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Abstract

In this work, we use the Ge and Ren extension of Mawhin’s
coincidence degree theory to investigate the solvability of the
p-Laplacian fractional order boundary value problem of the form

r

(@, (Dpsx(1)))

= (e x(1). DG x(1), D *x(e). DG (o). Dfx(r)). 1 0(0, +o0),
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x(0)=0= Dg;3x(0), DSJ: x(0 I DSy 2x(t

lim D&_ x(t ZM,D(H. x(&;), D€+x(°°) =0,

t - +oo

" 1 1
where 3 <o <4. The conditions Io dA(t) =1, J.o tdA(t) = 0,

m m
z M; =1 and z p.iEi_l = 0 are critical for resonance.
i=1 i=1

1. Introduction

The aim of this paper is to establish the existence of at least one solution

for the p-Laplacian boundary value problem
(@p(DGx(1)) = £ (&, x(2). DG x(), DG x(2),

D& (1), DS x(¢)), ¢ 0(0, +w), (1.1)

(0) =0 = DE3x(0), DY (0 j DY 2x(r) dA(r),

lim D& x(t Zu,DO+ x(&;), D§,x(e) =0, (1.2)
t — +oo
where f : (0, +o) xR’ o R isan I! -Carathéodory function, Dg+ is the
fractional derivative of order o of Riemann-Liouville type; 3 < a < 4,
0<& <& <<, <+oo, K, OR fori=1,2,...,m, A(t) is a function

of bounded variation and the p-Laplacian operator is defined as @, (s) =

_ _ 1
|S|p 2S7p>27(pp1:(pq7;+ =1.

1
q
When p = 2, the differential operator in BVP (1.1)-(1.2) is linear and

the results for such are obtained by using Mawhin’s coincidence degree
argument. The fractional order p-Laplacian BVP (1.1)-(1.2) is nonlinear,
since p > 2 and Mawhin’s continuation theorem can no longer be applied

directly.
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In [12], the authors obtained existence results for the following
fractional order boundary value problem with linear differential operator on

the half-line by using Mawhin’s coincidence degree arguments:

DS, x(t) = f(t, x(r). D§3x(2), D2 x(r), DS x(2)), ¢ 0(0, +), (1.3)
x(0)=0= D8+_3x(0), Dg: x(0 ZU:DO+ x(&

_ n _
DS x(+o0) = J . DY 2x(¢)dA(r), (1.4)

under resonant conditions Z =1, Zl | Mi & =0, J-n tdA(t) =1 and

[ da(e) =0, where p; DR, 3<a <4, dimkerL =2, 0<& <& <&

<0<, <o, nO (0, +00), A(t) is a continuous and bounded variation

function on (O, + 00), f1is a Carathéodory function, and D8(+ is the standard

Riemann-Liouville fractional derivative.

In this paper, the differential operator is nonlinear, hence we will utilize
Ge and Ren extension of the coincidence degree theory for the existence
result.

Fractional order boundary value problems have wide applications in
modelling processes in viscoelastic media, steady flow of gas, blood flow,
electromagnetics, acoustics, control theory, electrochemistry, finance, and
material science [6, 11, 13].

For some recent works on fractional order boundary value problems with
a p-Laplacian operator on the half-line, where Ge and Ren extension of the
coincidence degree was applied to establish the existence results, we refer to
[4-9, 13].

The contribution of this paper is to extend the results in a linear
case (1.3)-(1.4) to a p-Laplacian boundary value problem with a nonlinear
differential operator.
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2. Materials and Methods

We state and prove some relevant lemmas. Let (X, [, ) and

(W. ||l ) be any two Banach spaces such that
X = {x(1) D [0, + ) (x(e). DEZ (). DGZx(0)

DG 1x(r), DGx(1)) 0.0, + o), sup 2 < 1

501+ 1%
Sup| D(C)X+ x(;)| < +oo, sup|Dg+—X(t)| < +oo,
S 1+l‘3 >0 ]+tG_

a-1
SUPM < +oo, sup| Dgx(t)| < +oo}
20 1+9 120

and W = [! (0, +c0) with norms
el = max] <) . | D x(0) [,

| D8 2x() g Il DG+ x(1) g | DGx(2) o}

[wlly =l wl,1, where
| x(2)| a-3 ] Da_3x(t)|
x(1) ], = sup . | DG x(2) ]|y = supt—L,
60l 120 1+ 1% I Do+ l 20 142
” DO(—2x(;) ” = SUPM ” DY x( )” — supm
0 50 1497 or 0 50 149727

+o00
| Dyx0) ly = sup| DEx(0)] and [y = [ ).
t=20

Let M be a continuous operator such that

M :domM OX - W,
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where

domM ={x0 X : x(0) =0 = DJ;>x(0),

Dg2x(0) = | 01 DS 2x{1)dA(r),

M
lim, _ e DS x(0) = Y WG x(E;). Dfx(+e0) = 0}.
i=1

The fractional order differential equation (1.1) can be written in abstract
form as

Mx(t) = Nx(t), 2.1)
where

I

Mx(r) = (9, (Dg4x(1)) .

