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FOURTH ··o~DER FOUR POINT BOUNDARY VALUE PROBLEM 
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S. A. lYASE 

1. Introduction 

The purpose of this paper is to provide existence and uniqueness results for the 
fourth order four point boundary value problem 

(1.1) 

(1.2) 

x<4 ) = f(t ,x,x,x,x<3 )) + e(t) 

x(O) = x(71t) = x(712 ) = x(1) = 0 

where f: [0, 1] x"R4 - R is a given function satisfying Caratheodory's conditions, 
e: [0, 1] - R is a function in L1 [0, 1] and '71 , '72 are in (0, 1) with 0 < 711 < '72 < 1. 
Note, for example, that x = ~~ and x (k) = ~· Various fourth order boundary 
value problems are used to model deformation of elastic beams which have found 
applications in structures such as aircrafts, buildings, ships and bridges. Some 
of these equations have been extensively studied in recent years (see e.g . [2], 
[4], [11] and the references therein) . 

Our study is motivated by the recent results of C. P. Gupta and V. Laksh­
mikanthan [3] for a third order three point boundary value problem. 

We shall use topological degree [7] and Wirtinger type inequalities to obtain 
the necessary a-priori estimates. 

2. Existence results 

For convenience we gather together sontt· tlf thP. in~CJU<Llities we shall use w 
the forthcoming sections. 

·---------·- ---
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where 

171 1 172 3 172 B = ( 112 - s) e( s) ds - -:----:-------'-':-:---~ 
6172(172- 1)(171 - 7]2) 0 67J1(7J1- 1)(7J1 - '72) 

r· 3 771772 f 1 
3 

x Jo (771 - s) e(s) ds - 6(
772 

_ 1) (7JJ _ 1) Jo (1- s) e(s) ds 

C= 772 + 771 t (l-s)3e(s) ds+ l+7J2 

6(772 - 1)(7Jt- 1) Jo 6ryt('71- 1)(7]1 - 112) 

1171 1 + '7] 1'1> 
x (7JJ - s)3 e(s) ds-

6 
( )(

1 
) (172- s)3e(s) ds 

0 7]2 7]2 - 1 7] 1 - 7]2 0 

D = (1J?- s)3e(s) ds- ::-:-----:77-~ 1 1~ 1 
67]2(712- 1)('71 - 7J2.) 0 - 6(771 - 1)(172- 1) 

x ( (1 - s)3 e(s) ds-
6 

( 
1

1
)( )- { ,

11

' (ry1 - s)3 e(s) ds . lo 1J1 1J1 - '11 - '72 lo 

T H EOREM 2 .1. Let f : [0, 1] x R 4 ........ R be a Caratheodory 's function; that is, 
(i) / (-, x) is measurable for each x E R 4 

(ii) f (t , ·) is continuous for a. e. t E [0, 1] 
(iii ) For every s > 0 there exists h. E £1[0, l] such that lf (t,x)l S h. for. a.e. 

t E [0, 1] where llxll S s. 
Assume that 

(1) there exists a, b, c,d in Rand a(t) E L 1[0, 1] such that 

, (2.4) i f (t , x, x, i , x(3)) ~ ai2 + blillxl + clillx(3)1 + dlxllil + a(t)lil 

(2) th ere exist fu nctions p(t ), q(t), r(t) , s(t) in L2 [0, 1] and a fun ction T(t ) E 
£1(0 , 1] such that 

(2.5) lf (t , x , x, i, xC3))1 S p(t)lx l + q(t) lx l + r(t)lil + s(t)lx(3)1 + T(t) 

for a.e. t E (0 , 1] and all (x .x,x , xC3>) E R 4 . 

Let 771 , 112 in (0, 1) be given with 0 < ry1 < ry2 < 1. 
- Then for every given e E L1 (0, 1] the four point bounday value problem 

xC4 ) = f (t, x , x,x ,x C3> )- e(t) 

x(O) = x(171) = x(ry2 ) = x(l) = 0 

has at least one solution in C3[0, 1] provided 

8 8 4 4 8 2 8 
(2.6) 3IIPII2 + 31iqlb + -llrll2 + 2llsll2 + lal2 + lbl3 +lei-+ ldl4 < l 

71' 71' 71' 71' 71' 71' 71' 
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From equation (2.7) and condition (2.5) we g~t 

llz<4>lh $ All!(t,x,~,x,x<3>)1h + llelh 
$ llp(t) lxl + q(t)lxl + r(t)lxl + s(t)jz<3>l 

