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P ERIODIC BOU NDARY-VALUE PROBLEMS FOR 
FOURTH-OR DER DIFFERENTIAL EQUATIONS WIT H DELAY 

SAMUE L A. rYASE 

ABSTRACT. Wt! s tudy the period ic boundary-value problem 

z(iul(t ) + f (x )x{t) + OO:{t ) + g(t , :i:(t - -r)) + dx = p(t) 

z {O) = z (2.r) , :i:(O) = :.i:(2.r), %(0) = %(2.r), :ii(O) = ·x(2.r) , 

Unde r some resonant condit ions on t he asymptotic beha viour of th e ratio 
g(t, y )/(by ) for IYI -. oo. Uniquenc:11:1 of pc:riodic solutions ia al5o examined. 

1. I NTRO DUCTION 

In this article we study the periodic boundary-vll.lue problem 

x<'"l(t ) + f (x)':i:.(t ) + bx + g(t , :i: (t - T)) + dx = p(t) 

x (O) = x(2rr), :i:(O) = :i:(2rr) , x(O) = x(2rr), x·(o) = x·(2rr), 
(1.1) 

with fixed delay T E [0, 2rr), f : lR-+ lR is a. cont inuous function, P : [0, 2rr] -+ lR ll.Dd 
g : [0, 2rr] x lR -+ IR are 2rr- periodic in t H.Jld g satisfies Caratheodory conditions 
wit h b tu1d d rt=Hl con:itnut..'i. T ho= unknown func t ion ;r; : {0 , 2-rr] --> 1R is defined for 
0 < t :S T by x(t - T) = [2rr - (t - T)]. We ar~ concerned with the exllitence and 
uniqueness of periodic solution of equation (1.1) under some resonant conditioru; 
on g. ' 

It is pertinent to note that fourth-order differential equations with time delay 
an~ u.o;~d to model problems in engineering and biological or physiological systems. 

• For inf tance, the oscilla tory movements of nutt;;Cles thut occur as a result of the 
interaction of a mu.o;cle with its load (see [5]). For other papers dealing with the 
study of fourth order differential equations with t ime delay see [2, 3] and references 
therein. 

In what follows, we shall use the spaces C([O, 2rr]), Ck([O, 2rr]) and Lk([O, 27T]) of 
continuous, k times continuously differentiable or measurable real functions whose 
kth power of the absolute value are lebesgue integrable. We shall use the following 
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9ubulov npn.~: 

WI,;.2 = {:c: [0, 211'] -+ 1R: x,x, x, ':i;'a.re absolutely c.ontinuous on [0, 2rr] and 

:c(O) = x(27r), x(O) = x(27r), x(O) = :'1:(211'), ':C(O) = 'x(27r)} 

with the norm 

4 1 12"' lxl~v• ·• = L -
2 

lxi(t)12
dt 

•• i=O 7!' 0 

and 

H:},. = { x : [0, 2rr] -- lR : x i.."i absolutely continuous on [0, 211']ancl x E L~,.} 

with the norm 

1 t""' 2 1 12
,.. lxl~v;~· = Crr lo x(t)dt) + 271' o lxl2dt. 

2. THE LINEAR PROBLEM 

We consider here the linear delay equation 

:c(iv)(t) + a':i:'(t) + lii(t) + d(t- r)) + dx = 0 

x(O) = x(2rr), :t(O) = :t(27r), x(O) = x(211'), x'(O) = 'X'(27r), 

where c is a real constant. 

Lemma 2 .1. Let b < 0, d > 0 and 
c 

O<i)<n 

(2.1) 

(2.2) 

where n is an intf'1}er u ~ 1. Then (2.1 ) lias no 'uon-tri11ial periodic .~olution fm· 
any fixed r E [0, 271'). 

Proof. We consider a solution of the torm x(t) = e.Xt where,\ = i n with i 2 = --:- 1. 
Then Lemma 2.1 will follow if 

·t/J(n, r) = n 4
- bn2 +en sin nr + d :/= 0 

for all 1l ~ 1 and r E [0, 2rr). By (2.2), we obtain 

n 4 
2 c . d 

b_l·c/J(n, r) = b- n + bnsm nr + b 
n 4 

2 c d 
< --n +-n+-
- b b b 

n 4 d ~ 
< T+ 'b < o. 