Nyx(r) = Af (2, x(2), Dg;3x(t), Dgfzx(t), Dg;lx(t), D§x(t)), and A =1.

Definition 1 [3]. An operator M : X (\domM - W is said to be

quasilinear if
(i) ImM = M(X N dom M) is a closed subset of W,

(i) kerM ={x0 X NdomM : Mx = 0} is linearly homeomorphic to
R".

Definition 2. An operator 7 : X - W is said to be bounded if
T(U) O W is bounded for any bounded subset U [J X. Let X; = ker M
and X, be the complement space of X; in X such that X = X; [] X,.
Also, let W; O W be a subspace of W and W, be the complement space of
W, in W such that W =W, []|W,. Let P:X - X; be a projector,

Q0 :W - W asemi-projector, and Q [1 X an open bounded set with the
origin 0 O Q.
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Definition 3. If W] is a subset of a Banach space W, then the mapping
Q0 :W - W is asemi-projector if

0*w = Qw and Q(kw) = kQw, forany w OW and k OR.

Definition 4. A linear operator 7 : V — V, where V is a vector space,
is a projector if T?v = Tv for any v V.

Lemma 5 [2]. Let @,(s) =|s |p_2s. Then @, :R — R satisfies the
following properties:

(i) @, is continuous, monotonically increasing, and invertible

1 _ 1.1 _ .
((pp _(pq’ ;+E_Lf0rq >1)’
(i) @,(x +y) <@, (x) + @, (), if 1< p <2

(ii) @y (x + ¥) < 2779, () + @, (1)), if p > 2.

Definition 6 [3]. An operator N, is said to be M-compact in Q if
there exists a vector subspace W O W, such that dimW; = dim X; and
a compact and continuous operator, T : Q X [0,1] - X, such that for
AO[o, 1)

i) (I -Q)N\(Q) O ImM O (I - Q)W;

(i) ON x =0 = ONx =0, A O(0, 1);

(iii) T(GJ0) is the zero operator;

(iv) T@MN)| X5 = (I = P)| Xy, where X ={x0Q : Mx = Nyx} and

V) M[P +T(IN)] = (I = Q)Ny.

Theorem 7 [3]. Let (X, | [ﬂx) and (W, | EﬂW) be any two Banach
spaces and Q [0 X be an open bounded set of X. Then the following
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properties hold.
(i) the operator M : X NdomM — W is quasilinear,
(ii) the operator Ny : Q — W, A 0[0, 1] is M-compact;
(i) ONx # 0, Ox Oker M ) 0Q;
(iv) Mx # Nyx, A O[0, 1], x 0 0Q;
(v) deg{JON, QN kerM, 0} #0, where the operator J :W; - X,

is a homeomorphism such that J(0) = 0 and the degree is the

Brouwer degree,

then the operator equation Mx(t) = Nx(t) has at least one solution in

QNdomM.

Lemma 8 [1]. If a 0 (0, +), then the general solution of the fractional
differential equation Dx(t) = 0 is x(t) = bt® “ bztO(_2 +o b0

where b UR, i =1, 2,..,n and n = [O(] + 1 is the smallest integer greater

than or equal to d.

Lemma9. Let n > 0 and m = [n] + 1. Assume that 13" f O A™[0, b].
Then

—_

3

n—k-1
16D+ f(x) = f(x) = ﬁ tim Dy (2). @)
. !

>~
1

m m
Lemma 10.7f Sy, = 1, 3 7! =0, JédA(r) =1 and J;tdA(t) =0,
i=1 i=1

then ker M ={x OdomM : x(t) = blta_l + bzta_z, by, by OR, t (0, )}
and dimker M = 2.

Proof. The corresponding homogeneous equation of (1.1)-(1.2) is

(0,(DE:x(1))) = 0. (2.3)
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Integrating (2.3) with respect to ¢ from ¢ to +o, we have

@, (D x(+e0)) = @, (DG x(1) = 0

and
@, (Dg+x(1)) = @, (Dgsx(+0)).
Hence,
D{x(t) = DGy x(+0) = 0.
Thus,

D§yx(t) = 0. (2.4)
Given that 3 < a < 4, by Lemma 8, the solution of (2.4) is
x(1) = bt byt + by + bt® 74 by, by, by, by OR.
By applying the boundary condition of (1.2), we obtain
x(0)=0=1b, =0.
Then x(t) = by + by® ™% + by " 3. Also,
D§x(r) = DY (T + by + by ),
D83x(0) =0 = by = 0.

