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Abstract-- In analogous to classical ordinary differential equations, we study and establish results on converse variational stability of
solution of quantum stochastic differential equations (QSDEs) associated with the Kurzweil equations. The results here generalize
analogous results for classical initial value problems. The converse variational stability guaranteed the existence of a Lyapunov function
when the solution is variationally stable.
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1. INTRODUCTION
Results on kinds of variational stability of solution of the Kurzweil equations associated with quantum stochastic differential
equations (QSDEs) have been established in [4]. In this work, we establish the converse variational stability of solution of
equation of the results established in [4]. Because it is difficult to explicitly write the solution to the given equation, we employed
Lyapunov's method [20] to establish results on converse variational stability of the trivial solution of the Kurzweil equations
associated with QSDEs.
Lyapunov's method enables one to investigate stability of solution without explicitly solving the differential equation by making
use of a real-valued function called the Lyapunov's function that satisfies some conditions such as positive definite, continuity,
etc. Converse variational stability is more like a search for a Lyapunov's function [7-20]. It guarantees the existence of a
Lyapunov function.
This paper is therefore devoted to the converse of results on variational stability established in [4], namely Theorems 5.3.3 and
5.3.4. The main goal here is to show that the variational stability and asymptotic variational stability imply the existence of
Lyapunov functions with the properties described in Theorems 5.3.3 and 5.3.4, and hence strengthens our results on variational
stability.
The rest of this paper is organized as follows. Section 2 will be devoted to some fundamental concepts, notations and structures of
variational stability that are employed in subsequent sections. In sections, 3 we establish some concepts of converse variational
stability within the context of QDES and the associated Kurzweil equation. In this same section we present some auxiliary results
which will be used to establish the main results. Our main results will be established in section 4. We establish the main results on
the converse of variational stability and asymptotic variational stability.
In what follows, as in [1, 2, 4] we employ the locally convex topological state space A of noncommutative stochastic processes
and we adopt the definitions and notations of the spaces Ad(A), Ad(A)wa , L7,.(A) , Lip.(Ry) , BV(A ) and the integrator
processes Ay, AF, Agforf,g € L™, 1o(Rs), T €L g, 10(Rs), and E, F, G, H lying in Loc’ioc(l x A).
We introduce the concept of converse variational stability of quantum stochastic differential equations driven by the Hudson -
Parthasarathy [8] integrators Ap(t), Af(t), A4(t) given by

dX () = E(X(), )d Ap () + F(X(), AT (£) +G(X(t), )dA4(t) + HEX(), t)dt
X(t) = Xo, t€ [0;T] (1.1)

We shall consider the Kurzweil equation associated with the equivalent form of (1.1). As in the reference [4] solutions of (1.1) are
A - valued processes defined in [4]. For arbitrary ,§ € D & E, the equivalent form of (1.1) is given by

d
a(’l,x(t)f) = P(x' t)('?» f) (12)

Where the map (x,t) — P(x,t) (n,§) is as defined by equation (1. 4) in [4].
We employ the associated Kurzweil equation introduced in [4, 5] given by
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d
E(n.x(r)s‘) = DF(x,t)(,$) (1.3)
Where

F(x, 0(n. §) = J, P(x,$)(n,&)ds (1.4)

Next we present some fundamental concepts which we shall use in subsequent
sections.

