by Definition 3, we see that Q is a 

semi-projector. □ 
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Lemma 13. If f is an ( )∞+,01
L  Carathéodory function, then 

WN →Ωλ :  is M-compact in Ω  for an open bounded subset X⊂Ω  

containing the origin. 

Proof. To show that λN  is M-compact, we verify all conditions of 
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−α
+

−α
+λ λ== 0

1
0

2
0

3
0 ,,,,,0  

.QNxλ=  

Hence,  

 .0=QNx  (2.24) 

Conversely, if ,0=QNx  then 

( ) ( ) 2
2

1
10 −α

λ
−α

λ ψ+ψ== txQNtxQNQNx  

( ( ) ( ) 1
221

1
122

−α
λ

−α
λ

−
−= txQNQdtxQNQd

D

e
t

 

( ) ( ) )2
211

2
112

−α
λ

−α
λ +− txQNQdtxQNQd  

[ tt
etQdetQd

D
−−α−−α −= 1

221
1

122
1

 

] xQNetQdetQd
tt

λ
−−α−−α +− 2

211
2

112  

.2 xQNλ=  
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Hence, .0=λxQN  

(iii) Let [ ] 21,0: XXT →×  be defined as 

( ) ( )txT λ,  

( ( ) ( )) ( ) ( )










 ττ−−+∞+φφ= 
∞+

λ
−α

+
−
+

−α
+

−
+

α
+

t
pq dxNQIxDIxDII 02

0
2

0
1

0
1

00  

( ( ) ( )) ,02
0

1
0

1
0

1
0 




+∞+− −α

+
−
+

−α
+

−
+ xDIxDI  (2.25) 

where [ ]1,0∈λ  and 2X  is the complement space of 1X  in X. 

From Definition 6(ii), .0=λxQN  

It is easy to show that ( ) ,00, =xT  hence, (6)(iii) is satisfied. 

(iv) For { },: xNMxxXx λλ =Ω∈=∈  

( ( ( ))) ( ( ) ( ) ( ) ( ))txDtxDDtxDtxtftxDp
α
+

−α
+

−α
+

−α
+

α
+ λ=′φ 0

1
0

2
0

3
00 ,,,,,  

( ) ,kerIm QMtxN ⊂∈= λ  

( ) ( )txT λ, ( ( ) ( ))








+∞+φφ= −α

+
−
+

−α
+

−
+

α
+ 02

0
2

0
1

0
1

00 xDIxDII pq  

( ) ( ) 




ττ−− 

∞+
λ

t
dxNQI  

( ( ) ( ))



+∞+− −α

+
−
+

−α
+

−
+ 02

0
1

0
1

0
1

0 xDIxDI  

( ) ( )02
0

2
0

1
0

1
0 xDIxDI

−α
+

−α
+

−α
+

−α
+ +∞+=  

( ( ( ))) 














 ′φ−φ+ 
∞ α

+
α
+

t
pq xDI 000  

( ( ) ( ))02
0

2
0

1
0

1
0 xDIxDI

−α
+

−α
+

−α
+

−α
+ +∞+−  
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( ) ( )02
0

2
0

1
0

1
0 xDIxDI

−α
+

−α
+

−α
+

−α
+ +∞+=  

( ( ( )) ( ( )))txDxDI ppq
α
+

α
+

α
+ φ+∞φ−φ+ 000  

( )
( )

( )
( ) .

1

0 2
2

01
1

0 −α
−α

+−α
−α

+
−αΓ−αΓ

∞+− t
xD

t
xD

 

Since ( ( )) ,00 =∞φ α
+xDp  

( ) ( ) ( ) ( ) ( ) ( )tPxtxDIxDIxDItxT −++∞+=λ α
+

α
+

−α
+

−α
+

−α
+

−α
+ 00

2
0

2
0

1
0

1
0 0,  

( ) ( ) ( ).00
2

2
1

1 tPxtxDItbtb −++= α
+

α
+

−α−α  

By Lemma 9, ( ) ( ) .2
2

1
100

−α−αα
+

α
+ −−= tbtbtxtxDI  

Thus, 

 ( ) ( ) ( ) ( ) ( ) ( )[ ]( )., txPItPxtxtxT −=−=λ  (2.26) 

For any ,Ω∈x  we have  

( )[ ]( )txTPxM λ+ ,  

[ ( ( )( ) ( ))]′λ+φ= α
+ txTPxDP ,0  

( ) ( ) ( ) ( ) 














 ττ−−φ++∞+φ= 
∞+

λ
−α

++
−α

++
t

qP dxNQIxDDxDD 02
0

2
0

1
0

1
0  

( ) ( )
′





 ττ−= 
∞+

λ
t

dxNQI  

( ) ( ).txNQI λ−=  (2.27) 

Definitions 6(iv) and (v) are satisfied. 