Thus,
x(t) = by + byt @2, (2.5)

By applying the boundary conditions (1.2) to (2.5), we have

1 _ 1 _
IO dA(r) = 1, I | 1dA) =0 (2.6)

and

m

dui =l i e =0. 2.7
i=1

i=1
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Conditions expressed in equations (2.6) and (2.7) are critical for the

resonance of the BVP (1.1)-(1.2), where
ker M = {x(t)|x(r) = byt® " + byt%72, by, by OR, 1 O(0, +o0)}.
Since ker M depends on two coefficients, dimker M = 2.

In this paper, we assume (H,):

m m
[a0=1 [ ua=o. Yw =1 ;uig;lzo,

i=1
Lemma 11. The following statement holds:
ImM ={wOW : Qw = Q,w = 0},
where

Ow = J; J(: (r- r)%(—]jo w(s)dsjdrdA(t),

m E-i ©
= . - ds |d
o= 3w, o~ s ar
and the operator M : domM O X — W is quasilinear.

Proof. If w [0 Im M, then there exists x(t) O dom M such that

1

(@, (DG+x(2))) = w(r). 1 D0(0, +oo).

Integrating (2.8) with respect to ¢ from ¢ to +oo,

op (DI = [ wls)as,

+o00

?p (DG x(+00)) = ¢, (DS x(t)) = I w(s)ds.

t

(2.8)

By the boundary condition (1.2), @, (D§'yx(+00)) = 0 since DFyx(+) =0

and @,(0) = 0. Thus,
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®, (Dg+x(t)) = —I:m w(s)ds,

DSx(r) = cpq(—j:m w(s)dsj. (2.9)

Hence,

+00
1§+ DSx(t) = Ig+(pq(—L w(s)dsj + blta_l + bzta_z,

x(t) = 13‘+<pq(—J " w(s)dsj + byt %!+ byt 92 (2.10)
t

Applying the boundary conditions (1.2) to (2.10), we obtain

a-1)= jl [ = ro[ - [ 7 wls)as Jaran(0) + bor (@ - 1),

04Jo 7\ Ji
Thus,
1 pt 00
JO JO (r- r)%(—jt w(s)dsjdrdA(t) =0=Qw. (2.11)

By applying the boundary condition
llm D§y x(t) Z U1D0+ x(&

with (2.10), we have

b = Z UiJ.OEi (pq(—J.: w(s)dsjdr + by.
i=1 !

Hence,

iul'[z’cpq(j (s)dsjdr—o 0w. 2.12)

l
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We have shown that ImM ={w O W : Qw = Q,w = 0} for x O dom M. It
is observed that the dimker M = 2 and the Im M is a closed subset of W,

hence, M is a quasilinear operator. (]
Throughout this study, we assume (H,):

D =(0¢® e 0, %) = (0xt* e " e ™) 1= dyydoy — dyndyy £ 0,

where

ow = I; I(Z (t - r)¢q(—jt+w w(s)dsjdrdA(t)

and

+00

Oyw = Zulj %( I

l

w(s)dsj dr

Lemma 12. If operators P: X — X; and Q :W — W are defined as

_ D§ ' x(+0) o1, D§x(0) o-
P = ey ey

(2.13)

and
Ow = Pyw(t) %7 + goyw(r) 3% 72, (2.14)
where
Yyw = % (dxQw = dy1Qow)e™,  Wow = % (=d1201w + d;10ow), (2.15)

then Q is a semi-projector.

Proof. We make the following computations to prove the lemma:

(W1(dpow® ™ = dy10pwt® 1)) e™

@|~

Wy (gyw)r !

D(Wyw) = Wyw, (2.16)

@|~
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Wy (W)@ 2 = 2

o~

[o(w,w) =0,

|-

Wy (W)@ =

L o(gw) = 0,

>]

W)@ = L (=0 ()12 + dy Qs (W) )™

= % D(Yyw) = Yyw.
From results in (2.16)-(2.19), we have
0% = (W)™ + (W) 7?)
= (Ww) B + (W)t 72 = Ow.

Next, for any k& [ R,

1 _
Wikw = ) (dpQrkw = dy1Qokw)e™

(dap 0w = dy1Qyw)e™" = kyw,

o=

Hence,

Okw = Yrkw T%7 + Yokw %72

= (yw oo+ Wow D’G_Z) = kQOw.

) (d20) (Waw)1® ™2 = d1 05 (Wow)1® " 2)e™

(=dy20y (W)t ™ + dy 105 (Wyw)e® e ™

(2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

From the results in (2.20)-(2.23) and by Definition 3, we see that Q is a

semi-projector.

O
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Lemma 13. If f is an Ll(O, +0) Carathéodory function, then
Ny :Q - W is M-compact in Q for an open bounded subset Q O X

containing the origin.

Proof. To show that N, is M-compact, we verify all conditions of

Definition 6.
(i)
O(I = Q) Ny (x) = ONy (x) = Q*Ny (x) = ONy (x) = ONy (x) = 0.