2. FUNDAMENTAL CONCEPTS AND DEFINITIONS OF VARIATIONAL STABILITY
In [4] it has been shown that the trivial process given by X(s) =0 for
s€ [0, T] is a solution of the Kurzweil equation (1.3).
Next we present some concepts of stability of the trivial solution X(s) =0, s € [0, T] of equation (1.3).
2.1 Definition: The trivial solution X = 0 of equation (1.3) is said to be variationally stable if for every & > 0, there exists 6(n, &,
€) := 8,: > 0 such that if Y : [0, T] — A is a stochastic process lying in Ad(A)ya. N BV (A) with
Y (O)lly < e
and
Var((n,Y(s)§) — J, DF (Y (), )(,§)) < 3y
then we have
YOl <&
Forallte [0, T]andforall ,é§ € DQE.
2.2 Definition: The trivial solution X = 0 of equation (1.3) is said to be variationally attracting if there exists 89 > 0 and for every
€ > 0, there exists A = A(g),
0<A(e) <T and B(n, &, €) = B > 0 such that if
Y € Ad(A)yac N BV (A) with [[Y(0)|l,: < 8o and
Var((n,Y(s)§) — J, DF(Y (1), )(n,§)) < B
Then
IY(®lle <€ forall te[A T].
2.3 Definition: The trivial solution X = 0 of equation (1.3) is called variationally
asymptotically stable if it is variationally stable and variationally attracting.
Together with (1.1) we consider the perturbed QSDE
dX(t) = E(X(Y), )d A (t) + F(X(1), t)dA}r (t) +G(X(1), t)dAg(t) +(H(X(1), t) + p(t))dt

X(to) = Xo , te [0, T] (21)
where p € Ad(A)wac N BV (A). The perturbed equivalent form of (2.1) is given
by
d
2 (1 x®8) = P, )1, 8) + (0, p(1)E) (2.2)

The Kurzweil equation associated with the perturbed QSDE (2.2) then becomes
d
27 x(@8) = DIF(x,)(1.$) + (O, )] (2.3)

Where Q : [0,T] — A belongs to Ad(A)w.. N BV (A) as well.
We remark here that the map given by equation (1.4) is of class C(Ax[a, b], W) where

FO, 00, 9+QM™, &) = [{[P(, )0, &) + (0, p(s)é)]ds

and
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m,p(s)§) == Q). ¢)

In [4], it has been shown that the right hand side F(x,t)(n, &) + Q(t)(n, &) of
equation (2.3) is of class F(A x [a, b], * hye, W) where

* hype (t) = hye (t) + VarnQ@)(,$)
and all fundamental results in [4] (e.g. the existence of solution) hold for
equation (2.2) and hence (2.3).

2.4 Definition: The trivial solution X = 0 of equation (1.3) is said to
be variationally stable with respect to perturbations if for every & > 0 there exists a & = 8, > 0 such that if |[Yoll;c <8y , Yo € A
and the stochastic process Q belongs to the set Ad(A),.c N BV(A) such that

Var(Q(t)(m,£)) < ng, then [[Y(D)]l,c<e
for t € [0, T] where Y(t) is a solution of (2.3) with Y(0) = YO.
2.5 Definition: The solution X =0 of (1.3) is called attracting with respect to perturbations if there exists 8 > 0 and for every & >
0, there is a
A =A(g) 20 and B(n, §, &) = B > 0 such that if

IYOllye <8, YoE A
and Q € Ad(A)wa N BV(A), satisfying Var(Q(t)(n,¢)) < B,
then

IYOlle <.

for all t € [A, T], where Y(t) is a solution of (2.3).
2.6 Definition: The trivial solution X = 0 of equation (1.3) is called asymptotically stable with respect to perturbations if it is
stable and attracting with respect to perturbations.
2.7 Notation: Denote by Ad(A)y.. N BV(A) := A the set of all adapted
stochastic processes ¢ : [0; T] — A that are weakly absolutely continuous
and of bounded variation on [t0, T].
Next we establish some auxiliary results and definitions which we adopted from

[4].

3. AUXILIARY RESULTS, NOTATIONS AND DEFINITIONS
We introduce a modified notion of the variation of a stochastic process to
suit the concept of converse variational stability.

3.1 Definition: Assume that ® : [a, b] — A is a given stochastic process.
For a given decomposition
D:ia=zay<ay<...<ag=b
of the interval [a, b] < [0, T] and for every A > 0 define
w(®,0,1,6) = B, e ") [ 0(@); — D@4l
And set
e Varigy Ppe = Supp(®,D,1,$)
where the supremum is taken over all decompositions D of the interval [a, b].