Next, we show that T is relatively compact for [ ]1,0∈λ  in the 

following steps: 

Step 1: ( ) ( )txT λ,  is uniformly bounded in X. 
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Step 2: ( ) ( )txT λ,  is equicontinuous on every compact subset of 

[ ).,0 ∞+∈λ  

Step 3: ( ) ( )txT λ,  is equiconvergent at infinity. 

Step 1. If X⊂Ω  is an open bounded set, then for any ,Ω∈x  there 

exists a constant 0>k  such that .kx
X

<  Since f is an 1
L -Carathéodory 

function, for a.e. [ )∞+∈ ,0t  and [ ],1,0∈λ  there exists [ )∞+Θ ,0:k  

[ )∞+→ ,0  such that 

( ) ( ( ) ( ) ( ) ( ) ( )) ( )ttxDtxDtxDtxDtxtfdtt kk Θ≤+∞<Θ α
+

−α
+

−α
+

−α
+

∞+

 0
1

0
2

0
3

0
0

,,,,,,  

and  

( ) ( ) ( ) ( )
∞+

λ +Θ≤−
0

.
WWk sQNxsdssxNQI  

Thus, for any ,Ω∈x  

( ) ( ) ( )
α≥ +

λ=λ
t

txT
xT

t 1

,
sup,

0
0

 

( ) ( )
α

∞+
λ

α
+

≥ +








 −−φ
=


t

dssxNQII
t

q

t 1
sup

0

0
 

[ ( ( ) )]
α

α
+

≥ +

+Θφ
≤

t

QNxsI WWkq

t 1
sup

0

0
 

( ) ( ( ( ) )),
1

1
WWkq QNxs +Θφ+αΓ≤  

( ) ( ) ( )
3

3
0

0
0

3
0

1

,
sup,

t

txTD
xTD

t +
λ=λ

−α
+

≥

−α
+  

( ( ) )
3

0
3
0

0 1
sup

t

QNxsII WWkq

t +

+Θφ
=

α
+

α−
+

≥
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( ( ) ) ( ) 






Γ+Θφ
+

=
≥ 33

1

1
sup

3

3

0
WWkq

t

QNxs
t

t
 

( ( ) ),
WWkq QNxs +Θφ≤  

( ) ( ) ( )
1

2
0

0
0

2
0

1

,
sup, −α

−α
+

≥

−α
+

+
λ=λ

t

txTD
xTD

t

 

( ( ) )



+Θφ

+
= −α≥

WWkq
t

QNxs
t

1
0 1

1
sup  

( ) ( ) 



−Γ× 

t
dsst

02

1
 

( ( ) ).
WWkq QNxs +Θφ≤  

Similarly, 

( ) ( ) ( )
2

1
0

0
0

1
0

1

,
sup, −α

−α
+

≥

−α
+

+
λ=λ

t

txTD
xTD

t

 

( ( ) )
WWkq QNxs +Θφ≤  

and 

( ) ( ) ( )txTDxTD
t

λ=λ α
+

≥
∞

α
+ ,sup, 0

0
0  

( ( ) ).
WWkq QNxs +Θφ≤  

Hence, ( )λ,xT  is uniformly bounded in X. 

