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EXISTENCE THEOREMS FOR A THIRD ORDER THREE POINT 
BOUNDARY VALUE P ROBLEM 

S.A. lYASE 

Au~Tit-\CT. lu t.h is P'-'P er ,,-p prP~eut some re~nl ts con('Niling t.J1e f'Xist.enre of ;:,olu tio ns 
for 1 he t hird order three poim bounda ry valul' proble ms of t lw form 

:c"'(t) = f(t,x.x'.:c7
') 

.r'( l ) = :c"(O):::: 0, x{l) = <l:C(fl), 

where-,., E (0. 1), J[<L 1] x 1?.3 -+ R:3 is rontin uo us a nd a E: n, with a# 1. 

Int.t·od uction 
Mull ipoint boundar.v value problem for ~;eco llC1 ordPr d ifferential equa~ ions have re<'ently 

b een t.h0 foeu;) of study by SE'VE"ra l a uthors (seE' [5], [0]. [10], [11]) . However t here are 

rt>lativt'l_\- ft>w pHpE>rs dealin!!, wi ~h t he s t.ucly of t.hi rd order mnl ~ipoin t b ouud ary value 

problems. J\:[u lt ipo iul bo unclary value problE"tm; ari;)C from various sour<'es. Fo r instauc:P, 

iu so lving liuear p:ut.ial differ.;> nt ia l l,qHatious by llw method of sPpamtiou of variAbles, 

mw couw;; ;wro:;s difh•rc•nli;-d equa tions eont.ainiug severa l p a rameters wit,lt a uxiliary 

conditio\: that. the solutiou:-; sat.i~:;f_y a hounda r_y couditiou at severa l points (st>e [4]). 

ln t.ltis l-JilpN we p n ':<cnl SOinl' rE"~-;nlts c.:onet:'m ing l he exisleuc:e o f solut ions for t-he t hi rd 

order three po in t buund ary valuf' p roblem s of the form 
• 

.1;'" ( t) ~ f ( l , .r , ~c', .1;
11

) (1.1) 

:r'( l ) = x"(O) = 0, x(l ) = ax(tJ) (1.2) 

when~ 1J E (0, 1). t[O, 1] x R:3 -> R?. is ('Ontinnous_ awl a E R. wit.h a f: 1. 

l.n <1 rt:><:Cnt paper [~] \li.'C: obtained existenr.e result s for the ab ove problem with n. = 1 

usiug a cont inuation t-heorem based on .Mawhin 's eoincidence degree. Similarly G upta 

a.nd \/ La kshmi kan th;m [7] obt.ained e;x.istence a.nd uniq ueness re~mlt.s for the t h ird order 

Lh rpe point boundary value problem of the form . 

x'"(t) = J(l., x. :r'. :r")- e(t ) ' (1.3) 

:z:(O) = :c('ry) = .1:(1) = 0 ( 1.4) 

(J 
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(c) z f(t,x,y, z) ~ (lzl2 + 1)(D(I ,x, y) + a(t)) where D(l , :~:,y) is bounded 0 11 

bounded sets a nd 0: E L 1 [0, 1]. Then for a s; 0 t he boundary value p roblem 

(1.1)-(1.2) has at least oue solution in C 2 (0, 1] provided M < !'(' 

Proof: Since a=? 1. Lis one-t o-one mapping. Let K = L ·· l so that KN : X~ X is 

compact by the Arzela theorem. From t.he Lt>ray-Schauder degree theory, exis teu<:t> of 

solution will follow if we can prow t.hat. the set of all possible solnt.ions of the family of 

t>quations 

a:"' ( t) = >.j(t, a· , :r:1
, /

1
) 

x1(1) = x"(O) = 0, x(l) = ox('r7) 

(2.2) 

(2.3) 

is bounded in C2 [0, 1] by a cons ta nt independent of>. E (0, 1]. To very this, suppose xis 

a solut.ion of (2.2)- (2.~l), so t.hat x E D(L ). The relation 

Therefore. 

./ l.t"l2di 

x1(1) = x"(O) = 0 y ields 

t .?Jx"rlt = (
1

l:r:"2 1dt 
lo lo 

-.A 11 

x 1g(t:,:c, :/,l:11 )dt - .A 11 

:I.:'h(t,a:,x1,:r")dl . 