3.2 Definition: The number e;Vari, ;;®,; is called the e,-variation of the
map t — (n, @(t)¢&) over the interval [a, b].

3.3 Definition: The real valued map (x,t) = V(x,t)(n,§) (x; 1) is said to
be positive definite if

(i) There exists a continuous nondecreasing function b : [0, o) — R such
that b(0) = 0 and

(i) Ve, )M, $) = b(llxllnf) forall (x,t) € Ax [0, T]
(iii) V.(x, ©)(n, &) = 0, for all (x, 1) € A x [0, T].
3.1Lemma: If-o<a<b<+wo and ®:[a, b] — A is a stochastic

process, then for every A > 0 we have
e M=V ar, P < eVar, pPpe < Varg, Pne (3.1)
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Ifa<c<b, A >0 then the identity
e,lVar[a,b](an = e_’l(b_c)e,lVar[b,C]CIDW + eAVar[C‘a]Can (32)
holds.
Proof. For every A > 0 and every decomposition D of [a, b] we have
e Ab=d) < g7 MbA-) < 00 = 1,7 =1,2,..,k

Therefore

e_A(b_a)uO ((D' D' n, f) < uﬂ.(q)v D' n 6)

< uo(®,D,1,8) = Loy |P(a;) (1, §) — P(a;—1(m, )]
and passing to the supremum over all finite decomposition D of [a, b] we
obtain the inequality (3.1)

e M=V ary, (1 ®pe < eVary, qPpe < Vary, e
The second statement can be established by restricting ourselves to the
case of decomposition D which contain the point ¢ as a node, i.e.
Dia=ap<a<...<au<aq=C<ay <...<ay=b

Then
k
@ D)8 = ) I 0a)0.6) ~ Plesa (O
j=1
l
= Z e M=a-D|d(a;) (0, §) — P(aj_, (0, )
j=1
k
n z e—l(b—aj—1)|cp(aj)(77; &) — P(aj_1(m, &)l
j=l+k
l
— p=Ab=0) Z e M=Vl d(a;) (0, &) — P(aj-y (0, &)
j=1
k
N Z e M9-D|d(a;)(n, &) — P(aj_1(1,9)]
j=l+k
= e=2-9y (@, D,, 1, &) + wy(®, Dy, 1, &) (33)
where
Dl:a=ay<a;<...<aq1<q=C¢C
And

Dy: c=a<aq <...<ax=b
are decompositions of [a, c] and [c, b], respectively. On the other hand, any
two such decompositions D1 and D2 form a decomposition D of the interval
[a, b].
The equality
e Vary, p®Pye < 67207 Vary, g Ppe + e1Varp e

now easily follows from (3.3) when we pass the corresponding suprema.
3.2 Corollary: Assume that the following hold.
(i) Ifa<c<b,and A>0 then
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eAVaT[a’C]chf < e,lVar[a_b] cbﬂf (34)

(i) Let (0) =0, (1) =xand set Supsejarllo(s)lly: < a,fora>0,t>0, p €A
(iii) For A>0,s >0 and x € A set

V1,6, s) = Vy(x,5)(0,€) = infleVaryo (0, 9(0)€) = f; DF (p(1),)(n, £))}

ifs>0and
Vi(x,s)(,8) = ||x|] ifs=0 (3.5)

Note that the definition of V;(x, s)(n, §) makes sense because for ¢ € A
the integral fo‘r DF (¢ (7),t)(n, &) is a function of bounded variation in the variable ¢ and therefore the function

n,9(0)§) = J; DF (p(), ), €)

is of bounded variation on [0, s] as well and the e,-variation of this function
is bounded. The trivial process ¢ = 0 evidently belongs to A for x = 0 and therefore we
have

1,(0,)(,$) (3.6)

for every s > 0 and A > 0 because

M, 9(0)§) = [ DF(p(),)(1,€) =0

for o > 0. Since

eaVaro s (n, 9(0)E) - f DF(@(0), (1,£)) = 0
0

for every ¢ € A, we have by the definition (3.5) also the inequality

Valx,s)(,$)1 = 0 (3.7)

for every s> 0 and x € A.
3.3 Lemma: For x,y € A, s € [0, T] and A > 0, the inequality

V2, $)(1,8) = Va0, ), I < [lx =yl (3.8)

holds.