Step 2. We show that ( )λ,xT  is equicontinuous on every compact 

subset of ( ).,0 ∞+  Let 0>A  and [ ]Att ,0, 21 ∈  such that, for 21 tt <  and 

[ ],1,0∈λ  we have 
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( ) ( ) ( ) ( )
αα +

λ−
+
λ

1

1

2

2

1

,

1

,

t

txT

t

txT
 

( ( ) )
WWkq Nxs φ+Θφ=  

( )
( ) ( )






















+
−−

+
−

αΓ×   α

−α

α

−α
2 1

0 0
1

1
1

2

1
2

11

1 t t
ds

t

st

t

st
 

( ( ) )
( )αΓ

φ+Θφ
≤ WWkq Nxs

 

( ) ( ) ( )
0

111

2

1

1

0
1

1
1

2

1
2

2

1
2 →










+
−−

+
−+

+
−×   α

−α

α

−α

α

−αt

t

t
ds

t

st

t

st
ds

t

st
 

as ,21 tt →  

( ) ( ) ( ) ( )
3
1

1
3

0
3
2

2
3

0

1

,

1

,

t

txTD

t

txTD

+
λ−

+
λ −α

+
−α

+  

( ( ) )
( )

( ) ( )











+
−−

+
−

Γ
+Θφ

=   ds
t

st

t

stQNxs t t
WWkq 2 1

0 0 3
1

2
1

3
2

2
2

113
 

( ( ) )
2

WWkq QNxs +Θφ
≤  

( ) ( ) ( )
0

111

2

1

1

0 3
1

2
1

3
2

2
2

3
2

2
2 →










+
−−

+
−+

+
−×  

t

t

t
ds

t

st

t

st
ds

t

st
 as ,21 tt →  

( ) ( ) ( ) ( )
1

1

1
2

0
1

2

2
2

0

1

,

1

,
−α

−α
+

−α

−α
+

+
λ−

+
λ

t

txTD

t

txTD
 

( ( ) )
WWkq QNxs +Θφ=  












+
−−

+
−×   −α−α ds

t

st

t

stt t2 1

0 0 1
1

1
1

2

2

11
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( ( ) )
WWkq QNxs +Θφ≤  

0
111

2

1

1

0 1
1

1
1

2

2
1

2

2 →









+
−−

+
−+

+
−×   −α−α−α

t

t

t
ds

t

st

t

st
ds

t

st
 as ,21 tt →  

( ) ( ) ( ) ( )
2

1

1
1

0
2

2

2
1

0

1

,

1

,
−α

−α
+

−α

−α
+

+
λ−

+
λ

t

txTD

t

txTD
 

( ( ) )
WWkq QNxs +Θφ=  












+
−

+
×   −α−α ds

tt

t t2 1

0 0 2
1

2
2 1

1

1

1
 

( ( ) )
WWkq QNxs +Θφ≤  












+
−

+
+

+
×   −α−α−α

2

1

1

0 2
1

2
2

2
2 1

1

1

1

1

1t

t

t
ds

tt
ds

t
 

( ( ) )
WWkq QNxs +Θφ=  

0
1111 2

1

1
2

2

1
2

2

1
2

2

2 →









+
−

+
+

+
−

+
× −α−α−α−α

t

t

t

t

t

t

t

t
 as ,21 tt →  

( ) ( ) ( ) ( )1020 ,, txTDtxTD λ−λ α
+

α
+  

( ) ( ) 






 −−φ= 
∞+

λ
α
+

α
+

2
00

t
q dssxNQIID  

( ) ( ) 






 −−φ− 
∞+

λ
α
+

α
+

1
00

t
q dssxNQIID  

( ) ( ) ( ) ( ) 






 −−φ−






 −−φ=  λ
∞+

λ
2

12

t

t
q

t
q dssxNQIdssxNQI  

( ) ( ) 






 −−φ− 
∞+

λ
2t

q dssxNQI  

( ) ( ) .as0 21
2

1

ttdssxNQI
t

t
q →→







 −−φ−≤  λ  (2.28) 
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Hence, ( )Ωλ,xT  is equicontinuous on every compact subset [ ]A,0  of 

[ ).,0 ∞+  

Step 3. We now show that ( )Ωλ,xT  is equiconvergent at .∞+  Let 

.Ω∈x  If  

( ) ( ) ( ) ( )
∞+

λ +Θ≤−
t

WWk sQNxsdssxNQI ,  

then ( )xqφ  is uniformly continuous on [ ],, hh−  where ( )
Wk sh Θ=  

( ) .
W

sQNx+  Hence, given ,0>ε  and for any ,Ω∈x  there exists 0>j  

such that, for ,js ≥   

( ) ( ) .ε<






 −φ 
∞+

λ
s

q drrxNIQ  

Since ,0
1

lim
1

=
+ α

−α

+∞→ t

t

t
 ,0

1
lim

3

2

=
++∞→ t

t

t
 0

1
lim

1
=

+ −α+∞→ t

t

t
 and 

,0
1

1
lim

2
=

+ −α+∞→ tt
 for given ,0>ε  there exists 01 >< jj  such that for 

any 121, jtt ≥  and [ ],,0 js ∈  we have 
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,

11 1

1
1

2

1
2 ε<

+
−−

+
−

α

−α

α
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t

st

t

st
   

( ) ( )
,

11 3
1

2
1

3
2

2
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+
−−

+
−

t

st

t
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( ) ( ) ε<
+
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+

−
−α−α 1

1

1
1

2

2

11 t
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t

st
   and   .

