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ABSTRACT 
An exact solution of the flow of heat and viscous fluid on a porous plate by using perturbation is 
obtained for the conjugate problem of an electrically conducting fluid in the presence of strong 
magnetic field by introducing the Hall currents. The fluid half-space is considered to be porous. Large 
time solution and effects of porous medium are discussed. It was shown that Hall Effect setup an 
opposing force which reduces the velocity. Temperature and velocity distributions have been obtained 
and the effect of various values of nondimensional physical parameters on streamline patterns and skin 
friction coefficient and Nusselt number are presented and discussed. 
 
KEYWORDS: Stokes problem, Porous medium, Hall effects, Heat transfer, Electrically conducting 
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INTRODUCTION 
Hall effect is commonly used in distributors for ignition timing (and in some types of crank and camshaft 
position sensors for injection pulse timing, speed sensing, etc.) the Hall effect sensor is used as a direct 
replacement for the mechanical breaker points used in earlier automotive applications in Automotive ignition 
and fuel injection. Fluid dynamics and heat transfer process associated with cooling of an accelerating flat 
surface has considerable practical importance as pointed out by Crane [1], Chakraborty and Gupta [2], and Dutta 
and Gupta [3].  
 
 
Newton introduced the concept of “lack of slipperness” which is important quantity that we call viscosity. 
Navier, in 1827 [4], derived the Navier-Stokes equation but he did not attach much physical significance to 
viscosity. Stokes gave the correct form to the constitutive equation that we call a Newtonian fluid. Stokes’ first 
problem, also known as Rayleigh’s problem [5], was solved by Stokes in 1851 [6]. The unsteady flow problem 
studies the diffusion of vorticity in a half space filled with a Newtonian, incompressible fluid which moves 
when an infinite plate starts a constant velocity parallel to itself (in its own plane) from rest position. Stokes 
second problem [6] also defines the same geometry except the case that the infinite plate starts oscillations with

tuw ωcos .  

 
In recent years the theoretical study of magnetohydrodynamics (MHD) channel flows has been a subject of great 
interest due to its widespread applications in designing cooling systems with liquid metals, petroleum industry, 
purification of crude oil, polymer technology, centrifugal separation of matter from fluid, MHD generators, 
pumps, accelerators and flow meters [5, 7]. Unfortunately, the results of these investigations cannot be applied 
to the flow of ionized gases. In an ionized gas where the density is low and/or the magnetic field is very strong, 
the conductivity normal to the magnetic field is reduced due to the free spiraling of electrons and ions about the 
magnetic lines of force before severing collisions; also, a current is induced in a direction normal to both the 
electric and magnetic fields. The phenomena, well known in the literature, are called the Hall Effect [6, 8, 9]. 
The study of magnetohydrodynamic flows with Hall currents has important engineering applications in 
problems of magnetohydrodynamic generators and of Hall accelerators as well as in flight 
magnetohydrodynamics.  
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NOMENCLATURE 
 

 
The study of magnetohydrodynamic flows with Hall currents has important engineering applications in 
problems of magnetohydrodynamic generators and of Hall accelerators as well as in flight 
magnetohydrodynamics. Effects of Hall current and heat transfer on flow due to a pull of eccentric rotating 
disks was investigated by Asghar et al.[10]. They reported that when the magnetic Reynolds number is very 
small, the flow pattern with Hall effects is remarkably similar to that for non-conducting flow. Of course, the 
assumption of very small magnetic Reynolds number will be valid for flow of liquid metals or slightly ionized 
gas. Guria  et.al. [11] present an exact solution of the unsteady hydromagnetic flow due to non-coaxial rotations 
of a porous disk and a fluid at infinity is taking Hall currents into account. An analytical solution of the problem 
is obtained for small and large times after the start by the Laplace transform method. It is found that for small 
values of time there is no inertial oscillation while for large time the steady state is reached through inertial 
oscillations. The frequency of these oscillations first increases reaches a maximum and then decreases with 
increase in Hall parameter. Mohammadrezaet. al. [12] presents the study of momentum characteristics in a 
MHDviscous flow over a stretching sheet. The analytical method called Differential Transformation Method 
(DTM) powered by the Pade’ approximation is was applied to solve the nonlinear equation derived from MHD 
viscous flow over a stretching sheet, The obtained results approve its efficiencies and capabilities beside 
numerical solutions achieve. 
 