Therefore, 1/J(n, r) :/= 0 and th!l result follows. If x E L~,.. we shall write 
2w 

x = 2_ { x(t)dt, x(t) = x(t)- x 
2rr }0 

' 1such that I:,.. x(t)dt = o. o 
'vVe consider next the dt::lay equation 

x<'"l(t) + a'x(t) + bx(t) + c(t)x(t- r)) + dx = 0 

x(O) = x(27r), :i:(O) = x(2rr), x(O) = x(27r), x'(O) = ':i:'(2rr) , (
2

·
3

) 

where a, b are coJL"itants and c(t) E L~,... 
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Thooa-.:oua 2.2. Lnl!.-< O, .J >- 0 orttJ r(t)- !.- 1.,(1);:: L3,.. 9uptx~nn that 

' o < r(t) < 1. (2.4) 

Then (2.3) has no non-trivial periodic solution for every fixed T E [0,271"). 

Pmof. Let x(t) be any solution of (2.3). Then 
:.!,- - 1 

0 = 2~ fu ~(t) [~71" { x<•u> + a·x + dx + {x + r(t)X(t - r)}} ]dt 

= _ ~- 1 

f
2

" i:!(t )dt - Jb-
1 

f "J" :P(t)dt + 2. {
2

"" i(t)["x(t) + r(t):i:(t - r)Jdt 
271" lo 271" lo 271" lo 

~ 2_ :'i(t)[x(t) + r(t):i:(t - r)Jdt 12" 

2rr 0 
:.!>r 

= 1 [!i2 (t) + r(t)~(t):i;(t- r)]c.U 

= .2.. {
2

1f [P<t) - r(t) P(t)- r(t) :P(t- r)]dt 
2rr } 0 2 2 

1 12
"' r(t) .. ]2 + - - [x(t) + :i:(t- r) dt. 

2rr 0 2 

In th~:: 11bove ~::xpreHKion we uHed the equality 

a+ b 2 a 2 b2 

ab = ( - ) ----2 2 2. 

Ftom the periodicity of :i;(t), it follows tha t 

Hence, 

1 r:.!,. .. ., 1 r",l,.. ··2 

271" Jo x-(t)dt = 271" Jo x (t- r)dt. 

'}.,-

0 ~ .!. (2. f [P(t) - r(t)i2 (t)Jdt] 
2 271" } 0 ., . 1( 1 r-1f '':l ' 2 

= 2 271" lo [x (t- r ) - r(t)x (t - r)]dt 

• 2 
~ oi:CIH' = ol:i:IH' · 

::l~~r 2w 

B y [4, Lt!mma 1] where o > 0 is a constant. Tlus implies that x Lo; constant a.e. 
But since d =F 0 we must have x = 0, a . e. · 0 

3. THE NON- LINEAR PROBLEM 

We shall consider h ere a preliminary Lemma which will enable us obtain a priori 
estimates required for our results. 

L~mma 3.1. Let all the eondition.s of Lemma 2. 1 hold and let o be related to r(t) 
h-y, Theorem 2.2. Sup110.se that v E L~1f and 

0 < v(t) < r(t) + E a. e. t E (0, 21r] 
., 

h1ld.~ fm· any 'U E L=j,., wher-e f > 0. Then 

2_ { :!'If ~(t) [b- 1 (x(iu} +ax+ dx} + x + r(t):i:(t- r)]dt ~ (o- E)l:i:l~~ · 
271" }0 •. 2• 
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Prn-of. F\-uu1 t h o pa:uuf uf Thou.n:>Ul il.il, .,.., Ln..-.:> 

2

1
rr 12

71" i (t) [b- 1 {x(iv) +ax· + dx} + x + v(t)x(t - r )]dt 

~ ~ (~ (.,. [~2 (t) - r(t)~2(t)]dt) + ~ (~ (!.,. [.P(t- r)- r(t)~2(t- r)]Jt) 
2 271" } 0 2 21r }0 

271" 

- ~: 2~ 1 (:?2 (t - r ) + i:!(t))c.lt 

1 [ 1 1:h· .. ·> • 2 ] f 12
"" 2 ~ - - [x-(t - r )- r (t)x (t- r)Jdt - - x (t- r ) 