Hence, (I —Q)Ny(x) O ImM. Also, for wOImM, Qw =0. Thus,
w OkerQ, i.e., wO (I = Q)w. Hence, ImM O (I = Q)w. Therefore,

(1= Q)Na(x) D ImM O (1 - Q)w.
(i) Let ONyx = 0 for A O (0, 1). Then
ONyx = 0 = OV (r, +(0), DG 3+(0), DG 24(0), D). Dx(1))
= AONx.

Hence,
ONx = 0. (2.24)

Conversely, if ONx = 0, then

ONx = 0 = Py (ONyx)1% 7! + P, (ONyx)1% 2

= € (400N = 3103 (OM )i
= dir 0y (ON)X)1" 7% + d} 105 (ON) )17 )
= % [d2,01t%7'e™ = dy 10yt e ™
— dpOt® e + dy0xt" 2T | ONyx

= 2QN)\X.
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Hence, ON)x = 0.
(iii) Let T : X x[0, 1] - X, be defined as

T(x, A\)(z)

- I&[mq[cpp(zaiag:lx(+ )+ 15208724000 - [ 1 - ) myato)r

(1LDg () + Iaiag:zx(o»} 2.25)

where A [0, 1] and X, is the complement space of X; in X.
From Definition 6(ii), ONyx = 0.
It is easy to show that T(x, 0) = 0, hence, (6)(iii) is satisfied.

(iv) For x O X ={xD§:Mx=N;\x},

(0, (D§4x(1))) = Af (e, x(2). D§Tx(2). DS, DG x(r). DEx(r))

= Nyx(t) OIm M O ker Q,

T(x, M) (1) = Iéi[cpq[cpp (Ig+DG+ x(+e0) + 157 DG x(0))
_ L*“’ (I - Q)N;\x(r)dTJ

(13108 5 (o) + IaiDg:zx(o»}
= I(()]-I-_

w18 0 -] (0,(0840)) )

= (167" D§ T x(+e0) + 1§52 DET2x(0)

lD8(+_1x('*'°°) + Ig+_2D(()]+_2x(0)



Higher Fractional Order p-Laplacian Boundary Value Problem ... 75

= 1§+ ' D x(+e0) + 1672 D x(0)

+ 15+9, (=0, (DG+x()) + @, (Dgsx(1))

3 D8‘+_1x(+°°) a-1 _ DS‘IZX(O) a-2
Ma) Mo -1) :

Since @, (Dg+x(x0)) = 0,

T(x, A)(¢) = 165 DT x(+ e0) + 187 2D 2x(0) + 184 Dx(r) = P(t)

= byt 4 by + 18, D8, x(0) ~ (Px) (1),

By Lemma 9, I$,D8,x(1) = x(t) = byt® ™! = byr® 72,

Thus,

T(x. N) () = x() = (Px)(e) = [( = P)x] (¢). (2.26)

For any x U 5, we have

M[Px + T(x, N)](¢)

= [@p(DS (Px + T(x, ) ()]

+00
= o Db Dt )+ DRDET0) + - 71 - @Mt
t

U

- [ | t+°°(1 - Q)N)\x(r)dr}

= (I = Q) Nyx(z). (2.27)
Definitions 6(iv) and (v) are satisfied.

Next, we show that T is relatively compact for A O[0, 1] in the

following steps:

Step 1: T(x, A)(¢) is uniformly bounded in X.
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Step 2: T(x, A)(¢) is equicontinuous on every compact subset of
A O]0, +).

Step 3: T(x, A)(¢) is equiconvergent at infinity.

Step 1. If Q O X is an open bounded set, then for any x 0 Q, there
exists a constant k > 0 such that || x|, < k. Since fis an L' -Carathéodory

function, for a.e. t [0, +) and A 00, 1], there exists O : [0, +o)

- [0, +o0) such that

+o00
IO Oy ()t < +eo, | (1, x(1). D x(1). D *x(2), DG x(1), DEx(1))| < ©, (1)
and

[, 716 = @Mas(9)ds < 105) y + 1 QN

Thus, for any x [ 5,

| 7(x, M) (1)

T(x, A = sup
17 Al 20 1+ °

I&mq[— [“u- Q)NAx(s)ds]

a

= sup
=0 1+¢

w0, Oy + 10Nl )
B =0 1+

o @l Oy +1 2Nl ),

<

a-3
DB TG ) ()

DE3T(x, M) ||, =
| Do+ T(x, N) |, sup T4

" | 16721649, (1 Ok (5) Iy + 11 ONx ) |
=0 1+ t3
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o 1
= sup (1@l +1 0Ny ) 3y

< @, (1 0k () Iy + 11 ONx Iy, ).

a-2
” D8:2T(x, )\) ”0 — sup| DO+ T(X, )\)(l)|
120 1+971

1
Hwﬁ?qhﬂﬁwm+wmh)

=0

1 ¢t
X mJ.O (t - s)ds}

< @, (10 (s) lly + 1 ONx [y )-

Similarly,
_ DS (x, \) (1))
DS'T(x, M) =sup| 0+ :
” 0+ "O £20 1+ta—2
< @, (1 0k (s) Iy + 1 ONx Iy, )
and

| DG+T(x. N[, = supll DT (x. A) (1) |

t=20

leo

< @1 Ok ()l + Il QNx Iy, )-

Hence, T(x, A) is uniformly bounded in X.