Hall Effect devices when appropriately packaged are immune to dust, dirt, mud, and water. These characteristics 
make Hall Effect devices better for position sensing than alternative means such as optical and  

1A Rivlin-Ericksen tensor   Cp specific heat 

B  magnetic field   '0Q  Heat source/Sink parameter 

0B  applied magnetic field   ∇  nabla/del operator 

E  electric field current   1−=i  complex identity 

e electron charge   Greek letters  

grad  gradient operator   
1β
 

plate acceleration parameter 

J  current density   µ  dynamic viscosity 
K  constant permeability   

mµ
 

magnetic permeability 

M  MHD parameter   υ  kinematic viscosity 

en 
number density of electrons   ρ  fluid density 

p  scalar pressure   σ  electrical conductivity 

ep
 

electron pressure   
eτ

 
electron collision time 

t  Time   
iτ
 

ions collision time 

cT 
Cauchy stress tensor   ϕ  porosity parameter 

wu
 

main stream velocity/free stream   φ  Hall parameter 

vu ,  velocity components   
iω 

cyclotron frequency of ions 

V  velocity vector   
eω
 

cyclotron frequency of electrons 

wv 
suction/blowing velocity   ω  oscillating frequency 

yx ,  coordinate axis     
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electromechanical sensing. Hall Effect sensors may be used in various sensors such as rotating speed sensors 
(bicycle wheels, gear-teeth, automotive speedometers, electronic ignition systems), fluid flow sensors, current 
sensors, and pressure sensors. Common applications are often found where a robust and contactless switch or 
potentiometer is required. These include: electric airsoft guns, triggers of electropneumatic paintball guns, go-
cart speed controls, smart phones, and some global positioning systems. 
 
The present investigation aims at obtaining the analytical solution of coupled heat and mass transfer equations in 
the half-space of the Stokes’ problem with a porous half space of constant permeability (K > 0) and porosity (ϕ
>0) and discussed the influence of Hall current on the MHD flow. The infinite plate at y = 0 starts oscillations 

with the velocity
( )ti

weu ωβ −1 , for t > 0. Darcy’s law was used to incorporate the effects of pores on the velocity 

field [13].  
 
Formulation of the basic equations 
Consider the unsteady flow of an incompressible viscous fluid past an accelerating vertical porous plate. Let the 
x-axis be directed upward along the plate and the y-axis normal to the plate. Let u and v be the velocity 
components along the x- and y- axes respectively. Let us assume that the plate is accelerating with a velocity 

( )ti
weu ωβ −1 in its own plane. The MHD equations governing the unsteady flow of an incompressible fluid 

together with Brinkman's empirical modification of Darcy's law are 
  0=⋅∇ V          (2.1) 

 ( ) BJTpVV
t

V
c ∧+∇+−∇=







 ∇⋅+
∂
∂ρ       (2.2) 

 0,,0 =∧∇=∧∇=⋅∇ EJBB mµ        (2.3) 

 ( ) 0
2 )( QTTTTV

t

T
cp ∞−+∇=







 ∇⋅+
∂
∂ αρ       (2.4) 

 
Making reference to Cowling [14], when the strength of the magnetic field is very large, the generalized Ohm's 
law is modified to include the Hall current so that  

  ( ) 







∇+∧+=∧+ e

e

ee p
en

BVEBJ
B

J
1

0

στω      (2.5) 

 
The ion-slip and thermoelectric effects are not included in (2.5). Further, it is assumed ( )1Oee ≈τω and 1<<iiτω , 

where iωand iτ are the cyclotron frequency and collision time for ions respectively. Under these assumptions 

Eq. (2.5) with the help of equations (2.3) and (2.5) becomes [15] 

    ( )
2

2
0

1

1

φ
φσ

+
+−=∧ iB

BJ       (2.6) 

 
We have also assumed that the flow is confined ( )0>y  in a porous medium with constant permeability ( )0>K  

and porosity �(� > 0) [10] 

    V
K

p
µϕ−=∇        (2.7) 

 
In equation (2.2) 

1ATc µ=  (in which 
1Ais the first Rivlin-Ericksen tensor). 

1Ais defined by 

    TLLA +=1
, VL ∇=      (2.8) 

 

whereL  is the gradient of velocity field and TL  is the transpose of the gradient of velocity field. On 
substituting equations (2.6) – (2.8), we have  
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 ( ) ( )∞−+
−

−∇+−=






 ∇⋅+
∂
∂

TTgV
i

B
VV

K
VV

t

V β
φ

σµµϕρ
1

2
02    (2.9) 

 
On disregarding the Joulean heat dissipation, the boundary conditions are given by 

 ( ) ( )









>∞→==
>=+=−==

≤==

∞

−−
∞

0,,,0

0,0,,,

0,,,0
11

tyasTTu

tyeTTvveuu

tyallforTTu
ti

ww
ti

w
ωβωβ ε    (2.10) 