Proof. Assume that s >0 and 0 <f <s.

Let ¢ € A be arbitrary. Let ¢g4(a) = ¢(o) for o € [0, s-B], and set
93(0) = p(0-Br5 (v — (o = B)) (0 ~ s = B)

Foro € [s—8,s].
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The process ¢ coincides with ¢ on [0, s-B] and is linear with @g(s) =y on
[s — B, s]. By definition ¢ € A and by (3.2) from Lemma 3.1 we obtain

V0, $)@0,6) < exVarios (i 9p(0)E) — f DF(@(0), (1, )

= e eyVaros_p (0, 9(0)€) — [ DF (p(1), )1, £))

+e;Vars_p.q((n, ¢(0)§) — J; DF (p(0), )1, 8))
< eaVario_p((n, ¢(0)8) — [ DF(p(x), ) (1, )

+Var_p.q((n, 9(0)€)) — Vary_g (J; DF (9 (1), )(1, )
< eyVario_p((n, ¢(0)8) — [ DF(p(1), ) (1, €)
Hly = (s = B)llye + hye(s) = hye(s = B), (s) =y
Since for every > 0 we have
e M eVario_p (0, 9(0)E) — J; DF(p(1),)(1,6))
= e;Varyo((n, 0(0)§) — [ DF(p(x), (1, )

—e Varys_p (0, 9(0)¢) — [ DF(p(r), )0, )
< exarioq (0@ - | "DF(p(2), 0, )
by (3.6), we obtain for every B> 0 the inequality
K000 < eaarioa (0@ - "D (p(0), ), )

+||y - (p(S _ﬁ)”nf + hnf(s) - h‘r]f(s _:8)

The function h,; is assumed continuous on [0, T] and the stochastic process
@ is such that t — (n, ¢ (t)&) is continuous on [0, T] and therefore we have

lim,_(m, @(2)¢) = M, 9(s)E) = (n, x§),

moreover the last inequality is valid for every B > 0 and consequently we can
pass to the limit B— 0 in order to obtain

g

V. 5)(,$) < eVary,q <<n.<p(a)€) - J- DF(¢(2), t)(mf)) + 1l = yliye
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for every ¢ € A. Taking the infimum for all ¢ € A on the right hand side of
the last inequality we arrive at

Vi, s),8) < Valx, s)(0,8) + llx = yllye (3.9)

Since this reasoning is fully symmetric with respect to x and y we similarly
obtain also

Vl(x' 5)(77, f) < VA(}" 5)(77' f) + ”x - y”‘qf

and this together with (3.9) yield (3.8) for s > 0.
If s =0, then we have by definition

V2, 0@, 8) = Valx, 00, OI=lIyllne — llxllnel < llx = yllpe

this proves the Lemma.

3.4 Corollary: Since V,;(x,0)(n, &) = 0 for every s > 0, we have by (3.6)
and (3.8)

0 < V3(x,9)(1,8) < llxllye (3.10)

3.5 Lemma: Fory € A, s, r € [0, T] and A > 0, the inequality

|V/1(y,7‘)(77, f) - Vl(y' 5)(77: f)l < (1 - e_A|T_S|)a + |hnf(r) - hr]f(s)| (311)
holds.

Proof. Suppose that 0 <s <rand ¢ € Alis given. Set ||y, < a. Then by
Lemma 3.1 we have

e Varpon ((n, p(0)¢) — J DF(p(1),t)(n, f))
0
= e Mg Vary g <(r).<p(o)€)— f DF(p(1),t)(m, f))
0
+eVar(s <<n. p(0)¢) — j DF (o), t)(m, E))
0

> eI (@(5), )M, §) + eVarsy <(77,<P(0')f> —J- DF(¢(2),t)(n, s‘))