Step 2. We show that T(x, A) is equicontinuous on every compact

subset of (0, +o0). Let A >0 and ¢, t, 0[0, A] such that, for #; < t, and
A0 [O, 1], we have
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T(x, A (1) _ T(x A) ()

1+ 1+

@y (| Ok (s) Iy + 1l @V )

X[F&H[I:

_ %00y *evely)

Uz‘SW_I_J”(ﬁ‘Sw_I
0

1+ 1+

- M(a)
1 -1 1
y J-tz (ty — 5)* J +J't1 (t, — s)° (4 —s)° gl o
n 1+ 0] 1+ 1+14

DET(x, M) (1) _ DT (x M) (1)
1+1 1+

I&Oz—s Iﬁ(q—sf

0, (101 () + | ONx [y,)
1+t 1+t

r)

d

= 919k (s) Iy + 1OV ly )

2
t —s)? £ - s)? - s)
DEIT(x, M) (5) _ DS2T(x, M) (1)
1+ 571 1+

= 0, (1 ©k(s)lly + 1 ONxlly, )

% J'tl I —s _J‘tl H-—s
0 1+870 Jo 40t

.
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< 019k (s) lhy + 1 QNx [y )
%) n
dINF= e

D+ 'T(x, M) () _ DG 'T(x, A) (1)

1+1§72 1+472
dsJ
1 1

= @ (1 Ok (s)ly + [ ONx )
14872 142

IZ_S h—s

Iy —s _
1+l (‘11

1+:871

dSJ - 0 as n - 1,

J'H 1
0 1+872 Jo 144072

< ¢, (1 Ok (s)lly + 1 ONxly)

I, a+f)
X +
n 0

= @, (1 Ok (s) Iy + 1 ONx )

.

hoo,_h |
- - 0 as nh - b,
[1+z BT S 1+t1°‘_2J
| DG+T(x, M) (12) = DG+T (x, N) (1)

- ‘ D8+Ig+(9q(_Jt2m (7 - Q)N)\x(s)dsj

1+5° 21+

+o00
- DngIng%(_Ll (1 - Q)N)\x(s)dsj

_ (pq[_ [ :° (I - Q)N)\x(s)dsJ - (pq(— | : (I - Q)N)\x(s)ds]

~a (-] U -0mat)as )

- 0 as n - . (2.28)

< ‘ —cpq(— | f (1- Q)NAX(S)dSJ
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Hence, T(x, )\)5 is equicontinuous on every compact subset [0, A] of
[0, +e0).

Step 3. We now show that T(x, A\)Q is equiconvergent at +co. Let
xOQ. If

[716 = @Mas(s) s <@y +1 QM)

then @,(x) is uniformly continuous on [~h, h], where h = |©(s)ll,

+ || ONx(s) |- Hence, given € > 0, and for any x 0 Q, there exists j > 0

such that, for s = j,

+o00
(pq( [CE I)N)\x(r)drj <e
S
a-1 2
Since lim =0, Ilim =0, lim =0 and
toeo ] 4 9 [oo ] 4 g3 too ] 4 07
lim 1 =0, for given € > 0, there exists j; < j > 0 such that for
l—>+°°1+ ta—2
any #;, t, = j, and s O [0, j], we have
(=9)""" _(n=9)"" <e (=) (1 -s) <e
1+ 18 1+ 1+1 1+
s _ai)l -4 _O(S—)l <& and 10(—2 - la—z <&
1+l2 1+l1 1+l2 1+l1

Thus, for 1, 1, = j;, we have

T(x, M) (1) _ T(x, A)(22)
1+15 1+

1&%[— J . u- Q)NAX(S)dS] ] 18:%[— J . u- Q)NAX(S)dS]

1+ 5 1+
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J

(r, - S)a_l _ (- S)a_l

<qﬂ@mmwwmmh
: (@

0 1+ 1+ 1]

|

a-1 _ o-1
+ J'tZ (l2 - S) ds — n (l2 S) ds

a1+ a1+

2Ol hovly) 1),

ds

DG T(x, M) (1) _ DG T(x, M) (1)
1+13 1+
+ 00 +oo
I+ @yl =| (I =Q)Nax(s)ds | Lo+, =| (I = Q)Nyx(s)ds
— 1 §) _ al
1+13 1+

