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CLASS OF THREE POINT FOURTH ORDER 

BOUNDARY VALUE PROBLEM 

S . .t\. IYAS I·~ 

J\ BSTiti\CT. J•;xistence and uniqueness results arc obtained for 
the fourth order boundary-value problem of the form: 

{ x" I · f(x")x'" ·I · r.J.x')x" - g(t, x, x', x", x"') 
x(O} x"(O} . x"(l} xCrJ) · 0, 0 ~ TJ <I 
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I. TNTH.Ql)UC'I' ION 

ln a recent paper [5] lyase investigated t.he Existence and Unique­

, ness of solutions of four-point. boundary value problem (bvp) of the 

form 
x(~) - f(i,x,x',x",x'") +c(L) 
x(O) - x(r11) - x(r72) .,... x(l) - 0, r11 f 112, 

where f : [0, I] x 3(~ ___, !!~ sat.is!ies t he Caratheodory condition , c E= 
I 

L 1]0, II and 0 ~ 111 ~ I, i - 1. ,2 

Following this investigation, Tejumola, T chenagi and l yase [6] ob­

tain Existence and Uniqueness results for a wider class of fourth or­

der equations subject. to varied boundary conditions. Prior to these 

ll.cceivcd by t.he cdit.ors:Junc :l, 200!J; ll.evised : .J an11ary tO, 20 10, 
1\n:eptcd:.lllllC 1!), 20 10 
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":ith norm ll xJj~1 :~ ::- ~]., 1 J (x(i)(t)2dt + J xdL)2 . 

I( I II ,, } W • (0, 1) ::= {x: [0, 1] --+ 31[;
1
,x ,x abs. coni. on [0, 1] , 

I( 

with norm llxll~ 1o,q1.13 ~ }~1 J llx(j)(t)[ldt 

We now HeL 

D(L) = {x E= W 4·1.(o, I) :X satisfies {1.2)} (2.3) 

We have the following rc.•mlt 

Lemma 2.1 : Let L be ddined by (2 .1) and (2.3). Thep ker L - {0} · 

Proof. The proof follows same procedures u.s Lemma 2.1 of [GJ 

Corollary 2.1 Subject to the conditions of Lemma 2.1 the equation 

Lx -::::: c (2.1) 

'together with the boundary condition (1.2) ha.-; a unique solution 

We observe that si nee ker L = { 0} , there exists a linear map K : Z --+ 

X such that for z E= Z, Kz E= D(L) and LKz = z ; and for x E= D(L) , 

.KLx = x. Thus x ::= K c is the unique solution of (2.1) for each 

c E= z. 
Lemma 2.2 Let L be defined by (2.1 ). Then t.he corrc.<>ponding 

linear map K : Z - • X is given by 

(K z )(L) ;:: ~ + J (L - S)3y(s)ds + /3L + DL\ (2.5) 

where 

13 = i + [7]2 J~ (1 - S)y(s)d.s - ~ )~11 (7] - S)3y(s)ds] 

I /'1 D -=:: - 6 +. 0 (1 - S)y(s)ds 

The expressions above can be obtain by repeated integration of Lx -

z using (1.2) 

:J. EXIS'I'l~NCE THEOREMS 

We have the following results: 

Theorem 3.1: Let g : [0, J J x 31" -+ R be a function satisfying the 

C<l.ratheodory conditions, j, h E (R, 31) . 
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x,x',x",x'" t= !R a.c L E= IO,l]. Then for every p(L) E= £ 1([0,1]) prob-

- lcm (I .1) with (I .2) has at least one solution provided 71'11 lla lloo + 
11';

1llblloo + 271'2 llclloo + 81lclloo + 71'3 lkl < 71'5 

Theorem 3.4: LeL g : [0, I] x !R" --+ !R satisfy the CaraLheodory's 

conditions , J, h : [0, 11 x !1?11 
--+ !R be continuous function:;. Assume 

LhaL for aJrnost. every L E= [0, l.j, the function g(L, u, v, w , z) is continu­

owdy differentiable with rc."pect to u,v,w,:t.. Suppose that there exists 

real lllllnbcrs ao, bo, co, and co such that 
D 8 nu.CJ(L, IL , v, w , z) ~ - ao, 8vg(L, 0, v, w, z) ~ - bo, 
a a Olllg(L.O,O ,w,z) ~ -c-o, azlg(t, O,O,O,z)l ~ co 