2 271" 0 211" 0 

e 12"" ""2 - - i: (t - r)c.lt 
271" 0 
. ') .. 2 

?: 6lii:H• - t=lxln• 
~hr 2 • 

• 2 
2: (<5- c) lxiH~. · 

0 

We shall consider the non-linear delay equation 

x (>v) + j(x )x + bx + g(t ,:i:(t - r)) + dx = p(t) (3.1) 

where f : R -+ R is a continuous function and g : [0,21!"] x R -+ Rare 2rr periodic 
in t and g satisfies Caratheodory condition; that ~. g( ·, x) lli measurable on [0, 21r} 
for each x E R and g(t, ·) is continuous on R for almost euch t E [0, 21!"]. We !l.'i..'mme 
moreover tha t for r· > 0 there exists Y.- E L~.,.. such that lg(t, y)l ~ Y .. (t) for a..e. 
t E (0, 2rrJ and x E [-r, r·J. 
Theorem 3.2. Let b < 0 and d > 0. Sup-post! that 9 is Caratheodot-y function 
satisfying the in equality 

g(t , y) ~ 0, IYI ~ ,. (3.2) 

lim tmp g(~-y) ~ r(t) (3.3) 
IYI ..... oo v11 

' 
unifo""'jly a.P.., t E [0, 21T"] wht:re r > 0 i.~ a constant and r(t) E L~,.. i.~ .mr.h that 

I o < r(t) < 1 (3.4) 

Thtm f "'r arbitnuy continuou.~ function J, the boundar-y-value problem (3.1) ha.' at 
lt:ast onr- 211"-IJeriodic solution. ·· 

P nx;f. L t!t J > 0 be associated to the function r by Theorem 2.2. Then by (3.2), 
(3.3) the re exists a constant H.1 > 0 such that 

o < g(t , y) < r(t) + ~ 
- by 2 (3.5) 

i~ IYI ~ R1 for a. e., t E [0, 211") and ally E R . Define Y: [0, 21T"] x R-+ R by 

{

y- 1g(t,y), IYI ?: H.1 

Y
- R- 1g(t,R) , O< y<R1 
- 1 - R 1 g(t, -Rl) , - R 1 < y < 0 

r(t), .. y = 0. 

(3.6) 
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Thou by (3.&), ...., ha.V1:> 

0 
o $ Y(t,y) < r(t) + 2 

5 

(3.7) 

for 11. e. t E [0,211"] for all y E JR. Moreover the function Y(t,y) satisfies 
Caratheodory conditions and 

g(t, x(t- T)) = IJ- 1 g(t, x(t- T))- y (t, x(t- T))x(t- T) 

Lo.; such that a. e. t E [0, 211"] and ull x E IR, we have 

19(t,x(t- T)) l $ a(t ) (3.8) 

for some a(t) E L~.,... To prove that (3.1) has at leH..o.;t one periodic solution, it 
suffices to show that the possible solution of the family of equations 

b- 1 [x<ivJ + ,.\f(x)"x] + x + (1 - A)r(t)x(t- T) + AY (t, x(t- T)) 

+ b- 1dx + Ag(t,x(t- T)) + Y(t,x(t- T)) = >.b- 1p(t) 
(3.9) 

un~ a-priori bounded in w:.;/ indeptmdtmtly of>. E [0, 1]. By inequality (3.7) one 
has 

- 0 
o $ (1 - A)r(t) + AY (t, x(t- T)) $ r(t) + 2 (3.10) 

for a. e. t E [0, 27Tja.nd ull x E lR. From Theorem 2.2, we can derive that for ..\ = 0 
equation (3.9) hl\.'i only the trivial solution. Then using Lemma 3.1 and Cauchy 
Schwarz inequality we obtain 

