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We deri ve existence result s lor the 

pcriodic boundnr~ value prohlcm 

.r' " ' + uf.· + f (.); ).\: + ex + g (f. r(..r - r) = p (l ) 

\ ( OJ = x(2rr l .. ~ (0) = .\· (2 17' ) . . \' Ol = x! '21r ). 
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using dcgn.:c thcorct ic mcthods. The uniqucness or 
pcr i ocli ~: solutions is al s•l cx;~mincu . 
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I . Introductio n 
In th is paper wc study tlw periodic boundary valu..: 
probkm 

{I I' . . . . . .. , 

X + ox +t'( x J x +.: x + g(t.'\(t -r J[ = p(tJ 

( l. l ) 

\ (0 ) ~ \ ( 21T ) .. ~ (0) = _, .. (2 17' ), .\: 0) : .i:( 217' ). 

:\: t il) ~ :\'· ( 2 7r ) 

1\l th li ,.:J d..: luy r E (0.27r ) Wh.:r.: c 1- u is a 

.:unsti.Jnt , p: [0. 27f t~R ;Jilll g : [0. 27f j>. '.H _, 

~H arc 2rr p.:riouic in t and g si.ltis lics .:a win 
l'ar ~ r lht:lllhH·~ ~:ond it inn ~. 

l'h.: unknown function ,; 10. 27f I~R is J din.:J 
' for 0 < t -, r by x( t - r ) = x( 27r -( t- r J 

l'h.: dil'krcnlial cqualinn x 1
"'

1 + o~\: ,; h .\' 
h( x).i· + g(t. \( I - r )) •: p(t) 

( 1.2) 
In whiCh b < 0 is a constan t wu:. the ubj.:ct o r a 
recent study[(,). 

Resul ts on the existence and un iqueness or 
2H p..: r i1 ldi~: solutions wcr..: ..:stablished subjcct tu 
certain resonant condit iOns on g. r ounh order 
di flc rcntial equations wi th delay occur in a var iety 
o r phys1ca l problems 111 f1clds such as Biology. 
Physics. Engineering and Medicine. In recent year. 
rh..:r.: h:l\-c been many publ1cutions 11WOiv1ng 
d1 1lercnuul cquat ron w1th delay; sec for example 
[ l. 2.4.5.6.!l.'J). However. as far as we know. thcr..: 
<tn: few results on the cxrstcncc and un1 quencss or 
pcnodrc solution 10 [ l . I ]. 

In wlwl follows we shall usc the SIXI('CS 

cqo. '2 1r J). c'qo. 21r I> · 

and L'([O. 2H ]) of conti nuous. k l1111cs 
cont inuously dillerentiablc or mca~urahk rc·al 
ltlllctions \lO OSe kth power ot' the absullllc \:d u,· 
is Labesgue intcgrabk:. 

We shall also make usc o r the Sl lhok: \ :-.p.rcc· 
Jclincd by 

H~" = : {x: (0.2Jrj - > Nix . x arc· 

absolutcl y continuous on I (1. 2Tr I and 

\' E L~ I 0.'21r ] with nurm I rl~ .. 1.' 

I J. :... ' ' 1 - f. ~ ·1 I '' ( - .C(l )dl t +-L, .r ' (t )! dt 
27f " 27f •• I " 

x' = J ' • 
dl ' 

2. The Linear cases 
In this section \\'e slwl l lirsr <.:Pnsid..:r the 

equation: 
,,'"' (t) , .~ i .. (t) + b.t (t ) I c .\· tt l · d\(t-r J II 

(2. 1 J 

'\(0) = '\(2 1r ) . . X{ O) = .d2 7r ) .. \' (OJ .\' ( 2 ,7 J • 

i(O) = X' (27r) 

Where u. h. c. d. are constants 
Lemma 2.1 Let c 1: 0 and l . ..:t a/r '· () 
Suppose that : 

O< J/c < n. n <:- 1 (2.2) 
Then (2. 1 J has no non-trivial 2 7r pcn nd11: ~ol u 1 11111 

lor any li \cd r E [0,2H). 