rur a.c I c [0, l] and u, v, w, z E= !R. Suppose that h(x') ~ k, k E= !R, 

and there exists a continuous functions a : [0, 1] x !R" --+ !R and 

.B(L) E= £ 1 ([0, 1]) such LhaL 

ig(L, u, v , w, z)i ~ ia(L, u, ·u, w, z)llz l2 + {3(t) (3 .:3) 

for every u,v ,w, z E= !R a.c L E= [0, 1]. Then for every given p(L) E= 

£ 1 (jO , Jl) the boundary value problem (1.1) with (1.2) has at least 

one solution provided 

1ao + 2bo + 11'CQ + 71'2co + lkl < 71':J (3.1) 

'1. SOME PRELIMlNAJUES TO TTTE PROOFS 

Followin~ the procedure in [6], we recast the bvp (1.1),(1..2) in the 

abstract. form which we then embed in 

Lu + >..N u - e, 0 ~ >.. ~ 1 . 

We th• :n apply the Lcray-Schauder continuation theorem of Mawhin 

[7]. Let L lw dclincd by (2.1.) and (2.3) where X is the Banach Space 

C3([0, 1]) a.nd Z the Banach Space Lt(lo, 1]) with their usual norms. 

!<'or cad1 u r_= X, z E= Z, let (u, z) - J 1L(L)z(L)dt denote Lhc ciuali~y 

pair. 'Nc define Lhe nonlinear mapping N : X --+ Z by 

(Nu)(L) - J((u")u111 + h(u')u" - g(L,u,u',u",u"'))uw (1.1) 
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is apriori hounded in C 3 [0, 1] independcnlly of solution x(t) and A. 

Multiplying (1 .. 5) by x" and integrating over [0, 1], we have 

fa' x(iv)x"di +A 11 

f (x")x"'x"di +A 11 

h(x')(x")2 di 

, ~ r' , 
- A Jo _q(i, x, x', x", x"' )x" dl +A Jo p(i)x" di 

Since x"(O) = x'(l), iL follows Lhal. Aj~1 f(x")x"'x"dt ::;::: 0 and from 

condit.ion (ii) we geL 

-11 

llx"'lldl 2: A 1' a(t )x"x"'dt +A !a' b(t)(x")2di 

+A !a' c(L)Ix'x"ldl + A fo' d(i)lx"ldi 

+A fo' c(L)Ixx' ldl - A fo' h(x;)(x")2 dt 

+A h1 

p(t)x"dt - llx"'ll~ 

> ~a~llx"ll~- Abollx" ll~- ACollx"ll2llx"ll2 

- AIIdlh llx" lloo - Collx ll2llx"ll2- Akllx"ll~ 

- -AIIPIItllx"lloo. 

~Ve observe Lhal. x(O) ::= x(17) ;;:::; 0, Lhere exisl.s Lt f (0, 1) wil.h t1 < 

11 < 1, su ch t..hat.. x; (t 1) --= 0. I I. follows 

llx ll oo ~ llx'll2, llxll~ ~ :2 .11x ll ~ (5.1) 

I 'I " I I 11 2 1 
II 12 I X loo ~ llx l 2, I X 2 ~ 2 llx l2· 

1l' 
(5.2) 

Since lhat.. x"(O) ;:;=:.. x"(l) we have from Lemma 1.1 

llx"ll~ ~ 1

2 llx"'ll~ 
1l' 

(5.3) 

llx"lloo ~ ~llx'll2 (5 ..1 ) 

UsiH!!, Lhc iHequaliLles (5. 1) Lo (5.'1), we obl.ain 

llx'"ll~ S ( f~ + ~ + ;} + ~ + W) llx'"ll~+ ~lldlh llx"'ll2+ ~ IIPIIdlx"'ll2 
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•Nexl we prove Theorem 3.-1. Mulliplying {1.5) by x" and inlcgraling 

