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1 Introduction 
The main motivation for this study is a recent paper by A.R. Aftabizadeh, Jian 

Mingxu and Chaitan P. Gupta [1] . In that paper the authofS study the third ordet 
periodic boundary value problem 

u + f (u)u + h(u)u = g(t,u,u ,u)- e(t) 

u(O) = u(l), u(O) = u(t), ii(O) = ii(l) 

A uniqueness result was established for the equation 

u +Au + kU = g(t,u)- e(t) 

u(O) = u(l), u(O) = U.(l), ii(O) = u(l) 
where in each case g satisfies Caratheodory's coooitions and A, /care ~nstants. 

' • 
i 

Recently a number of papers have appeared dealing with the existence of solutions 
and in some cases, with the uniqueness of solutions of fourth order boundary value 
problems. For example see Aftabi7.adch [2], Yang [7], Gupta [S], Agarwal [4]. All 
these papers considered the Non-resonance. problems near the first eigenvalue. 

In this paper we shall extend the study in [1) IQ periodic boundary value problems 
of the fourth order. We shall use Mawhin's version of Leray-Schauder continuation 
theorem and Wirtinger's type inequalities to obtain the necessary a-priori estimates. 
We shall also establish a uniqueness result for the equation 

i~ +Au+ Bu + Cu = g(t,u)-e(t) 

'u(O) = u(l), u(O) = u(l), u(O) = u(l), u'(O) = u'(t). 

2 Existence Results 

Let R denote the reals, c* [0,1] the spac~ of alllc-times continuously differentiable 

functions defined on [0,1] with norm 

Received by lhe edi10n December 12, 1992 
e Cclpyriahl Niaeri., Mathematic:al Soddy 1993 

31 

------------~-~---~-~--------......--....-----............_.. 



--

... -·~._.......~ -.._,~ 

I 

. ~~ ~ 
I 

t 
'•\ 
i • 

~ . 

32 Samuel A. IY ASE 

lilA: = supiJ<i> (t)~. 1 e [0,1 ]. 

Let LP[O,l], 1 S p ~ oo denote the usual Lebesque Spaces with norm l·lp· 
Also, let X and Z be real normcd vector spaces. 

L: dom L c X -+ Z 

a Fredholm mapping of Index zero, and Dan open bounded subset of X. Then CL(D) 

will denote the class of mappings 

F : dom L r1 l5 -+ Z 

which are of the form F = L + G with G : D-+ Z, L-compact on D and which 

sati6fy 0 ~ F(dom L r1 aD) where ao denotes the boundary of D. 

TIIEOREM 2.1 (J. Mawhin (6) Theorem IV.4) 
LetHe CL(D) be ono-to-one on l5 and such that for some z e H(dom L r1 D) and 

for e~ery (x,A.) E (dom L ("'\ oD) X (0,1) 

' A.Fx+(l-A.)(IIx-z)~O 

Then ~e equation 
Fx=O 

• has a~ least one solution in dom L r1 l5. 

W shall apply a version of theorem 2.1 to obtain existence results for the periodic 

boun value ~~oblcm 

x j y + f(i)x + h(x)x = g(l,x ,x,i, x ) - p(l) 

x(O) = x(l), x(O) = x(I), ..t(O) = x(l), X"(O) = x(I) (2.1) 

wher~ f,h e C(R, R), p e L1 [0,1] and g : [0,1] x R4 -+ R satisfies Caratheodory ' s 

condi]'ions. 

LEMMA2.1 
The eigenvalue problem 

xiv = A.x 

x(O) = x(l), x(O) = x(l), ..t(O) = x(l), X"(O) = i (l) 
(2.2) 

has A. = 0 as its only eigenvalue. 

PROOF 
Substituting x(t) = Aem1 where A and m are constants into (2.2) we obtain the 

solutions of (2.2) in the form 

x(t) = Ae VI 1 

'\ 
r 
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PERIODIC BVPs FOR FQURlli ORDER ODEs 33 

Applying the boundary conditions we have that 
A 'jl: .0 if and only if A. = 0 . 

The above result implies that there is resonance at 0 and nowhere else. This 
suggestS ,that in (2.1) 

g(t,x,x,i,x) ~ 0 or g(t,x,x,x,x) ~ 0. 