Proof 

By ~uhstitul i ng '\(t) = e J.J wi th A ~ 111 . .~ - -I . 
We can s.:c that the C011l'lusion or th ~: I .<:Jn lll ,l I ~ 
true il' <D(n . r ) = an ' - en + d S1n n r ;. ( I l·or .din 

~ I •mLI r E (0, 27f ) ( 2 .~ 1 

l3y (2.2) we have 

r ·1 <[l(n. r) = 
u 

' n -n 
t ' 

£1 ' J u ' - ,,. - /) +- $ - 11 < 0 
(' c c 

,/ 
-Suo n r 
(' 

Thcrel(>re <.P( n, r ) fll :.rnd tile rt·suh f(lllo\'. ;. 

tJ :•II I' ; l I 
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() . 

I r \ E l.1 ro. '2Tr J \\C shall write 

I i1.T .\' =- x(t)dt.x(t) = x(l ) -x 
2Tr () 

So that 

f.~T~(I)df = 0 
I 

We sha, l consider next the delay equation 

x '"') +a).:+ hi + c:i: + d(l)x(l- r) = () 

(2.4) 

x(O) = x( 2Tr ), -~ (0) "" .• r ( 2JT ) • . ¥ (0) = i ( 27r ). 
:\: (0) = ).: ( 2Tr ) 

I 
Where a. b. c ttrc constants and d E [

2
.
1 

l lcr..: th..: co..:llicient d in (2 .4 ) is not n..:ccssari ly 
constant. W..: have he fo llowing resul ts which 
apart h·om being of independent intcr..:st arc alsn 
usl!l'ul in the non·lincar case involving ( 1. 1) 
Lemma 2.2 Let c 1:0 und let u/c < 0 Set I ·1 1) -. 

c·'d(l) E L~J( Suppose that 

() - l'( t )-' 1 (2 . 5) 

Th..:n lilr <.~rbitrary constant h I h..: ..:quat ion (2.-1 ) 

udmils in H ~ 
1 

unly the trivial sol uliun lor ever) 

r E 10. 2Tr ). 
We nmc that u nnd 1: arc not urhitrat'). 

Proof 

II., E /-/~.,is a possibk solution ••1' (2.4) th..:n,ln 

multi plying (2.4) by x + ~ (t) and integrating over 

I 0. 2Tr lnol ing that 

I ~.. . - f ex+ x( t)) 
2Tr u 

c-' [x'"'' + o:\: +b.\'] =-~·" 7: f.~.T .X~ (t)dl .. 
We hnve that 

· :;.!_·J (x+~( t)~-' [x'"' ' +ox'+bj,' ]+.:i·+l(t)x(t -r) }dr 
_JT II 

I .: " I ~-· 
_ !.!_ f "i~ (l)dl +- f ( .~ + :t (J))[,\· + f (l}x(f- r)dt J 
'2Tr {' 27r 

It U 

: .. 
> ;

1
.
7 
f (.\' t- ~ (t}Hx(f) + r u) q, - r ) :dt 

' II 

I 2 1 . ! .r . I : · 
? f:\"! (t)dt + f I -(l):xx(l- nd' -+ :; - f 1 u ).\- · ,,, 
_ J[ .. 11 _ ,7 " 

1 ~.r 

+- f r{l).rr(t- r )dr 
'2Tr .. 

Us111g the rdcntity 

ab= (a+b)2 _i_ _h~ 
2 2 I 

We gel 

I !., · I ~-7 I :.-- f x~ (t)dt + - f f(l ).'X:~ dt +- J l ' ( t Jx\ u -- r)tlt 
2Jr II 2Jr II '2 lT 1 

+ -
27f 

2fru) [x(l-r)+ -~(t)f__ ~~ - .'¥~<~:.~ 
" 1 2 1 ~ 

-Xx(l- r)-~; }d' 
I 

2JT 

!f,y.:__ , I zf·' ql)[.:__, - · l 
x-(t)dr-) -

1
-x- +x-(r - r)y.lr 

I) _ J[ 0 -

: .. rc ) [ ] 
1 

f-+ { x{l-r)+i(f)~+ .\'! :dr 
_/T I) -

Using (2.5) II'C gel 

() 

.!.If " · 

~ !1n f i~ (t)dt- ,.L -f· f(~[~! 
-·1 2 - + :\ . (I · r) }tt 

\ 1 0 • 

l'rom the period icity or :t 11\.! lla\ l' lh"t 

:!n ~ T 

f ,.:,., d f ,.:,., 
.C (/) I = X - (1- r}dl 

0 II 

1-lcn.:c 
!n 

o ~1 l!'• f :t!{l-r) - r(f )_\';(t-r)Jdt 
u 

~-1 

1 1 :'~ fc~! u>-ru).~!<, -r) Jdt 

(2 (!) 