> ) [vl(qo(sms)(n,f) + Vargn, 9(@)§) - Vary < [ orew@.oa, é’))]
0
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2 e MW (p(), )1, 8) + Iy = ()l + hye(r) = hye ()]
> e OV (y, ) (1, 8) + hye (r) — hye(s)] (3.12)
The inequality (3.9) from Lemma 3.3 leads to
Va(@(s), ), + Iy — 9(llye = Valy, s)(1,$)

Taking the infimum over ¢ € A on the left hand side of (3.12) we have
B, r®,€) 2 e 20 [Va(y, )1, 6) + hyg () — hpe(s)]

> e A=Y, (y,5)(1, ) + (e (1) = hye () (313)

Now let ¢ € A be arbitrary. We define

* _ (p(o) foro€lo,s],
4 (O-) - {y for o €ls,r].

We then have ¢*(0) = ¢(s) =y, ¢* € A and by (3.1), (3.6) we obtain

V(D)@ 8) < eVary((n, 9" (0)¢) — [ DF (¢ (1), ), 8)) =
= e M 9¢,Varyy g ((n, 9" (0)€) — f DF (¢ (1), )(n, E)) +
0

+evary. <(n,<p*(a)f) —f DF (o™ (z),t)(m, f))
0
< e e Vary <(77:<P(0)f> —f DF (¢ (), t)(n, f)) +
0

Var[s,r](n' (p*(a)f) - Var[s,r] (J DF(¢*(T): t)(TI' E)) <
0

= e A e)Vary g ((n, p(0)¢) - f DF (¢(2),t)(n, E)) + hye (r) = hye(s).
0

Taking the infimum over all ¢ € A on the right hand side of this inequality
we obtain

N, 0®,8) < e TV, )10, €) + hpe(r) — hye(s).
Together with (3.13) we have

VA, )1, ) —e 2TV (7,5) (1, 8| < hye(r) = hye(s)
Hence, by (3.10) we get the inequality

Vi, r)(1,8) = Valy, ), )| <
V2, D)@, 8)=e 2Ty, ) (1, )| + [1=e 2T V3 (v, 5)(, §) <
< [hpe(r) = hye ()] + (1= 2T lyllng <
< |hye() — hye(s)| + (1—e™*"))a

because |ly|l,z < a . In this way we have obtained (3.11).
Assume that s = 0 and r > 0. Then by (3.10) and by the definition given in
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(3.5) we get

| ACAICEIERACIVEIERACAICEIEAACAVIVEIES
= ,0)®8) — llyllyg < 0. (3.14)

We derive an estimate from below. Assume that ¢ € A. By (3.1) in Lemma
3.1and Lemma 1.9.9 in [4], we have

e/lvar[O,T] ((77’ qD(O')f) - J- DF((P(T); t)(TI, f))
0
= e;Varyo(n, ¢(0)§) — e;Varyo (f DF (¢(7),t)(n, f))

> e MVary . (n, p(0)§) = Varjy, (f DF (¢(1),t)(m, f))
0

> e~ |(n, (1)€) — (0, (0)E) —(fyg (r) = hye (0))
= e lyllyg ~(hye(r) = hye(0))

By Lemma 3.1, Lemma 1.9.10 in [4] and (3.1). Passing again to the infimum for ¢ € A on the left hand side of this inequality we
get
Vl(y' 1')(77: f) 2 e_ar”y”'qﬁ _(hnf(r) - hnf(s))

and
N o®mE) —@,00®,8) =V mE) — llyllne
> (e = Dlyllye —(hye (1) = hye (0))
= (1= eMlyllye —(hye(r) — hye (0))
This together with (3.14) yields
Va0, 00,8) = Vi@, 0@, )1 < (1 —e™a —(hye(r) — hye (0))

and this means that the inequality (3.11) holds in this case too. The remaining
case of r = s = 0 is evident because

V2,00, = Vi@, 0@, )1 =0= (1= e ™ )llyllyg +(hpe (r) = hye (0))

For the case when r < s we obtain

V2,00, = Vi@, )0, 91 < (1 = e™)Iyllng +(hye () = hye (1),

because the situation is symmetric in s and r. We have thus established results

for the case when s >0, sand r.