Let I= [0,1]. 

l'HEOREM 2.2 

Letg:IxR4 -+R 

be a Caratheodory's function. That is 

i. g(·,x) is measurable for each x e R 4 . 

ii. g(t ,.) is continuous for a. e. t e I. 1 

iii. For every s > 0 there exists rs e L1[0,1] such that lg(t,x~ ~ rs(t) for a .e. J E I 
I 

where lxll ~ s. 

Let r,R,m,M with r < 0 < R and m ~ M be such that 

g(r,x,x,x,x) ~ M for x ~ R, (t,x,x,x) e 1 x R3 

Md 

( • 00 000) < . ~ < ( . 00 00 ') I R3 g t,x,x,x,x _ m 10r x _ r, t,x,x,x e x 

' 

1. There exists a(t) e L2 [0,1], b(t}, c(t),d(t) e L-[0,1) and e e L1[0,1) such that 

lg(r,x,x,i,X')I s a(t)lxl+ b(t)lxl + c(t~il + d(t~xl+ e(t) 

' 2 . There exists k e R such that 
h(x) ~ k 

- Then for every p(t) e L1 [0,1) with 

l' 
m s f

0
p(t)dt s M 

the boundary value problem (2.1) has at least one solution provided 

lah + lb~- + 2trllcL + 4tr
2

1d!_ + 2trjKI < 8tr
3

• 

PROOF 

As a consequence of theorem 2.1 it suffices to Show that the set of possibl~ 
solutions of the family of equations 

xiv - (1- A.) J~ x(t)dt + A.J(i)x + A.h(x)i = A.g(t. x,i:, i,:f)- A.p(t) 

' x(O). = x(l), x(O) = x(l), i(O) = i(I), x(O) = i(l) (2.3) 
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is a-priori bounded in C3[0,1) by a constant independent of .t e [0,1). . 

.Thus, the question about existence of periodic solutions of equation (2.1) is now 
translaled inlO the existence of solutions of equation (2.3) when A.= 1. 

Let 

( ...... ) ( . .... :) M +m 
g1 t,x,x,x,x = g t,x,x,x,x -~ 

M+m 
Pt(l)= p(l)--

2
-

Then 

g1 (t,x,x,x,X')~ M~m ~0 forx~R. (t,x,x,:X')e / x R3 (2.4) 

8t(l,x,.x,x,X')S m;M SO forxSr, (t,x,x,x)e/xR3 . (2.5) 

ad 
m-M 1 ~2--- s foPI (t)dt s M- m 

2 
(2.6) 

We then rewrite (2.3) in the form 

:l~- (t- A.) f~x(l)dt + )J(x)x + A.h(x)x = A.g1 (l,x,x.x,X}- ).p1 (t) 

x<P> = x(t), .x(O) = x(t), x(O) = x(t), x(O) = .X'(l). 
(2.7) 

· Suppo~ that x(l) ~ R > 0 for every 1 e i. Then integrating (2.7) on/, we have 

~(1- A.>tx(t)dt = A. tg1 (t,x ,x,x,X')dt - A. f~p1 (t)dt 
! 
I Cl' 

~ f~Pl (t)dt =A. f~g1 (t,x,x,x,x)dt + (1- A.) f~x(t)dt , 
This arld (2.4) - (2.6) imply that 

I 
i,t(M-m) ~ A.(M-m) +(1 - A.)R or RSO 
. 2 . 2 . . 

~hich ~ a contradiction. 
on the other hand x(t) s r < 0 for' each 1 e I we arrive at a similar contradiction. So 

1ere exists a to e I such that 

rSx(t0 )S R. 

OW, from X(t) = X(lo)+ rt X(S)ds. and the inequalities 
. Jto 

lxh s -1 ~.Xh 
2n 

lxl2 s -
1 

IIXI2 2n 

(2.8) 

(2.9) 

-- - _,.... 
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• I . 
we have 

lxl_ ~ max(-r,R)+ ~xh 

~ max(-r,R)+ -
1 

lxh 
2Jr 

~ max(- r,R)+ h11xl2 
4Jr 

(2.10) 