< ®ull Ol I OVely) 1)

- 2 3
Similarly,
DS (5 N) (1) _ DT \) (1)
1+:871 1+ 07!
. 1
< 0,10y +lonxly) i +5
DEIT(5 \) (1) _ DT (M) (1)
1+:972 1+ 072
< @1 Ok (s) Iy + 1 ONx [y, ) (i + 1e
and

| DT (x, A)(12) = D§'T(x A) (1) |

%(‘J: (7 - Q)NAX(s)dsJ - (pq(_J:o (1 - Q)N;\x(s)dsJ

81
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< +

o] - Mt

o] U - Mt

<g+¢g=2¢
Hence, T(x, )\)5 is equiconvergent at +oo. Since T(x, )\)5 is bounded,
equicontinuous and equiconvergent at infinity, 7 : X %[0, 1] - X, is
relatively compact. (]

3. Results and Discussion

In this section, we establish the existence of a solution of the BVP
(1.1)-(1.2).

Theorem 14. If f is an L -Carathéodory function and the following

assumptions hold:
1 1 m m -1
(H) [ dA(r) =1 [ dA() =0, 3w =1 D ug " =0,
i=1 i=1

(Hy) D =dydy, - dypdy; # 0,

(H3) there exist nonnegative functions g;(t)0OW, i=1,2,.., 6 such
that Ot O (0, +),

| f(t, wp, wy, ws, wy, ws)|

ca@OIm "™  ea@lwa [P g3 wsl” | gal)wal””
(1 + ta)p—l (1 +t3)p—l (1 + tu—l)p—l (1 + ta—Z)p—l

+ gS(t)| WS |P_1 + 86(t)’ (Wl’ wo, W37 Wy, WS) O RS’
(Hy) there exists a constant E >0 such that for any t 0[0, +o),

if |D8+_2x(t)| >FE or |D8(+_1x(t)| > E, then either QNx(t) #0 or
Q2NX(I) * 0,
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(Hs) there exists A >0 such that for |by| > A or |by| > A, where
by, by O R, either

BON (Bt + byt ) + BN (bt + 02 <0 (Hs,)
or
DN (bt® ™! + byt 72) + b, 0, N (b ! + 5y 72) > 0, (Hsp)

then the BVP (1.1)-(1.2) has at least one solution in X provided

2g-4 1 -1, 1 -1, 1 -1 -1 -1
2 el el gl e 7+ el laalf +l g™ )<

if1<p<2 or
T e T e T e 0 s [ <
ECED LA I LR P LR 4l LI

if p=2.
Before proving the theorem, two lemmas are stated and proved.

Lemma 15. If (H3) and (H,) are satisfied, then the set Qp =
{x OdomM\ker M : Mx = Nyx}, A O[0, 1] is bounded.

Proof. Suppose x [ Q. Then Mx = Nyx and QON,x =0, since
ON)x OImM. By Lemma 11,

) = 10y~ wis |+ a7 2
t
x(t) = byt + byt 72 + 18, DS x(1),

t
| x(r)| = ‘ blta_l + bztO(_2 + %J. (r - 5)° _1D8+x(s)ds .
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Thus,

Il = sup L]
=0 1+1%

blta_l + bztc}(_2 + %J. (t- s)a_1D00(+x(s)ds

0
< sup
20 1+ ¢
1
smy +m” D)+x o, Where my = by | +|by |,
a-3 | D§ ()|
| D§3(1)y = sup D0
=0 1+t

- up LB+ 0 2) ¢ 1§, D)
120 1+

< my + L1 Do . where 8|1y [+ ror=1) by [ = my,

| DG (™" + 5yt %) + 1§, DS (1) |

=20 1+97!
< my + || Dy+x [l Where T(a)| by [ + (o = 1) by | = m,
_ o D8 ()|
DY x su
| D)y = sup 2555

= sup|Dg+l(bl s byt” >+ 1§D+ x(1)) |
=0 1+¢972

< my + | D5 |

| DG+x(1) [l = sup| DG4x(r) |- 3.1)
=20
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Thus, by the assumption (H,) of Theorem 14, there exists a positive

constant E for any fy, [0, +), such that | D§yx(ty)| < E. By (H3) of
Theorem 14 and from the fractional order BVP (1.1)-(1.2),

(0 (DSx(1))) = £(t. x(r). D). DET2x(r). D§x(r). DEx(r)).

we have

| 9, Djx(1) |

a ! a-3 a-2 a-1 a
¢, (Do+x(10)) = LOAf(s, x(s), Do+~ x(s). Dox “x(s). Do+ x(s), Dgx(s))ds

+00 X p-1 Dot+—3x(s) p-1 Da_,__zx(s) p-1
< (Pp(E)JfI {&(ﬂ&m*‘&@)%*‘ (S)W

| DG+ x(s)|"”