By the previous Lemmas 3.1, 3.3 and (iii) of definition 3.3, we immediately conclude

that the following holds.

3.6 Corollary: Forx,y € A, r, s € [0,T] and A > 0 the inequality
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Vi, ) (0,8) = Va0, )10, < lx — yllpe

+(1 — e MSya +|hye (r) — hye(s)] (3.15)
holds.

Next, we shall discuss the behaviour of the function V, (x,7)(n, §) defined by
(3.5) along the solutions of the Kurzweil equation

d
7 (X8 = DF(x,)(1,6) (1.3)

We still assume that the assumptions given at the beginning of this section
are satisfied for the right hand side F(x, ¢)(y, &). The next result will be employed in what follows.
3.7 Lemma: Assume that : [s, s + B(s)] — A is a solution of (1.3),
s >0, B(s) > 0, then for every A the inequality
li Vl(lp(s +.3)'S +,3)(77; f) + VA(ED(S)'S)(TI,Q
imsup

B-0 B

< =AW @(s),s)™,$)
(3.16)
Holds.

Proof: Lets € [0, T] and x € A be given. Let us choose a > 0 such that

a > |lx|lye + hpe(1 +s) — hye(s) . Assume that ¢ € A is given and let
: [s, s + B(s)] — A be a solution of (1.3) on [s, s + (s)] with (s) = x
where 0 <(s) < 1. The existence of such a solution is guaranteed by the
existence theorem in [4].

For 0 < < f(s) define

pp(a)(,$) = p(a)(,$) foro € [0, 5]
and

pp(@)(,8) = Y(o)(n, &) for o € [s, s+P].
we have @(s) = P(s) = @g(s) = x.
Then @p € A, for B € [s, s+B] and since i is weakly absolutely continuous and by the definition of a solution we have

i, p(@)E) = |, x(s)E) — j DF(0), )1, ©)
lxllyg +(ine (0) — hre(s)) < Ilxllng +(ne (1 +8) — hre(s) < a

For o € [s, stf] and

Vﬂ.(ll)(s + ‘8),5 + .8)(77) f) <

< eVarpsep <<77:<P(U)f) —j DF(QO(T),t)(U'f))
0
= e e Vary <<77:<P(U)f) —j DF(QU(T),t)(U'f))
0
+eVar(ssip <<U,¢(U)f) —f DF(QO(T)J)(U,E).[ DF(l/l(T),t)(U,f)>

= e_lﬁeAVaT[o's] <<T],(p(0')f) _j DF(QU(T);t)(TI' E)>
0
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+eVar(sip <(n,xf) - J- DF (¢(7),t)(m, f))

= e MeVar <(7l: @(0)§) — f DF (¢(7),t)(n, f))
0

Taking the infimum for all ¢ € A on the right hand side of this inequality
we obtain

@ (s +B),s +B)(,8) < e V3(x,5)(1,8) = e PV (s), )@, )
This inequality yields

VA('I)(S + .8)'5 + .3)(77' f) - Vl(lrb(s)'s)(n' f) < (e_/lﬁ - 1)V/1(¢’(5),5)(77' f)

and also
Vi@p(s +B),s + B0, §) + V,(b(s),s)(,§) - e —
B - B

1
V,((s), ), $)

for every 0 < B < B(s).

-28_
Since limg e‘% < —2 we immediately obtain (3.16).

4. CONVERSE THEOREMS
Now we establish the converse of Theorems 5.3.3 and 5.3.4 established in [4].
4.1 Theorem: Assume that the trivial solution x = 0 of equation (1.3) is variationally stable then for every 0 < a < c, there exists a
real-valued map V (xx, tt)(nn, £&) satisfying the following conditions:

(i) for every x € A the function t — (xx, yt)(nn, £€) is of bounded variation in t and continuous in't,
(i) (0x,tt)(mm, €&) Vand [V (x,t)(1,&) = V(y, )@, )| < llx —yll,e forx,ye Ate[0,T],

(iii) the function V (x, t)(n, &) is non-increasing along the solutions of the
equation (1.3),