1

1

1

1
2

1
2

2

ε<
+

−
+ −α−α
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Thus, for ,, 121 jtt ≥  we have 
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αα +
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+
λ

1

2

2

2

1

,

1

,

t
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t
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α

∞+
λ

α
+

α

∞+
λ

α
+

+







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−
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





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t

dssxNQII

t
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t
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t
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( ( ) )
( )

( ) ( )





+
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+
−

αΓ
+Θφ

≤  α

−α

α
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WWkq
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t

st

t

stQNxs
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t
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t
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1
1 ε
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




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WWkq
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1
3

0
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2
3
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1

,

t
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t
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+
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3
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0
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t
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
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
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.

3

1

2 1 ε





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+Θφ
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WWkq

 

Similarly, 
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1

1

1
2

0
1

2

2
2

0

1

,

1

,
−α

−α
+

−α

−α
+

+
λ−

+
λ

t

txTD

t

txTD
 

( ( ) ) ,
2

1
1 ε






 ++Θφ≤ jQNxs

WWkq  
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1
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1
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−α
+

−α

−α
+

+
λ−
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λ

t

txTD

t

txTD
 

( ( ) ) ( )ε++Θφ≤ 11jQNxs
WWkq  

and 

( ) ( ) ( ) ( )1
1

020 ,, txTDtxTD λ−λ −α
+

α
+  

( ) ( ) ( ) ( ) 






 −−φ−






 −−φ= 
∞+

λ
∞+

λ
12 t

q
t

q dssxNQIdssxNQI  
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( ) ( ) ( ) ( ) 






 −−φ+






 −−φ≤ 
∞+

λ
∞+

λ
12 t

q
t

q dssxNQIdssxNQI  

.2ε=ε+ε<  

Hence, ( )Ωλ,xT  is equiconvergent at .∞+  Since ( )Ωλ,xT  is bounded, 

equicontinuous and equiconvergent at infinity, [ ] 21,0: XXT →×  is 

relatively compact. □ 

3. Results and Discussion 

In this section, we establish the existence of a solution of the BVP 

(1.1)-(1.2). 

Theorem 14. If f is an 1
L -Carathéodory function and the following 

assumptions hold: 

( )1H  ( ) ( ) 
=

−

=
=ξµ=µ==

m

i
ii

m

i
ittdAtdA

1

1

1

1

0

1

0
,0,1,0,1  

( )2H  ,021122211 ≠−= ddddD  

( )3H  there exist nonnegative functions ( ) ,Wtgi ∈  6...,,2,1=i  such 

that ( ),,0 ∞+∈∀t  
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( )
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1
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1
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1
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1111
−−α

−

−−α
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+
+

+
+

+
+

+
≤

p

p
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p

p

p

p
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t

wtg

t

wtg

t
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t

wtg
 

( ) ( ) ( ) ,,,,,, 5
543216

1
55 R∈++ −

wwwwwtgwtg
p

 

( )4H  there exists a constant 0>E  such that for any [ ),,0 ∞+∈t           

if ( ) EtxD >−α
+

2
0  or ( ) ,1

0 EtxD >−α
+  then either ( ) 01 ≠tNxQ  or 

( ) ,02 ≠tNxQ  
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( )5H  there exists 0>A  such that for Ab >1  or ,2 Ab >  where 

,, 21 R∈bb  either  

( ) ( ) 02
2

1
122

2
2

1
111 <+++ −α−α−α−α

tbtbNQbtbtbNQb  ( )aH5  

or  

( ) ( ) ,02
2

1
122

2
2

1
111 >+++ −α−α−α−α

tbtbNQbtbtbNQb  ( )bH5  

then the BVP (1.1)-(1.2) has at least one solution in X provided 

( ) ,1
2

1

6

1

1

1
2

1
15

1
14

1
13

1
12

1
11

42 <





 +++++αΓ

−−−−−− qqqqqq
ggggg  

if ,21 << p  or 

( ) ,1
2

1

6

1

1

1 1
15

1
14

1
13

1
12

1
11 <+++++αΓ

−−−−− qqqqq
ggggg   

if .2≥p  

Before proving the theorem, two lemmas are stated and proved. 