Multiplying (2.3) by x and ~nlegrating over [0, 1] we get 

.- f~ x'2dt + 1. f~h(x)x2dt = 1. f~g(t,x,x.i.x)Xdt - I. f~p(t)idt 
or 

\ 

f~ x'2dt = 1. f~p(t)idt- ,t f~ g(t, x,i!x.x)xdt+ ,t f~h(x)x2dt 

~ ,t f~jg(t,x,x, x.x')~xldt + ,t f~h(x)x2dt + ,t tlP<t>lxldt 
I 

I 
From conditions ( 1) and (2) we' have 

f~ x-2dt ~ f~ a(t)lxiXjdt + f~b(t)lxlxldt + f~ c(t)lxl2 dl + f~d(t)lxiXjdl 
I 
I 
I 

I. 
\ +f~IP(t)~xldt +k,x2dt + J~e(t)lxldt , ! 

'I or -I lx·~~ ~ llah ~xlb ftxl_ + lib~.;, !xl2lxh + lcloo lx~i + ldl .. lxh lxh 

I +~p~ 1 lxll .. + klx~~ .+ leltlxl .. 

I Using (2.8), (2.9), (2.10) and 

' \ l'xl_ ~ ~X"Ib (2.11) I 
l we obtain 
I 

I lx'li ~ llah-1 ~x~2 [max(-r,R)+4'711xb1 
I 21r 4 

} ' +llbL ~llxl~ + M .... ~ lxl~ + ldl .. -1 lxl~ 
i 81r 4Jr 2Jr 

l +11PIItllx~2 + lkl~lx'lli + lelt ~x·h 
. 4tr 

I 

I or 

I Iii ~ . 4Jr211all2 max(-r,R)+81r3Mt + 8Jr3~PII 
I 2 

81r3 -(llah +2KII4 .. + 4~r2 1dl_ +2zrlkl + ~bl_) 

I = f3t (2.12) .. . 

. \ It follows from (2. 10) Lhat 

---··-· ---- -4---~-
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lxl .. ~ max(-r,R)+ J;'l = /32 

. and from (2.12) we have 

lxl .. ~Pt 
Using the fact that 

lxl .. ~ lxh ~ 2ltr ~xh 
implies 

lj:U ~ i!.L = /33 
·- 2tr 

From (2.3) we have 

(2.13) 

(2.14) 

(2.15) 

jxivl ~ (1- A.>llxl1 + A.IJ<x>IJXI + A.lh(i)llil+ A.jg(r,x: x.x,x~ + A.!p<ri 
Hence using condition (1) we get 

I 

lxivlt ~ llxl1 + J~lf<x>lxldt + J~lh<x>lxldt + IPI1 

+ J~[ja(t)lxl<+-lb(t)~xl + lc(t)lxl + ld<t>lx1 + e(t)]dt 

~ lxl .. + llflcl-A.Allxh + lhlc(-PJ,PJllxh + lal~lxU .. 
+lbl .. lxlz + lcl .. lxlb + ldl .. llxh + lei• + IIPI. 

I = /34 
Si~e .%(0) = i(l) there exists -r e (0, 1) such that x( -r) = 0 . 

(2.16) 

i f ore 

lxl .. ~ /3, (2.17) 

.Fro~ (2.13), (2.14), (2.15) and (2.17), we can see that the set of solutions (2.3) are a 

1 . pri~ bounded in c3(0,1] by a constant independent of A. e (O, ll . 

.. 

TIIEOREM2.3 

~e~ g : I x R 4 ~ R be a function satisfying G:aratheodory ' s conditions, 

f,h e C(R,R) and there exists k e ~ such that· h(i) ~ k. ' 

Let r,m,M with r < 0 <Rand m ~ M be such that . 

g(t,x,x,x,x) ~ M for x ~ R, (t,x,i,x) e J.x R3 

ad 

g(l,x,x,i,x) ~ m forx ~ r, (l,x,i,x) e I X R3
• 

Assume the following 

--..,. 

l 
l 
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i. There exists function a(l) e cl [0,1] with a(O) = a(1), b(l), c(l), e(t) e C[0,1], 

d(l) e L1{0,1] and real ' numbers ao.bo.c0, and e0 such that a'(l) S OQ. 

b(1)2:-bo,c(1)2:-c0,e(t)2:-e0 for a.e le[0,1] and for every .x,i,.X,xeR, 

a.e. 1 e I we have 

.Xg(l,x,x,.X,:X) 2: a(l)xx + b(r).%2 + c(t~iil- d(r~il+ e(t~ril. 