(iv) the function V (x, t)(n, &) is positive definite if there is a continuous

nondecreasing real-valued function b : [0,+o) — R such that b(p) =0
ifand only if p=0and

b(llxllye) < V(x, 01, 9).
forevery x € A, te [0, T].
Proof: The candidate for the function V (x, t)(n, &) is the function V,(x, t)(n, &)
defined by (3.5) in section 3.
For =0, i.e. we take V;(x,t)(n, &) = Vo (x, t)(, &) = V(x,t)(n, &). Hypothesis (i) is established by Corollary 3.6. Hypothesis

(ii) follow from (3.6) and from Lemma 3.3 i.e. The trivial process
x = 0 evidently belongs to A for x = 0 and therefore we have

Vix,t)(,§) =0
for every s > 0 and A > 0, because

M, @(0)¢) — J DF(p(1),t)(1,6) =0
0
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for o > 0. The inequality [V (x,t)(,§) —V(y, ), )| < llx — yll,¢ follows
from the proof of Lemma 3.3.

By Lemma 3.7 for every solution : [s, s + 0] — A of equation (1.3) we have

li VA(ED(S + .3)'5 + .3)(77: f) + VA(ED(S)'S)(TI, f)
ﬁl_rgsup 5 <0

and therefore (iii) is also satisfied.

It remains to show that the function V (x, t)(n, §) given in this way is positive
definite. This is the only point where the variational stability of the solution
x =0 of equation (1.3) is used.

Assume that there is an ¢, 0 <¢ <a and a sequence (x, t;), k=1,2,...,

e<|lx —yllpe < a, ty > o for k — oo such that V (xy, t,)(,¢) — 0 for

k —o. Let 3(g) > 0 correspond to ¢ by Definition 2.4 of stability with respect to perturbations (the variational stability of x =0 is
equivalent to the stability with respect to perturbations of this solution by Theorem 5.2.1 in [4]). Assume that k € N is such that
for k > 0 we have V(x, t;,)(n, &) < §(&).Then there exists ¢, € A such that for every ¢, € [0, T]

Varioe, ((n. P(@)E) - fo DR (@), 0, f)) < 5)
We set
1,Q(0)¢) = (1, 9 (0)E) = J; DF (9 (1), )(n, §) for o € [0, ;]
(1,Q(0)€) = (1, x,(0)E) — [, * DF (e (1), )1, €) for o € [t, T], £y > 0
We then have

Varori(n, Q(0)§) = Var,, <(n. P (0)$) = f DF (@i (1), £) (1, E)) < ().
0

and the function (n, Q(.)¢&) is continuous on [0, T]. for o € [0, t], we have

1, 0(0)E) = f DF (0 (2), ©)(1,€) + (1, 91 (0)€) — f DF (94 (2), )1, €)
0 0
- j DF (1 (1), )(1,€) + (1, Q(@)E) — (1, Q(0)€)
0

(n, @1 (0)E) — j DIF (@ (D), )1, ) + (1, Q)]
0

because ¢, (0) = 0. Hence, ¢, is a solution of the equation

d
22y (@8 =DIF(y,)(, &) + {1, QO]

and therefore, by the variational stability we have ||@y (s)|l,¢ < & for every

s € [0, t]. Hence we also have [l (ti)ll5e = llxkllye < € and this contradicts

our assumption. In this way we obtain that the function V (x, t)(n, §) is positive definite and (iv) is also satisfied.
The next statement is the converse of Theorem 5.3.4 in [4] on variational asymptotic

stability.
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4.2 Theorem: Assume that the trivial solution x = 0 of equation (1.3) is variationally asymptotically stable then for every 0 < a <
c there exists a real-valued map
U(x,t)(n,€): A x [0,T] - R satisfying the following conditions:

(i) For every x € A the map t - U(x, t)(n, €) is continuous on [0, T] and is locally of bounded variation on [0, T],
(i) U0, t)(1,¢) = 0 and
[UCx, )(1,8) — Uy, (0, O] < llx — yll,e forx,yeA tel0, Tl,

(iii) For every solution (o) of the equation (1.3) defined for o > t, where
(o) =x € A, the relation
: U@E+p)t+ )08 — Uly,)(1,$)
}gllr(l)sup i

< - U(x, t)(”l: f)

holds,
(iv) the function U(x, t)(n, &) is positive definite.