Lemma 15. If ( )3H  and ( )4H  are satisfied, then the set =Ω1  

{ },:ker\ xNMxMMdomx λ=∈  [ ]1,0∈λ  is bounded. 

Proof. Suppose .1Ω∈x  Then xNMx λ=  and ,0=λxQN  since 

.Im MxQN ∈λ  By Lemma 11, 

( ) ( ) ,2
2

1
10

−α−α∞α
+ ++







−φ=  tbtbdsswItx
t

q  

( ) ( ),00
2

2
1

1 txDItbtbtx
α
+

α
+

−α−α ++=  

( ) ( ) ( ) ( ) .
1

0
0

12
2

1
1 

α
+

−α−α−α −αΓ++=
t

dssxDsttbtbtx  
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Thus,  

( )
α

≥ +
=

t

tx
x

t 1
sup

0
0

 

( ) ( ) ( )
α

α
+

−α−α−α

≥ +

−αΓ++
≤


t

dssxDsttbtb
t

t 1

1

sup
0

0
12

2
1

1

0

 

( ) ,
1

1
01 ∞
α
++αΓ+≤ xDm  where ,211 bbm +=  

( ) ( )
3

3
0

0
0

3
0

1
sup

t

txD
txD

t +
=

−α
+

≥

−α
+  

( ) ( )
3

00
2

2
1

1
3

0

0 1
sup

t

txDItbtbD

t +
++=

α
+

α
+

−α−α−α
+

≥
 

,
6

1
02 ∞
α
++≤ xDm  where 

( ) ( ) ,1
2 221 mbb =−αΓ+αΓ

 

( ) ( )
1

2
0

0
0

2
0

1
sup −α

−α
+

≥

−α
+

+
=

t

txD
txD

t

 

( ) ( )
1

00
2

2
1

1
2

0

0 1
sup −α

α
+

α
+

−α−α−α
+

≥ +
++=

t

txDItbtbD

t

 

,
2

1
03 ∞
α
++≤ xDm  where ( ) ( ) ,1 321 mbb =−αΓ+αΓ  

( ) ( )
2

1
0

0
0

1
0

1
sup −α

−α
+

≥

−α
+

+
=

t

txD
txD

t

 

( ( ))
2

00
2

2
1

1
1

0

0 1
sup −α

α
+

α
+

−α−α−α
+

≥ +
++=

t

txDItbtbD

t

 

,03 ∞
α
++≤ xDm  

( ) ( ) .sup 0
0

0 txDtxD
t

α
+

≥
∞

α
+ =  (3.1) 
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Thus, by the assumption ( )4H  of Theorem 14, there exists a positive 

constant E for any [ ),,00 ∞+∈t  such that ( ) .00 EtxD <α
+  By ( )3H  of 

Theorem 14 and from the fractional order BVP (1.1)-(1.2), 

( ( ( ))) ( ( ) ( ) ( ) ( ) ( )),,,,,, 0
1

0
2

0
3

00 txDtxDtxDtxDtxtftxDp
α
+

−α
+

−α
+

−α
+

α
+ =′φ  

we have  

( )txDp
α
+φ 0  

( ( )) ( ( ) ( ) ( ) ( ) ( )) α
+

−α
+

−α
+

−α
+

α
+ λ−φ=

t

t
p dssxDsxDsxDsxDsxsftxD

0
0

1
0

2
0

3
000 ,,,,,  

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

∞+

−−α

−−α
+

−

−−α
+

−α

−







+
+

+
+

+
+φ≤

0 11

12
0

313

13
0

21

1

1
111

p

p

p

p

p

p

p
t

sxD
sg

t

sxD
sg

s

x
sgE  

( ) ( )
( )

( ) ( ) ( ) dssgsxDsg
t

sxD
sg

p

p

p






++

+
+ −α

+−−α

−−α
+

6
1

0512

11
0

4
1

 

( ) ( ) 