from 0 lo 1, we gel 

t x"xi"dt + A f' J (x11 )x111x"dt + ). t h(x')(x11
)
2dt 

Jo Jo · Jo 
;;;; ..\11 

g(t,x,x'x11
,X

111 )x11dt + A 11 

p(t)x"dt 

1
. ~

1
, a 

1} I II Ill II A -
0 

(t , sx,x ,x ,x )x xdsdl. 
0 0 1L 

1
.~

1
~ a 

y 111111111 + A !l(t, 0, sx, x , x )x x rlsdt 
0 0 uv 

+A t {' ~y (t,O,O,sx11 ,x"')(x11
)
2 ds·dt Jo .fo r)w 

Y Ill Ill II 1
1

1
, a 

+ A 
0 0 

()z (t, 0, 0, 0, sx )x x dsdt 

+..\11 

g(t, 0 , 0, 0, O)x11dt + A 11 

p(t)x11dt 

-llx"'ll ~ ~ - ao 11 

lx''llxldt - bo 1' lx11
llx

1
ldt - c-o 11 

lx
11

1
2
dt 

- co t lx111 llx 11 1dt - t ,6(t)lx11 1dt - k r' lx 11
1
2dt k k k 

- r' lp(t)iixll idt 
.fo 

llx111 ll~ ~ aollx11 ll~ ll xll2 + bo llx111!21!x'll2 + c-o llx11 11~ + collx"'ll2 llx11 1!2 

+k ll x11 11 ~ + II.BII111x11 lloo + IIPII I!x"lloo 

( 1ao 2bo eo co lkl) II 11'112 ' 11!311 II IIIII < 'I -1- 3 -1- 2 -1- -1- 2 X 2 -1- 2 1 X 2 
7!"' 7T" 7T" 7T" 7T" 

or 
~ n 3 (II/% 1 llrll I) _ p

2 llx
111

1!2 ~ ;:r-(4ao 1 2/lfl l>rr..o l n 2co·l lkl) -

Thus 

llxlloo ~ llx'lloo ~ llx 11 lloo ~ P2 
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on multiplying (6.1) by (tq - u2)" and int.egrat.ing from 0 t.o l we get. 

- [' [(tLJ - u2)'"]2dt + 13 [' [u~' - u~]2dt -
.fo .fo 

11 
(g( Ll 1.L 1 1 U

1

1 I 1/{ I U1
(

1
)( u1 - u2)")dL 

-11 
(g(L 1 u2 1 u~~ U~ 1 U~1)(ul - u2)")dt 

Let. v;;;:: u1 - u2 1 t.hen 

(6.6) 

[' ;·l [' [' .fo (v"Ydt ~ 
0 

a(L)v"v
1

"dt + Jo b(t)(v") 2dt + Jo c(t)lv1v11 ldt 

+ 11 

c(t)lvv11dt - 131 1 

(v") 2dt 

> -
1 

ao [' lv"l 2dt - bo [' blv"l 2 dt - CO [' lv'llv" ldt 
2 Jo Jo Jo 

-Co 1l lvlv1ldt- 1311 

lv"l2dt 

llv1"11~ ~ ~0 llv1"11 + bollv111 11~ + r-{)!v
1
!2lv"l2 + colvl2lv'[2 + I JJ IIIv"ll~ 

( ao bo 2r-{) 8co JJ) II 1"ll2 < 2 '1 + 2 + 3 + . + 2 v 2 
7r" 7r rr· rr" 7r 

or 

[2rr5
- (rr:1ao + 2rr3 bo + 1rr2 co + 16co + 2rr3 1J.JI)] llv111 11~ ~ 0 

l•'rom condit.ion (6.3) we derive llv'"ll~ ~ 0 and hence 

llv1"11~ - 0. Siuce llv1 lloo ~ llv1 112 ~ 0 we have v(t) - 0 and hence 

u1 (t) - u2(t) a.c t E= [0 1 I] by t.he cont.inuity of u1 (L) and u2(L) . 

Theorem 6.2 Lei g : [0 1 I] x 3?1 
--. !R be a Carat.hwdory funct. ion. 

1\ssume t.hat t here exists a(L) 1 b(l) 1 c(t) 1 d(l) E= L00([01 ll) such that 

I ( I II Ill) ( I II Ill) I < g L1 XJ 1 X 11 X 11 X 1 - g L 1 X2 1 X2 ~x2 ,x2 _ 

a(t)lx1 - x2! + b(l) lx~- x~l + c(t)lx1
( - x~ l + d(t)lx'{' - x~'l 

Then for every p(L) E= L 1 ([0, 1]) the boundary value problem (6.1) 

with (6.2) ha.-; a unique solutio n provided 

rr"llalloo + rr3 ll blloo + rr2 llclloo + 8llclloo -1- rr3 IJJ I < 7r1i 