Proof: For x € A, s > 0 we set

Ulx,s)(,8) =V(x,s)®,$)
Where V(x, s)(n, £) is the function defined by (3.5) for A = 1. In the same way as in the proof of Theorem 4.1 the map
U(x,s)(n, &) satisfies (i), (ii) and (iii). (The item (iii) is exactly the statement given in Lemma 3.7). It remains to show that (iv) is
satisfied for this choice of the function U(x, s)(n, £). Since the solution x = 0 of equation (1.3) is assumed to be variationally
attracting and by Theorem 5.2.1 in [4] it is also attracting with respect to perturbations and therefore there exists 8, > 0 and for
every £ > 0 there is a A = A(g) > 0 and B = B(¢) > 0 such that if ||y, ||,;s < 8y,¥0 € A and
Q € BV(A) N (A)yqc ON [to,ts] < [0,T], and

Var, ;1@ < B(e)
Then

ly®llne < e

for all t € [t0, t1] N [t0 + A(g), T] and t0 > 0 where y(t) is a solution of

d
2; M y@8) =DIF(. (1.9 + e (41

with y(to) = Yo

Assume that the map U is not positive definite then there exists €, 0 <& < a = §y,
a>0 and asequence (xy, t,), k=1,2,...,assume also that & < [|xxll,s < a, t, » o for

t — oo such that U(xy, t;) = 0 for t — oo, Choose kO € N such that for k € N, k > kO we have
tk > A(e) + 1 and
Uxie, ti) (0, §) < B(e)e™ @@+, € A

According to the definition of the map U we choose ¢c A such that

g

elVar(o, <(77, ¢(0)§) — f DF (¢(2), )(n, E)) < B(g)e W@+
0
Define t0 = tk — (A(¢) + 1). Then t0 > 0 because tk > A(g) + 1 and also tk =t0 + A(e) + 1 > t0 + A(e).
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Therefore,

a
eVari, <<n. 0(0)E) - f DF(p(2),)(n, f)) < B(e)e 4@+,
0
by inequality (3.1) in Lemma 3.1 also

e~ B+ Dyary, <<n. 0@ - [ PFG@, D, f))

= e WOVary <<n. 9(0)¢) — f "DF (o), O, f)) < B(g)eA@+D
0

and therefore, we get

vari, g <<n.<p(0)s‘)— f DF (¢(T),t)(n,f)> < B(e). (4.2)
For o € [t0, tk] define

0, Q@) = (1, p(DE) — f DF(p(0), (1, &)
0

The function Q : [t0, tk] — A evidently lie in BV (A) N Ad(A),,,. and by the inequality (3.17) we have
Varig, t,1(n, Q(0)E) = Var(y ) <(77.<P(0)f) —f DF (¢ (), t)(n, f)) < B(e).
0

and

Vary, o1t Q@)E) < B(e).
Moreover,

(0, 0(0)E) = f DF(@(0), (1, &) + (n, 9(@)) — f DF (), )1, €)
0 0
- f DF(@(0), (1, &) + (n, Q(@)E)

0

and also

n,@()E) — (M, o(ty)é) = f DF (o (1), t)(,§) + (1, Q(s)¢) — (n, Q(£o)$)

to

- j DIF(p(0), )1, &) + (0, Q)]
t

0

and this means that the function ¢ : [t0, tk] — A is a solution of the equations
(2.8) and (2.7) with

lo(to)llye < a =6,

because ¢ € A for each tk € [0, T]. By the definition of variational attracting the inequality ||¢(t,)ll,¢ < € holds for every t > t0
+ A(¢). This is of course valid also for the value

t=tk>1t0+ A(e), i.e. [l@(t)llpe = llx |l < & and this contradicts the assumption [|x, [, = &. This yields the positive
definiteness of the real-valued map U. And the result is established.
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