 
We consider the fluid lying in the upper half space/plane. The x − axis is taken along the flow direction and y − 
axis perpendicular to it: such that there is simultaneous suction/blowing at the boundary y = 0. In fact, it follows 
from the continuity equation (2.1) that  

    0=
∂
∂
y

v        (2.11) 

 
which implies constvv w =−=          

so that the velocity field takes the form 
 ( )( )wvtyuV ,,=          (2.12) 

 
Let us introduce the non-dimensional variables 

  
∞

∞

−
−

====
TT

TTyv
y

tv
t

u

u
u

w

ww

w

θ
υυ

,',','
2

     (2.13) 

 
where all the physical variables have their usual meanings. 

With the help of (2.4), (2.9), (2.11), (2.12) and (2.13), on dropping primes (
′

) the governing equations with the 
boundary conditions (2.10) reduce to 

 θ
φ

λ Grtu
i

M

y

u

y

u

t

u +








−
+−

∂
∂=

∂
∂−

∂
∂

1

2

2

2
      

 (2.14) 

 βθθθθ
PrPr

2

2

+
∂
∂=









∂
∂−

∂
∂

yyt
       (2.15) 

 ( ) ( )









>∞→→→
>=+==

≤==
−−

0,,0,0

0,0,1,

0,,0,0
11

tyasu

tyeeu

tyallforu
titi

θ
εθ

θ
ωβωβ      (2.16) 

 
Where the parameters are as defined below: 

 ( )
Kvv

Qc

v

B
M

v

vTTg
Gr

ww

p

ww

w
2

2

2
0

2

2
0

3
,,Pr,,

ϕυλ
ρα

µυβ
α

µ
ρ

υσ
ρ

βτ τ ====
−

= ∞    

 
wherePr,  Grt, λ , β andM are Prandtl number, Grashof number for heat transfer, Porosity parameter, heat 

generation/absorption and Hartmann’s number respectively. 
 
Method of Solution 
To solve the problem posed in equations (2.14) – (2.17), we seek a perturbation series expansion in the limit of 
ε for our dependent variables. This is justified since ε is small. Thus we write 
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( )

( ) 





+++=

+++=
−

−

....)()()(),(

....)()()(),(
2

10

2
10

1

1

εθεθθ
εε

ωβ

ωβ

oyeyty

oyueyutyu
ti

ti

    (3.1) 

 
The use of perturbation technique therefore has an advantage over Fourier transform method as )(yiθ  and )(yui

 

is zero for 2≥i  that is, the actual solutions are as stated in equation (3.1). So for the problem addressed here, 
perturbation approximate solutions do provide adequate answers. 
 
Substituting equations (2.14) and (2.17) and the expression for the stream into equations (3.1), equating the 
harmonic and non – harmonic terms and neglecting the coefficient of 2ε , we obtain the equations governing the 
steady state motion and the equations governing the transient. 

  

∞→→=

=−+

yasy

dy

d

dy

d

0)(,1)0(

0PrPr

00

0
0

2
0

2

θθ

θβθθ
      (3.2)  

  

( ) ∞→→==

−=







+

−
−+

− yasyuyateyu

Gru
i

M

dy

du

dy

ud

ti 0)(,0)(

1

00

00

2
0

2
0

2

1 ωβ

τθλ
φ     (3.3) 

 
and 

  
( )

( ) ∞→→==

=+−−+

− yasyyatey

i
dy

d

dy

d

ti 0)(,0)(

0PrPr

11

11
1

2
1

2

1 θθ

θωββθθ

ωβ

    (3.4) 

  

∞→→==

−=







−++

−
−+

yasyuyatyu

Grui
i

M

dy

du

dy

ud

0)(,00)(

1

11

111

2
1

2
1

2

τθωβλ
φ     (3.5) 

 
These sets of equations are now solved analytically for the velocity and the temperature fields. The solutions of 
equations (3.2) – (3.5) are 

  
ynymyn

nymyny

eaeayuey

eaeayuey
111

7611

3200

)(,)(

)(,)(
−−−

−−−

+==

+==

θ
θ

   (3.6) 

 
where 

  ( )βrn PPr 4Pr
2

1 2 −+= , ( )( )ωββ in +−−+= 1
2

1 Pr4PrPr
2

1
,  
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with   
( )

32
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The functions ( )yu0  and ( )y0θ  are the mean velocity and the mean temperature fields respectively; and 

( )yu1
 and ( )y1θ  are, respectively, the velocity oscillatory part and the temperature oscillatory part fields. 