Using (2.5 ) we can sec that the last c.,pr..:sst<•n •s 
11011-ncgative hence 

1_151 p ii :! ... 
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Then 

I 

(cxr g(t ' r) 

_v(r.x) = J (r.:RI )-1 g(r.RI) 

- (c:R, r 1 
g(t .-1?1 ) 

r(t) 

lxl ~ Rl 

0 < X < Rl 

- Rl <. X < 0 

x= O 
{ HI) 

0 < V(l .. r) 'S J'It ) I 

( .1. 7) 

s·,.. 
) 

~ %lsi~, ~ . - <ia12 + IPI2 Xlxl + !:t l~ ) 

~ ~lxl ~,l.- .B<Ixl +ixi lf ~ ) 
Thus 

lxl ~~ ~ < 
2

.8 <lxl + lxl ~~ ~ . ) - 8 

With ,8 > 0 independent of r 
.111lcgrallng (3.9) ov..:r I O.~n:\\·c· 

~ ,, 

(.\.Il l 

;md ;. 
•>hta 111 

(I - A) J l" (l)x(l - T)dr = -c '). J.!.!U.x(l - r )) 

" (."\ 1:!1 
Sine.: I (t) > 0 m; J.:rivc tlwt 

'• 

:'.T J ru)dr = r > o (.\. u , 
,, 

for a .c t E [0,:?.7r] and ;JII" E ~ ~ . Morcu1..:r th..: ll.:ncc ii':o.(l) ::: r lor ullt E 10.2n1. (."\ . ~) .md t\ 121 

function _ii(l.x) satisl)· CaruthcoJory"s cnnJi tions implies that (I - A.) r < 0 COI1lrad1CiinJ; f ··. II 

and {; : 10.2 nl .'\ '.H _. '.H <kli111.:d hi S im ilar!) il' x( l ) S.. · r lor alii t:: IU. 2al 11 c· n.:ach 
_ · _ a Cllnl radict inn. 
g(l,x(l-r)) = ~(l . x(l - r)) -- cx(f - r)J ' (/ , x(l - r)) Thu~ 1hcrc .:'\isis u. 11• E J0.2n I ~t.ch th;ll 

LU~J I ( >I . . X I < r. Lc b be such that 
ts such that lor a.c t E l0.2nl and all '\E ~1. 1 · 

lg(t.x(t- r)~ ~ a(/) lor som~: a (I) E L~~-

l.ct A. E [ 0.11 be such that 

c· 'l.r' " 1 
·t u:"i:.· 1- A.H ."i:. ).\' I .,. ."i:. +( I · i. ) l'(l)X ( t·T ) + i,y 

11. '\(H )Jx(t- r) 

+c .. , t I - A )I~ .X + Ac _, ,~ (t , x(l - r)) - c _, Ap(l) = 0 
( .tl) ) 

h 1r A = 0 11c obtuin (2. 1 J which h) Lemma 2.2 
admits only thc trivial soluti on 
For ), ~- I we: gel the original ..:quution ( I . I ). To 
prnvc that cquation (:i . l) ha~ at least one solution, 
we sho11 according to the Ler<~) -Shaudcr M..:thnd 
tiHit the: possible Solut ion ul" tht: lam il) t>i" 
cqua110ns (.\ .1)) arc <t pritJri bt)UillkJ in C' I0.2n l 
ind..:pundently or A E [0.1 J. 
~0t 1ce t(w t by (3 . 5 ) nn e: hu~ '· 

o ::_ ( I • ), I I ( t) .; ), .V l l , '\( H )I S: I ( t ) + 0
/ ::_ ( 3. 1<11 

l"ll ..:n usll)g Thcorcm 2.1 with Y!l) ~- ( 1- i.W( t) 1 

i. \' tt, :x(H)) and Cauch)· Schwar1 inC<JUalit' w..: . . ' 

:!Cl 

0 

I 1.T . 

- J<x + X(f) ){c - l l.\" 110 
I+ u:i.: + ;\_f" (.i.")~: J + .i.· + ., . 