+84(s) (1+/0°2)p"1

+ 5(6)| D ()7 +g6(s)}’s
1
< @ (E) g6, +1 61 0o m1 + gyl DSl

1 1
#l g2l @p(ms + 1 D8l |+l 31,0y (s 51 D8l

1 849 (m3 +1 D5x ) + 1 85 1@, (I D+ [cs)-

If 1 <p <2, then

I DSxly <227 (B 4] g6 ™+l a1 1 m +] g o
-1 -1 1 -1, 1 -1
Ul + e )+ (zgpl o 7! 5l I

1 -1 -1 -1
eshes i a7 L es 17 I Dl |
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Hence,

| DGl

L 2THE g6 I+ m + g I my + (L3 I+ ga ) ms)

2q—4 1 -1,1 -1 -1 1Y)
el e el e )

(3.2)

Similarly, if p > 2, then
| DGx [

-1 -1 -1 -1 -1
E+|goli™ +1 el m +1 el mo+(lgal{™ +I g4l )ms

- 1 1 -1 1 -1 -1 -1 :
(gl ol gl el + sl +lealf™ + el

(3.3)

Hence,

Jxllx = max{] [y, | D& (1) . | DG x(0) s | DS x(1) s | DG(e) o}
<)oy ] +T (o =1)| by | +] Djex |- (3.4)

Therefore, Q; is bounded in X. O

Lemma 16. Suppose (Hs) of Theorem 14 holds. Then Q, ={x Oker M
: Nx O Im M} is bounded.

Proof. Let x 0Q,, where x = b~ 2+ , b, by OR. Since
NxOImM =kerQ, QNx=0=Q,Nx. By (H 5), it follows that
|b | < Aand|b,| < A Hence,
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el = max{] x . | DG x(e) o, | DF 2x(e) o | D x(1) g | DF-x(0) .0}

a-3 a-2
m{ x| [87N0] (1060

sup , sup —
201+1% 20 1+ =20 1+971

DS x(r
t>0 1+1¢

<max{|b1|+|b2| Ty [+ ra = D)y | F(@)] 1y

ST 1) by | T by + T = 1) by, o}

2+5r( 25T |4 (1430 (0 = 1)) b |. (3.5)

Therefore, Q, is bounded. O

Proof of Theorem 14. We have proved (i)-(iv) of Theorem 7. Lastly, we
prove that the condition (v) of Theorem 7 holds by using the condition (Hs)

of Theorem 14. Suppose
H(x,\)=-AJx+(1-A)ONx, AO][0,1] (3.6)
and

J:kerM - ImQ

is a homeomorphism such that

-t
T + byt 7?) = %[(dlﬂ by | +dps| by )+ (day| by | + dl b3 |)e]. 3.7)

Now, if x00Q N kerM, where x(t) = blta_l + bztO‘_2 # 0, then
H(x, 0) = ONx # 0 and H(x, 1) = =Jx # 0. In other words, for A = 0 or
1, H(x, \) 20
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Suppose H(x, A) =0 for A O (0, 1), with
x(t) = bt + b2 0 0Q N ker M.
Then, from equations (3.6) and (3.7), we have
Mdyi| by | + dia| by |)
= (1 = M)[d@N @™ + byt 72) + dipQoN (b + by 2],
Mdy| by | + dpa| by )

= (I = N)[da QN (Bt ™" + byt%72) + dyp 0o N (byr® ™' + by ™72,

_|dn din| _ _
If D= = d11d22 d12d21 * 0, then

dy  dyp
Nby| = (I =N)ON(B® ™ + byt®72),
Nby| = (I =N QNG +byt®72).
If | b | > A, | by | > A, then from (Hs,), we obtain
M| +15y ) = (1= NN + 5% 72) + QN (™ + by ?)] < 0
which is a contradiction.
If (Hsp) holds, then define
H(x,\) =-AJx-(1-A)QNx, AO][o,1].

By using a similar argument as above, we get a contradiction. Thus,
H(x,\) 20 for xd0dQ NkerM, A OO0, 1]. Therefore, by the homotopy

property of Brouwer degree, we obtain

deg(ON, 0Q N ker M, 0) = deg(H ((10), Q N ker M, 0)
= deg(H (L)1), Q N ker M, 0)

= deg(+ j, QN ker M, 0)