 
Now substituting equations (3.8) into equation (3.1), we obtain the required expressions for velocity, 
temperature and magnetic induction; 
 ( ) ( ) yntiny eeety 11, −−− += ωβεθ        (3.7) 

 ( ) ( ) ( )ynymtinymy eaeaeeaeatyu 111
7632, −−−−− +++= ωβε     (3.8) 

 
The graphical representations of equations (3.7) and (3.8) are presented and analyse in section 4 of this work.  
 
The parameters of engineering interest for the present problem are the local skin-friction coefficient( )fc  and the 

local Nusselt number ( )Nu  which are defined respectively by the following expressions:  

 
Skin-Friction:We now study skin-friction from velocity field. It is given by   

 ( )
0

2

2

,
=

==
y

f
f tyu

dy

d

vu

T
c

ωωρ
, 

0=

=
y

f dy

duµτ  

 
which reduces to 
  

0=









∂
∂=

y

f y

u
c

 

 
Therefore from equation (3.8) 

  
( ) ( )171632

1 namaenamac ti
f +−−−= − ωβε       

 
Nusselt Number: In non-dimensional form, the rate of heat transfer at the wall is computed from Fourier's law 
and is given by 

 
( ) ( )

0=∞

−=
−

=
y

ty
dy

d

KvTT

vq
Nu θ

ωω

ω , 

0=

−=
y

dy

dT
Kqω

, 

 
Therefore from equation (3.7) 

  
( )

1
1 nenNu tiωβε −+=          

 
DISCUSSION OF RESULTS 
The solution given in (3.7) and (3.8) are general (describing the combined effects of heat generation/absorption, 
porosity parameter, MHD parameter, Hall parameter, thermal Grashof number and acceleration/deceleration) 
and is independent of the form of the steady solution. For large times, we must recover the steady state solution. 
Indeed when t goes to infinity we have 

 
( )





>∞
<

→−

∞→ 0,

0,0
lim

1

11

β
βωβ ti

t
e        (3.9) 

  
thus one can easily obtain from (3.7) and (3.8)  
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where )(yuss

and )(yssθ are the steady state solutions for heat and mass transfer. It is found from (3.9) that the 

solutions (3.7) and (3.8) are unbounded for acceleration that is when β is positive ( )01 >β , and remains bounded 

or convergent when is negative ( )01 <β . 

 
In order to point out the effects of various parameters on the flow characteristic, the following considerations are 
made: To be realistic, the values of Prandtl number are chosen to be Pr=0.71 which represents air and Pr=0.015 
for mercury at temperature 25oC and one atmospheric pressure.  Attention is focused on positive values of the 

buoyancy parameters i.e. thermal Grashof number 0>τGr (which corresponds to the cooling problem). 
 
The cooling problem is often encountered in engineering applications; for example in the cooling of electronic 
components and nuclear reactors. The effect of thermal Grashof number on velocity distribution is shown in Fig. 
1. It is seen that velocity increases as thermal Grashof number increases with the highest amplitude close to the 
plate. Far away from the plate, damping occurs and the presences of peaks in the profile indicate that maximum 
velocity occurs in the body of the fluid close to the surface. A study of the curves of the Figure 1 shows that the 
Grashof number for thermal transfer accelerates the velocity of the flow field.  
 

 
Fig. 1: Velocity distribution for various values of 
Grt 
 

 
Fig. 2: Velocity distribution for various values of M 
 
 
 

 
Fig. 3: Velocity distribution for various values of β   

Fig.4: Velocity distribution for various values of 
1β  
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Fig. 5: Velocity distribution for various values of 
λ  

 
Fig. 6: Velocity distribution for various values of ω

 
Also the effect of MHD parameter (Hartmann number) on the velocity distribution is shown in Figure 2. We 
discovered that the maximum amplitude occurs when the Hartmann number is minimal. The effect of M on 
velocity is seen to stabilise the velocity as the maximum velocity only occur at the surface for higher values of 
M. 
 
We show in Figure 3 the velocity distribution for different values of heat generation and/or absorption. We 
discovered that increase in heat generation increases the velocity of the flow. Meanwhile for heat absorption, the 
velocity decreases as heat absorption increases. While in Figure 4 we show that velocity increases as the 
acceleration of the plate increases. Figure 5 displayed the effect of porosity parameter on the velocity 
distribution. It could be seen that increases in porosity reduces the velocity amplitude, thus velocity distribution 
decreases as the porosity of the plate increases. 
 