_ff II 

1 1-i.ll ttl '\(t- t l+ A.y ( t. x(Hl' A.j?'(l,x(l - r) 

+ ( 1-1..) b .\' · ),p(t l :dt. 

.. 
x = x(r1)=x(tl) + J:..-(s)ds. Th i ~ 

'• . 
1mpli cs that lxl ~ r + :?.7riXJH;. 
Subslltuting this in (1.1 1) we: g..:t 

lxe,~ , s c,ixlll;, 
or lxl : ~ c, ' (.'I > 0 

II' ·' 
No11 

( .l 1-.) 

lrl <l\l+lxl < r +(7 :r + l)c ·.:. c . 11;. - . " II~ , - - I '! 

I .\ 1:\ I 
l"hus 

~-~ 2 ~ CJ ,C ~ > 0 l .\ I (tl 

l: rtu11 (3. 16)11..: ha\t: 

1-\i. ~ C."4 • C 1 > 0 (.\ f7 I 

Multipl) ing (3.9) b) - .\"(r ) and tnt <·~rat tn~ ohT 

I 0.2n l 11 .: have 

1-'i ~ s icf' <1:{ + 11 + 111-'i J~ . + laU.i.i ~ + \el Ji.i: l 
Hence 

~-~1 ~-C; , C; > 0 
1\nd thus 

1-'i. ~ cc. .c~o > 0 

(J 18) 

(.\ . l lJ I 

\ ;~ { L 
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Multip lying (3 1 J) by 

j0.2rrl 
-A:(/) and 1111Cgr;)tll1g over Where fJ(t) E L;,, is de fin ed b) 

We g.ct 

ji_.J; ~ i; <-':ll.i-'i~ +I' +·XIi-'i:lxl. +Jcl-'ial.l.rl~ +it~:l-'1: + ihli-':1 : 
Thus 

j:\-'j~ ~ c7 .c7 > 0 
And hence 

~~., . ~ L'x,L'x > 0 
.-\l~u 

(.UOJ 

LUIJ 

'I'" 'I < o (~ "") .\' I - C,1 ,C,1 > -'·--

Since .\:(0) = .¥(2JT) thl•r.: .:-...t~t~ t., E 10.2rr1 

Such that :qr.,) = 0 1-lcn..:.: 

1:\--'l. $ c,o' c,o '> () (3.23) 

From (3. 17). (3. 19). (3 .22) and (3.23) our r.:sult 
rollnws. 

4. Uniqueness Result 
I r in ( 1.1 ). .f'(.~) = b a nmswnt. The loll owing 

uniqucn.:ss n:su lts holds. 

Tllt'OI'elll 4. 1 
l . ..:t "· b . ..:. he ..:onstants 11ith..: f 0 a/ ..: < 0. 
:-.uppose g is ;1 euratheodon~- lun..:ti<'ll ~atisf)ing 

0 
.~ (l.x,(l-r))-g(f.L(f-r)) _ 

< - - < I (I) 
c(x,- x~) 

I: or a.e .. t E [0.2rrJ and all \ 1, x~ E R 

\\'here l' E L: 
~ T 

Then the' bounuary value problem 

x" + c t~\_. + hi+ c\' + g(l. x(l- r)) -= p(l) 

X 1 f. '\~ 

r< O) = x(2JT) • .:i·(O) = ,\-(2JT) .. ¥(0) "' i(2JT).:t'(O) = :q2JT) 
(4 I) 

lws art must one sol ut ion . 

Proof 
Let u = x 1 -x~ for any two solut tons x 1, x~ of(4. 1 ). 
Then u_ satis fies the boundary va luc problem 

c 'lu 1
" 

1 + aii' + biiJ + t i + fJlf)uU -- r) = 0 

11(0) = 11(2JT) . ti( 0) = ti(2JT).ii(O) " ii(2JT).ii'(0) = ii'(2JT) 

fJ(l) = 

g(r. x, U- r ))- g(r , x 1 (t- r)) 

c:(.r , - -":) 
lt'u ~ x1- ~~ 1 0 and Sln\:l' 0 · IIlli $ Itt) ln1 
" c 1 E I 0.2rrl thl·n using tlh: .lr;_!lllll,.IH" nl 

theorem 2. I we lwvc that u tJ and 1hu~ '; 
': a. c. 
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