+ T(t)lk+ llell1 
4 4 2 

$ (IIPII23 + llqll22 + llrl12- + lls,l12)1lz<3>1l2 7r 7r 7r 
(2.11) + IITih + llel11 

Using (2.11) in (2.10) we obtain 

( 
4 4 2 ) 0 ~ llx(a) ll~- 21lx(3)lh IIPII21r3 + 1lql127r2 + llrl12; + 1lsl12 llx(a)lb 

- 21lx(a)lh(I1TIIt + llelll)- lal2 +Ibi-s+ lcl-( 
4 8 2 

7r 7r 7r 

+ ldl : 4 ) llx(a) ll~- (!Iaiit + llelll)llx(a)lb 

~ llx(a)ll~- IIPII23 + llql122 + llrlb- + 21lsll2 llx(a)ll~ ( 
8 8 4 ) 

7r 7r 7r 

- lal- + lbl-+ lei-+ ldl- llx(a)ll~ ( 
4 8 2 8) 

7r2 7r3 7r . 7r4 
- (llalh + 2l1Tih + 31lelh)llz(3) 1l~ 

[
. (8 8 4 4 

~ 1- --siiPII2 + 2llqll~ + -11r112 + 2llsll2 + lal2 7r 7r 7r 7r 
8 2 8 )] + Ibi-s+ lei-+ ldl-;r llz(3) 11~ 7r 7r 7r 

- (211Tih + 31lelh + llall1 )llx(3 )112· 
It follows that 

(2.12) llx(a) 1!2 
< 211Tih + 3llellt + llalh 
- 1- (~IIPII2 + ~1lql12 + ~llrll2 + 2llsll2 + lal~ + 161~ +lei~+ ldl!.) 
=Pt 

for some f3t > 0. 
Now 

x<3>(t) = {' x<4>(s) ds . 
1 •• 

Hence llz(3 )lloo $ llz(4)lh· It follows from (2.1>1) and (2.12) that there exists 
fJ2 > 0 such that 

(2.13) llx(a) lloq :5 fJ2 · 
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(2.18) lf(t , x, x, x, x<3>)i ~ p(t )lxl + q(t)lxl + r(t)lxl + s(t)lx(3)1 + T(t) 

for a. e. t E [0, 1] and all (x,x, x, x<3)) E R 4 . Let ry1, 7J2 in (0, 1) be given 
with 0 < 7Jl < 7J2 < 1. 

Then for every e(t) in £1 [0, 1] the boudary value problem {1 .1}- (1.2} has at least 
one solution in C3 [0, 1] provided condition (2.6} holds . 

PROOF. Multiply (2.7) by x and integrating over [0, 1] we obtain 

0 = -11 

x<4>x dt + ..\ 1' f (t , x , x, x , x<3>)x dt +A 11 

e(t)x dt 

= 11 
(x(3>)2 dt- x<3>(1)x(1) + x<3>(o)x(O) 

+ ..\ 1' f (t , x, x, x, x(3}) x dt + ..\ 11 

e(t)x dt 

~ 11x<3>11~ -lx<3>(1)llx(l )l-lx<3>(o)llx(O)I + ..\ 11 

[ax2 

+ blxllxl + clxllx<3 )1 + dlxllxl + a(t) lxl + s(t) lxl 

+ J3(t) lxl + 6(t) jx<3>1] +A 11 

e(~)xdt 

~ llx(3)11~- 2llx(3)lldlx(4)llt - Ia!- + lbl- + lcl-( 
4 8 2 
~2 ~3 ~ 

8) ( 4 2 + ldl4 llx(3)11~- llalh + llsllt 2 + 1113111 -
~ ~ ~ 

(2.19) + ll6ll2 )11x<3>ll2 -llelltllx(3)112 

From equation (2.7) and condition (2.18) we get 

11x<4>11t ~ IIPII2IIxll2 + llqll2llxlb + llrll2llxll2 + llsll2llx<3>ll2 
(2 .20) + IITII1 + llelb 

Using (2.20) in (2.19) we get 

0 ~ llx(3)11~- IIPII23 + llqlb2 + llrll2 - + 2llsll + lal2 ( 
8 8 4 4 
~ ~ ~ ~ 

8 2 8) +lbl3 +lei- + ldl4 llx(3)11~- (IITI!t + llellt)llx(3)112 
~ ~ ~ 

- (llallt + llslh : 2 + ll/311t ~ + 1!61!2) llx(3)ll2 , 