+αΓ+φ++φ≤ ∞
α
+xDmggE pp 011116 1

1
 







 +φ+






 +φ+ ∞

α
+∞

α
+ xDmgxDmg pp 03130212 2

1

6

1
 

( ) ( ).0150314 ∞
α
+∞

α
+ φ++φ+ xDgxDmg pp  

If ,21 << p  then 

(

 +++≤ −−−−

∞
α
+ 2

1
121

1
11

1
16

42
0 2 mgmggExD

qqqq  

( ) ) ( )

 ++αΓ+++ −−−− 1

12
1

113
1

14
1

13 6

1

1

1 qqqq
ggmgg  

  .
2

1
0

1
15

1
14

1
13 




+++ ∞

α
+

−−−
xDggg

qqq
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Hence, 

∞
α
+xD0  

( ( ) )

( )

.

2

1

6

1

1

1
21

2

1
15

1
14

1
13

1
12

1
11

42

3
1

14
1

132
1

121
1

11
1

16
42







 +++++αΓ−

+++++
≤

−−−−−−

−−−−−−

qqqqqq

qqqqqq

ggggg

mggmgmggE
 

(3.2) 

Similarly, if ,2>p  then 

∞
α
+xD0  

( )

( )
.

2

1

6

1

1

1
1

1
15

1
14

1
13

1
12

1
11

3
1

14
1

132
1

121
1

11
1

16







 +++++αΓ−

+++++
≤

−−−−−

−−−−−

qqqqq

qqqqq

ggggg

mggmgmggE
 

(3.3) 

Hence, 

{ ( ) ( ) ( ) ( ) }∞
α
+

−α
+

−α
+

−α
+= txDtxDtxDtxDxx

X 00
1

00
2

00
3

00
,,,,max  

( ) ( ) .1 021 ∞
α
++−αΓ+αΓ≤ xDbb  (3.4) 

Therefore, 1Ω  is bounded in X. □ 

Lemma 16. Suppose ( )5H  of Theorem 14 holds. Then { Mx ker2 ∈=Ω  

}MNx Im: ∈  is bounded. 

Proof. Let ,2Ω∈x  where ,2
2

2
1

−α−α += tbtbx  ., 21 R∈bb  Since 

,kerIm QMNx =∈  .0 21 NxQNxQ ==  By ( ),5H  it follows that 

Ab <1  and .2 Ab <  Hence, 
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{ ( ) ( ) ( ) ( ) }∞
α
+

−α
+

−α
+

−α
+= txDtxDtxDtxDxx

X 00
1

00
2

00
3

00
,,,,max  

( ) ( )






+++
= −α

−α
+

≥

−α
+

≥α≥
,

1
sup,

1
sup,

1
supmax

1

2
0

0
3

3
0

00 t

txD

t

txD

t

x

ttt

 

( ) ( )






+
α
+

≥−α

−α
+

≥
txD

t

txD

tt
0

0
2

1
0

0
sup,

1
sup  

( ) ( ) ( )


 αΓ−αΓ+αΓ+≤ 12121 ,1

2
,max bbbbb  

( ) ( ) ( )


−αΓ+αΓ−αΓ+ 0,1,1 212 bbb  

( ) ( )( ) .131
2

52
21 bb −αΓ++αΓ+≤  (3.5) 

Therefore, 2Ω  is bounded. □ 

Proof of Theorem 14. We have proved (i)-(iv) of Theorem 7. Lastly, we 

prove that the condition (v) of Theorem 7 holds by using the condition ( )5H  

of Theorem 14. Suppose 

( ) ( ) [ ]1,0,1, ∈λλ−+λ−=λ QNxJxxH  (3.6) 

and  

QMJ Imker: →  

is a homeomorphism such that 

 ( ) ( ) ( )[ ].222121212111
2

2
1

1 tbdbdbdbd
D

e
tbtbJ

t

+++=+
−

−α−α
 (3.7) 

Now, if ,ker Mx ∩Ω∂∈  where ( ) ,02
2

1
1 ≠+= −α−α

tbtbtx  then 

( ) 00, ≠= QNxxH  and ( ) .01, ≠−= JxxH  In other words, for 0=λ  or 

1, ( ) .0, ≠λxH  
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Suppose ( ) 0, =λxH  for ( ),1,0∈λ  with 