< t 1.1:1 lh(t.1:, ;r;1) .t:")rlt 
lo 

usino· the Cauchy inec111Ulilv labl < ·~~~ + !i for t: > 0 
b • ·' - 2 2t 

we have 

f
1 

1 :~:1 l ih( l ,x . :/.:r:")dt :::; .: rl lx112 <il + ~ tl h(t.,x, :r',x")dt Jo 2 ./0 2t .fo 
From conclit ion (b) , we obt;a iued t he estimat.e 

lh(t , :r, y, ~ )2 ~ .U12 {l.1:!2 + IYI2 + lzl28
} 

T herefore. from Holder's int>qua lity we get 
., 

I 
,

1
2 f. I 1l2 2M- { I 2 I 1l2 I ,

1
2;3 } :z: 2 - 21 :1; 2 ~ - f. - xl2 + a: 2 + x 2 

Since x'( l ) = 0 , we obta in from Lemma t ha t 

J. II '} 1r f. I 2 2JI' - ') I 2 II 2[-1 

( 

2 ) ' Af') 

2ll· 12 + 8 - 2 lx b ~ -f. - { I:!:J:.i + lx l2 + Ia: h } 

(2.4) 

Further~ since a ::; 0, .z:(l) and l :(r!) have opposite s igns. T herefore, there exis t.~ E (rt, 1) 

:;Hch that . . z:(O = 0. Hence for each t E [0, 1], we ga.ve 

I I•) ·1 1112 
. .c 2 s 1r'2 :r; 2 (2.5) 
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T h eor em 2.2 
I 

Suppost' the a ssumpt.iuns of lhecm'ms 2. I hold. Theu fur 1 i a > 0, t he boundary val11e 

prohlt>m (1.1)- (1.2) ha.-:; at leasl cme sol11 ticm in C 2 [0.1] p rovided 
•) 

( 

[ - IJ /2)-wlwre 8 = --- + -
lo - Ll ;r 

")) l r.-
i\1 < lllill (2B' lG 

P roof: As in th(:' proof of Theorem 2.1, it suffic(:'S to wrify t hat. the set of all possible 

::-olulions of tht> family of e<.pu1.t.ious 

x 111(t) = >..J(t , x.:r'. :r") 

:r' ( 1) = x" (0) = 0, .c(l) = £1.!:( IJ) 

i:; bour~ci.ed in C 2 [0, 1] by a constant independen t of>.. E [0 , 1]. By the wean value 

theorem the re exi st. ~ E ('f'J, 1) such that 
1- .,., 

.r;(11) = --x'(O (see [7] Lemma 2.2) 
a.-1 

Hence fort E [0. 1], Wf.' have 

:r(t ) = :D( ll) + (
1 

:c' (s)d8 = 
1

- 77 :r' (O + J.' :r' (s)ds 
• 1/ a - ( If 

(2.1-l) 

= 
1

- 7] r~ (:r" (.s)rls + ; ·
1 

:r '(s)rh 
a - 1 lo ,1 

Therefore 

( 
1 - .,, /2) I "I . rl "I lxi·L :S -

1 

--

1 

+ - .1: 2 = v B .1: 2 
a - 1 ;r . 

where H = 2.=.!L + --=- . ( 
1-• ,;:_,)2 
ia-11 7!' 

Proce(:'rlin~?, as iu tlte proof of Theoretn 2.1, we snbst.ilnt e (2.15) in (2..1 ) to get. 

(
1 2M

2
H) l··"l:.! ( rr 2 rr 2fi.I

2
) l·'l2 21\<1'

2
! " !2:J - - -- .r: ,+ --- - -- .r: ,< --x, 

2 f'. - 8 2 f - - f 
2 

Thus, t here exist cunstanls C\ <mdC2 such t.hat 

I "I (., 'ci. 1 \1 {f. x 2 < -· 1 prov1 ec 1 < y :JB 

and 
rr2 

17 2 H 2 

l.c'l2 < c2 provided ~ > -2 + _._ 
~ f. 

(2.12) 

(2. 13) 

(2.1.)) 

(2.16) 

(2.17) 

(2.18) 

The choic;(:' f = 2i"f minimiz(:'s t.he r ight hand sid(:'s of (2. 18) and the minimnn1 value is 

2.1'vf . Hence (2.17) and (2. 1 8) will hold simulla.n(:'ously provided 

( 
1 rr2

) IY/ < miu 28 : JG 

Sinc-e .:r:'( l ) = 0 , we df.>r ive tha.t 

l.r'lx- :S l.r-" 12 < c:! (2.19) 
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Furth(>r, ~iuce x'(l) = 0, we get 

I I [ 1 - 1J ] I 'I [ 1 - TJ ] c·· (~ :~; = < 1 + Ia- l l x oo < 1 + Ia- ll -·5 = ' 6 

The remaining part of lhe proof is completed in T heorem 2.1. 

Corolla ry 2.3: Th~ results of T heorem 2.3 and Theorem 2A remain valid if assumpt ion 
(d) is replact>d by either of the following 

(d1) lh('t, x, y, =)I ~ M {I.e I+ IYiq + lzn for 0 S q, r < 1 

provided M < ~~ . 

(d2) lh(t:, .t, y , z)l ~ M {IJ::IP + lvl + lzl"} for 0 ~ TJ, ·r < 1 

_provided M < I~ . 
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