1 121< . 0 =- x{b- 1 [x(w) + f(x)":i:"] +X+ (1- ..\)r(t)x(t- T) 
271" 0 

+ >.Y(t, x(t- T))x(t- T) + >.g(t, x(t- T)) + b-1dx- >.p(t) }dt 

2:: ~lxl~~ .. - (!al2 + lb- 1 IIPI2)Iil2 + lb- 1 ldlil2 

&1.1:.! f./1·1 b-1,···12 2:: 2 X H~. - fJ X H?. - X 2w 

6 2 
> -l:i:IH' - .8l::i:IH1 
- 2 l • l• 

for so1~1e f3 > 0. Hence, 

with CJ. > 0. This implies 

lxiH' < 
2!3 _ 

:1• - 0 - C}, 

!x!2 $ c2 

liloo $ C:J 

where c2 > 0 and C::J > 0. Using Wirtinger's inequality in (3.12), we obtain 

l±l2 $ C4 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

with c4 > 0. Multiplying (3.9) by -x(t) a.nd integrating over [0,211"] , we obtain 

I rx·l~ ~ 1$1~11 + ~l$1:.! + '""':.! + dj:& j:.! + IPbd$1:.! 
1 Applying Wirtingers inequality we obtain 

j":ii j~ $ ·cs (3.15) 
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with CJ(i > 0 o..utl h onuo 

I:Cioo ~ C6 

with C6 > 0. We multiply (3.9) by x<•v) (t) ll.Ild integrate ove1· [0, 211] to get 

-b- 1 lx(iv)i~ 5 lf(x)ioolxl:.dx(iv)i2lb- 1 l + lil2lx<iv)l2.+ 11 + ~ll:i:l2lx'(iv)l2 
+ lb- llldllil:z + lal2l:c(iv)l:z + lPI:zlx'(iv)l:z 

~ IJ(i)loolxl:zl:.c(iv)l:zlb- 11 + lil2l:c{iv)l2 

+ jl + ~ll:i:l2lx(iv}l2lb-1 ldlx(iv)l2 + !ai2IX(iu)l2 ;t IPI21Xi(iv) l:z lb-~ l. 
where we used the Wirtinger's inequality. T hm; 

jx{iv) l:z ~ C7 (3.16) 

with c7 > 0. Finally nmltiplying (3.9) by x(t) and integrating over [0, 211] we obtain 

l:c l2 $ ct~ (3.17) 

with c8 > 0. Hence, 

lxlw~~~ = l:.cl2 + I:CI:z + lxl2 + 1"±"12 + jx<•v>~:z 5 cs + c4 + c:z + cs + c-r = Cg 

Taking R > Cg > 0, the required a priori bound in W1.;..2 is obtained independently 
of x nnd >.. 0 

4 . UNIQUENESS REsULT 

For f (x) = a, a constant, in (1.1), we have the following nniquene..•;s result. 

T heorem 4 .1. Let a, b, d be constants with b < 0 and d > 0 . Suppo.,e g i.' a 
Camtheodory function satisfying 

o < g(t,:i:~)- Y_<t,:i:2) < r(t) (4.1) 
b(x1 - :c:~) 

fm· all :.ci, X:.! E lR ·w·ith Xl :/= X:.! where r(t) E L~,. is sucJ, that 0 < r(t) < 1. Then 
_for· all a~bitmnJ r.on.~tant u and evenJ r E [0, 211) the boundary-value problem 

x(iv)(t) + ax·+ bx + g(t ,:i:(t - r)) + dx = p(t) 

x(O) = x(211), :C{O} = ±(211), x(O) = x(211), x"(O) = ' :x· (211), 
(4.2) 

has at most one .5olution. 

Proof. Let x1,x2 be ll.fiY two oolutions of (4.2). Set x = x1 - :c2. T hen x satisfies 
the boundary value problem 

I b- 1x<•v>(t) + a·x + r(t):i:(t - r) + b-1dx = o 
I x(O) = x(211), :i:(O) = ±(211), x(O) = x(211) , "£ (0) = ":i:" (211), 

where the function r(t) E L~,. is defined by 

{ 

g(t.:i:i( t-r)~-~(t.:i:,(t-r)) if i (t) -.J. O 
r(t) - •<t -r 

- ~ if x(t) = o . . 

ifl x(t) on every subset of [0, 211] of positive measure, then x is constant Since 
d ~ 0 we mu~;t have x = 0 and htmce x1 = x2 .a. e . Suppooo on the other hand that 
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:C{ t) ol 0 on u <;ertfl.in subset of to, 211'"] of posit ire mensure, then using the urgument.'l 
of Theorem 2.2 we obtain that x = 0 and hence x1 = x2 a .e. 0 
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