( ) .ker2
2

1
1 Mtbtbtx ∩Ω∂∈+= −α−α  

Then, from equations (3.6) and (3.7), we have 

( )212111 bdbd +λ  

( )[ ( ) ( )],2
2

1
1212

2
2

1
1111

−α−α−α−α +++λ−= tbtbNQdtbtbNQdI  

( )222121 bdbd +λ  

( )[ ( ) ( )].2
2

1
1222

2
2

1
1121

−α−α−α−α +++λ−= tbtbNQdtbtbNQdI  

If ,021122211
2221

1211 ≠−== dddd
dd

dd
D  then 

( ) ( ),2
2

1
111

−α−α +λ−=λ tbtbNQIb  

( ) ( ).2
2

1
122

−α−α +λ−=λ tbtbNQIb  

If ,, 21 AbAb >>  then from ( ),5aH  we obtain 

( ) ( )[ ( ) ( )] 0
2

2
1

12
2

2
1

1121 <+++λ−=+λ −α−α−α−α
tbtbNQtbtbNQIbb  

which is a contradiction. 

If ( )bH5  holds, then define 

( ) ( ) [ ].1,0,1, ∈λλ−−λ−=λ QNxJxxH  

By using a similar argument as above, we get a contradiction. Thus, 

( ) 0, ≠λxH  for ,ker Mx ∩Ω∂∈  [ ].1,0∈λ  Therefore, by the homotopy 

property of Brouwer degree, we obtain 

( ) ( )( )0,ker,0,deg0,ker,deg MHMQN ∩∩ Ω⋅=Ω∂  

( )( )0,ker,1,deg MH ∩Ω⋅=  

( )0,ker,deg Mj ∩Ω±=  
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







∆∆

∆∆±=
2221

1211

sgn
dd

dd

 

.01
1

sgn ≠±=







∆
±=  

Therefore, we conclude that the fractional order BVP (1.1)-(1.2) has at least 

one solution in X. □ 

4. Conclusions 

The study has investigated a higher fractional-order p-Laplacian 

boundary value problem with two-dimensional kernel on the half-line. By 

using Ge and Ren extension of coincidence degree theory and some assumed 

conditions, we proved that the fractional order BVP that is investigated has 

at least a solution. The result is new and an example was provided for 

illustration. 

5. Examples 

( ( ( ))) ( ( ) ( ) ( ) ( ) ( )),,,,,,
27

0
25

0
23

0
21

0
27

023 txDtxDtxDtxDtxttxD +++++ =′φ  

                                                     [ )∞+∈ ,0t  (5.1) 

subject to 

( ) ( ) ( ) ,0,000
27

0
21

0 =∞+== ++ xDxDx  

( ) ( ) ( ) ( ) −== ++
1

0

323
0

23
0 ,23,0 tttAtdAtxDxD  

( ) ( ) ( ),3322lim
25

0
25

0
25

0 xDxDtxD
t ++++∞→

+−=  
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( ( ) ( ) ( ) ( ) ( ))txDtxDtxDtxDtxxf
27

0
25

0
23

0
21

0 ,,,,, ++++  

( )
( )

( )
( )

( )
( )

( )
( )

.
115

sin

11015

sin

120

sin
23

25
0

4

25

23
0

2

3

21
0

4

27

4

t

txDe

t

txDe

t

txDe

t

txe
tttt

+
+

+
+

+
+

+
= +

−
+

−
+

−−
 

Here, 

,3,2,27,3,23,3,2,2 2121 =ξ=ξ=α===µ=µ= qpm  


=

=+−=µ
2

1

;132

i

i    
=

− =+−=ξµ
2

1

1 ,0
3

3

2

2

i

ii  

( ) ( )  =−=
1

0

1

0

2 ;163 dtttdA    ( ) ( )  =−=
1

0

1

0

3 .063 dtttttdA  

The BVP satisfies the condition ( ).1H  

Next, we compute the determinant of the matrix of coefficients, =D  

,21122211 dddd −  

( ) ( )   −=






−φ−=
∞+ −−α1

0 0

1
11 ,09312.1

t

r

s
q tdrdAdsesrtd  

  
=

ξ ∞+

ξ
− =







−φµ=
2

1
0

25
312 ,0958.2

i

s
i

i

i

drdsesd  

( ) ( )   −=






−φ−−=
∞+ −1

0 0

23
3

2
21 ,1658.063

t

r

s
drdtdssetrtd  

  
=

ξ ∞+

ξ
− −=







−φµ=
2

1
0

23
322 ,6423.0

i

s
i

i

i

drdssed  

.00496.121122211 ≠=−= ddddD  

Hence, the assumption ( )2H  holds. 
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Next, 