Higher Fractional Order p-Laplacian Boundary Value Problem ... 89

din dip
=sgn<E A A
dy dyp
A A

Therefore, we conclude that the fractional order BVP (1.1)-(1.2) has at least

one solution in X. O

4. Conclusions

The study has investigated a higher fractional-order p-Laplacian
boundary value problem with two-dimensional kernel on the half-line. By
using Ge and Ren extension of coincidence degree theory and some assumed
conditions, we proved that the fractional order BVP that is investigated has
at least a solution. The result is new and an example was provided for

illustration.
5. Examples
(@y2(DY2x(@))) = (¢ x(r). DY2x(e). DY2x(0). DY2x(e). DYLEx(1).
t 00, +0)  (5.1)

subject to

x(0) = 0 = DY2x(0).  DY2a(+e) = 0,
3/2 ID3/2 Ar),  A(f) =3t - 24,

lim DY2x() = —2D/2x(2) + 3D32x(3),

t - +oo
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£(x, x(t), DY2x(e), DYPx(e), DY2x(e), DY2A())

_ e sina(e) | e sin DYIal) | DY) | e sin Da(r)
20(1 +77/?) 501+ 1) 1001 +72) 1501 +72)

Here,

m=2, W=2 W =3 p=32 ¢g=3 a=7/2 § =2, & =3,

1

I; dA(t)=I; (3-6:2)dr = 1; I sz(z)zI; (3t - 6:3)dr = 0.

0

The BVP satisfies the condition (H;).

Next, we compute the determinant of the matrix of coefficients, D =
dydyy — dipdyy,

1pt +00

dy, = J’ I (t - r)(pq(—". s“‘le‘sdsjdrdA(z) = -1.09312,
0J0 r

dy = Zp,j ( j s Ze_sdsjdr = 2.0958,

dy; = JI t-r)G- 6t2)(p3(j ‘3/2dsjdrdz——0 1658,

2

dyy = Z“l j ¢ ( j +_°° _ss3/2dsjdr = —0.6423,

D = d11d22 - d12d21 =1.0496 # 0.

Hence, the assumption (H,) holds.
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Next,

-4t 1 _ -4t
” 81 ”L - 20'[ | |dt 80 ” 82 "L1 - 5_[ | |dt 0

_1+°0 -2t _1, _1+°°_4t _1.
lasly =ggf, 1¢7 1 =55¢ laala =55, 17 ar =5

I &5 ”Ll =0, |g¢ "Ll =0.

Since p < 2, we have

(35) *(a5)

| —

22¢=4 — 56-4 _ 1 ( 1 jz +1(Lj2 +
r( + 1) 80 6120
2
= 4(0.003768) = 0.01507 < 1.

Assume |D3/ 2x(t)| > E for t0]0, +») and any x 0 domM, from the

continuity of DO 2(x), either |D3/2 (1)| > E or |D342x(t)| <-E if E =25.
If | D3/ 2x(t)| > E holds for any x 0 dom M, then

O Nx(t)

= I;I; (r- r)(pq(— :oo Nx(s)dsjdrdA(t)

> [Te-nG-6?)e - [ (- - = K)o 41007 |dsdrar
Io ( L ( 205 15

_ 19 —4r2_25 —4r
J'j (t-r)(3 -6t ){(240 j = }a’m’t—0039643>0

Similarly, if |D(5)42x(t)| > E for t 0[0, +), then either D5/ ’x(t) > E or

Dgérzx(t) < —E. Suppose that Dgérzx(t) > E, for t 00, +o). Then
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0,Nx(t) = -2 I 02 (p{— 2+°° Nx(s)dsjdr +3 I 03 cp{— 3+°° Nx(s)dsjdr

_ 3 + 19 -4s _ 1 -2
> ZJO %(Jz (@e me Ejds dr

3 *e 19 —4s_1 -2s
+3J0 %[IO (@e T0°¢ Ejds dr

= 0.002005 > 0.

Since Q;Nx(t) # 0 and Q,Nx(t) # 0, condition (H,) is satisfied. Lastly,
let A =18, forany dj, d OR. If | by | or | b | > A, a = 7/2, then

ON(Bir® ™!+ byt 72) + 0N (b + byt 7)

= N (B2 + byr¥?) + QN (™ + by )

= I; J; (3 -6t2)(t - ;»)(pq(—j;roo Nx(s)dsj drdt

2
Ei +00
+;pij.o (pq(— : Nx(s)dstr

r

> J'; j(; (3-6r%)(r - r)qg“ " [% e - el—(z)s (AF(7/2) + Ar(s/z))]ds}drdt

2 _
& 19 45 e 2s

1 et =2r
2 475 45 e
= - - r)| —= + +
IOI (3-6t7)(¢ r)(60006 1000(2991r 2692)]

>((475 4y &2

co05¢ "~ 1oag (2991r + 2692)Jdrdt
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2 3
- 2'[0 0.025231ds + 3'[0 0.000836 ds

=19.576 — 4 x 0.025231 + 9 x 0.00836

=19.55 > 0.

Thus, Q|N (blts/ 2+ b2t3/ Y+ QN (blts/ 2+ b2t3/ 2) > 0. Hence, the condition
(Hsp) holds. Consider the BVP (5.1). Since all conditions of Theorem 14

are satisfied, the fractional boundary value problem has at least one solution

in X.
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