In Figure 6 we show the influence of oscillation frequency on the velocity profile. It could be seen that velocity 
oscillates alongside whit the plate. Effect of Prandtl number (Pr) on the velocity distribution is displayed in 
Figures 7 and 8.  It is observed from both figures that temperature distribution decreases as the prandtl number 
increases. Moreover, we observed that for lower values of Prandtl number corresponding to mercury, 
temperature distribution is higher which validate the assertion that mercury conduct heat better than other 
species, hence the temperature is highest. 
 
Figures 9 and 10 shows temperature distribution for different values of heat generation/absorption and 
acceleration respectively. Unlike the case of velocity distribution, we discovered from Figure 9 that increase in 
heat generation reduce the temperature of the flow. Meanwhile for heat absorption, the temperature amplitude 
decreases as heat absorption increases. While in Figure 10 we show that temperature increases as the 
acceleration of the plate increases with little amplitude. In Figure 11, it is shown that Hall parameter increases 
the velocity distribution until a steady state is attained after which little or no difference in the velocity profile is 
observed. This is shown in figure 11 by the clustering of the velocity curves as Hall parameter is sufficiently 
large. 
 

 
Fig. 7: Velocity distribution for various values of 
Prandtl number  

 
Fig. 8: Temperature distribution for Prandtl 
number against position y 
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Fig. 9: Temperature distribution for various values 
of β  

 
Fig. 10: Temperature distribution for various 
values of 

1β  

 
 
 
 

  

 
Fig. 11: Velocity distribution for different  Hall 
Parameter 

 
Fig. 12: Rate of heat transfer at the wall       
distribution for various values of β  

 
Skin – friction and Heat flux. 

 The non-dimensional skin friction (fc ) and the heat flux in terms of Nusselt number (Nu) are shown in figures 

12 – 18 for different values of heat generation/absorption, MHD parameter, Hall parameter and thermal Grashof 
number. 
 
Figure 12 shows the effect of heat source/sink on rate of heat transfer at the wall. Comparing the curves in the 
figure, we could see that rate of heat transfer at the wall increase with heat generation and decrease with heat 
sink. In Figure 13, we discovered that for mercury (Pr = 0.015), the rate of heat transfer at the wall is minima 
compare to other species. In fact, it could be seen that rate of heat transfer at the wall increase as Prandtl number 
increase. It could then be remarked that Nusselt number increase as thermal conductivity reduces.  
 
The effect of Hall parameter on the skin – friction coefficient is as shown in Figure 14. It could be seen that skin 
– friction coefficient increase as Hall parameter increase. Like in the velocity distribution (Figure 11), for larger 
values of Hall parameter, changes in φ  as no significant canes in the values of skin – friction coefficient. 

 
We displayed the effect of Prandtl number on the Skin – friction coefficient. It is seen that skin – friction 
coefficient increase as thermal conductivity increase. Hence Skin – friction coefficient is highest for Mercury 
(Pr = 0.015) and lowest for water (Pr = 7.0). Thus Skin – friction coefficient reduces as Prandtl number increase.  
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We show the effect of heat source/sink in figure 16. Unlike rate of heat transfer at the wall, skin – friction 
coefficient reduces with heat generation. Effects of Hartmann number and Thermal Grashof number on the Skin 
– Friction coefficient are shown in Figures 17 and 18 respectively. It could be seen from Figure 17 that Skin – 
Friction coefficient decrease as Hartmann number increase. Comparing the curves Figure 18, we observed that 
in the case of heating of the plate (Grt<0), Skin – Friction coefficient decrease as Grt increase and vice – versa 
for cooling of the plate (Grt>0) 
  

 
Fig. 13:    Distribution of heat transfer rate at the 
wall   
for different Prandtl number 

 
Fig. 14: Skin – friction distribution for 
 various values of Hall Parameter 
 
 
 
 

  

 
Fig. 15: Skin - Friction distribution at different 
values of Prandtl number 

 
Fig. 16: Skin - Friction distribution at different 
values heat generation/absorption 
 
 

 
Fig. 17: Skin - Friction distribution  
at different values Hartmann number 
 

 
Fig. 18: Skin - Friction distribution  
at different values Grashof number 
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Concluding remarks 
We have presented an exact solution for the unsteady motion of magnetohydrodynamic flow of oscillating plate 
in porous medium in presence of Hall current. The present analysis reveals the following conclusions: 

• The Hartmann number has a pronounced effect on the velocity. With its increase the boundary layer 
increases and hence the velocity decreases. Similar effects are observed with the porosity parameter. 

• Velocity amplitude is decreased with increase in Hall parameter and boundary layer thickness is 
increased with increase in Hall parameter. 

• By increasing the strength of thermal Grashof number field, the velocity amplitude increaes.  
• The amplitude of velocity becomes large in the case of deceleration and becomes smaller in the case of 

acceleration. 
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