∞+ − ==

0

4
1 ;

80

1

20

1
1 dteg

t
L

   
∞+ − ==

0

4
2 ;

20

1

5

1
1 dteg

t
L

 


∞+ − ==

0

2
3 ;

20

1

10

1
1 dteg

t
L

   
∞+ − ==

0

4
4 ;

60

1

15

1
1 dteg

t
L

 

.0,0 11 65 ==
LL

gg  

Since ,2<p  we have 























+






+






+














 +Γ

= −−
2222

4642

60

1

20

1

2

1

20

1

6

1

80

1

1
2

7

1
22

q
 

( ) .101507.0003768.04 <==  

Assume ( ) EtxD >+
23

0  for [ )∞+∈ ,0t  and any ,Mdomx ∈  from the 

continuity of ( ),
23

0 xD +  either ( ) EtxD >+
23

0  or ( ) EtxD −<+
23

0  if .25=E  

If ( ) EtxD >+
23

0  holds for any ,Mdomx ∈  then 

( )tNxQ1  

( ) ( ) ( )   






−φ−=
∞+1

0 0

t

r
q tdrdAdssNxrt  

( ) ( )  






 +





 −−−−φ−−>

∞+ −−t

r

ss
dsdrdtEeetrt

0

24
3

2 10
15

1

5

1

20

1
63  

( ) ( )  >=







−






−−= −−1

0 0

4
2

42 .0039643.0
16

25

240

19
63

t
rr

drdteetrt  

Similarly, if ( ) EtxD >+
25

0  for [ ),,0 ∞+∈t  then either ( ) EtxD >+
25

0  or 

( ) .
25

0 EtxD −<+  Suppose that ( ) ,
25

0 EtxD >+  for [ ).,0 ∞+∈t  Then 
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( ) ( ) ( )   






−φ+






−φ−=
∞+∞+2

0

3

0 3
3

2
32 32 drdssNxdrdssNxtNxQ  

  













 −φ−>

∞+ −−3

0 2

24
3 10

1

60

19
2 drdsEee

ss  

  













 −φ+

∞+ −−3

0 0

24
3 10

1

60

19
3 drdsEee

ss  

.0002005.0 >=  

Since ( ) 01 ≠tNxQ  and ( ) ,02 ≠tNxQ  condition ( )4H  is satisfied. Lastly, 

let ,18=A  for any ., 21 R∈dd  If 1b  or ,27,1 =α> Ab  then 

( ) ( )2
2

1
12

2
2

1
11

−α−α−α−α +++ tbtbNQtbtbNQ  

( ) ( )23
2

25
12

23
2

25
11 tbtbNQtbtbNQ +++=  

( ) ( ) ( )   






−φ−−=
∞+1

0 0

263
t

t
q drdtdssNxrtt  

( )  
=

ξ ∞+

ξ







−φµ+
2

1
0

i

qi
i

i

drdssNx  

( ) ( ) ( ) ( )( )   

















Γ+Γ−φ−−>

∞+ −
−1

0 0

2
4

3
2 2527

1060

19
63

t

r

s
s

drdtdsAA
e

ertt  

( ) ( )( )  
=

ξ ∞+ −
−





Γ+Γ−φµ+

2

1
0 0

2
4

3 2527
1060

19

i

s
s

i
i

drdtAsA
e

e  

( ) ( ) ( )  







++−−=

−
−1

0 0

2
42 26922991

10006000

475
63

t r
s

r
e

ertt  

( ) drdtr
e

e
r

r








+−×

−
− 26922991

10006000

475 2
4
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 +−
2

0

3

0
000836.03025231.02 dsds  

00836.09025231.04576.19 ×+×−=  

.055.19 >=  

Thus, ( ) ( ) .023
2

25
12

23
2

25
11 >+++ tbtbNQtbtbNQ  Hence, the condition 

( )bH5  holds. Consider the BVP (5.1). Since all conditions of Theorem 14 

are satisfied, the fractional boundary value problem has at least one solution              

in X. 
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