ii. There exists a e C(l x R3 ,R] and p e-L1[0,1] such that 

jg<r .x,x,.x,x')l ~ la<r ...... ~ • .x>txl2 + p{ir 

I 

for every .x,i,.X,x e R, a .. e. I e I. Then for every p e L1[0,1] with 

f' S tp(t)dt S M 

the boundary value problem (2.1) has at least one solution provided 

• 4n2ao + 4n2bo + 4n2c0 +eo +4n21kl < 16n4 
I 
I 
I 

PROOF I 
Proceeding as in the proof of theorem 2.2, ·we can show. that there exists to e I such 

that 

rS.x(t0}SR 

and hence 

l.xl_ ~max(-r,R)+Iilz 

S max(- r,R)+.l.I.XIz 
2n 

s max(-r,R)+~IIxh. 
4n 

As in the proof of theorem 2.2, we show that the set of all possible solutions of the 
family of equations 

xiv - (1 - )..)J~x(t)dl + Af(x)x" + ..th(x)x = )..g(t,x,x,x,x) - ).p{t) 
(2 ·18) 

x(O) = .x(1), x(O) = x(1), x(O) = x(1), x(O) = x(1) ' 

is a-priori bounded in c3 [0,1] by a constant independent of ).. e I. · 
Multiplying (2.18) by j and integrating over [0,1] we obtain 

·_ J~x2dl +A. J~h(x)x2dr = A. J~g(l,x,x,x,x)idt- A. J~p(l)i.dl. 
Since h(,%) S k we get 

..__. . 

-lxli 2: A. tg<r.x,x,x,x)i.dr - ,u t.x2dr - A. tp<r)idt. 

Using condition (i), we have 

. _j_ ___ _ 
.,.------ -· 
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-lxli ~ .t ~a(t)x xdt + .t f~b(t)x2dt + .t f~c(t~xxldt- .t ~d(t~xldt 

+ 1e<t~xildt - .u J~x2dt - .t 1p(t)idt 

~- ~ ~lxli - bo.tlxii- .tcolxi.Jih - '.tlldl.li-tl .. 

-eoUxl .. li~ - .Uixli- .tlpUxl .. 

lxl .. ~ lxh 
lxl .. ~lxb 

and Wirtinger's inequality we get 

1"12 "' ao 1"'12 bo 1"112 Co 1"'12 ldll"'l x2~7:!'x2+7:!'x2+~x2+ 1x2 
4tr 4tr 4tr 

llxl lxl2 

+eo[max( - r,R) + ~lxlb 19 + lkl1 + IPI11xh. 
4tr . 4tr 4tr 

iThus 

.. 16n41dl1 +4 tr2e0 max(- r,R)+ 16n 4IPI1 lxl ~ = c1 2 16n4 - (4n2ao + 4n2bo + 4n2co +eo +4~lkl) 
· !It then follows that 

lxl .. ~c2 

lxl .. ~ max(- r,R)+ 
4

: 2 1xh 

~ max(-r,R)+~ = c3. 

;Also 

lxl .. ~ lxh ~ -1 llxh ~ _El_ = c4 
2tr 2 tr 

Applying condition (ii) to equation (2.18) with a e C(I x R3 ,R] we get 

lxiv I s Ual lx112 + unl ~ 1 C[-c,.c,]x[-c4 ,c4]x[ -~.c2 ] 12 II-' 1 

+1Jic[-c2,c
2
]1xll + ~hllc[-c4 ,c)ill + IPit + lxlt· 

Hence there exists c5 jndependent of .t such that 

lxivll S cs. 
Since i(O) = i(1), there exists -r e (0;1) such t,hat X'( -r) = 0 . 

~ 

"!"" 

J 
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1 ... 1 I ivl X 00 ~ X l ~ C5. 

Since the constants c2,c3,c4 and c5 are independent of .t e [0,1] the theorem is 

proved. 

3 Uniqueness Result 
We shall consider the unique~ess of solutions for the fourth order periodic boundary 
value problem o.f the form 

uiv +Au·+ Bu +Cu = g(t,u)- e(t) 

u(O) = u(I), u(O) = u(l). u(O) = u(l). u'(O) = u(l) 
(3.1) 

Here A, B and C are constants, g( t, u) satisfies Caratheodory 's conditions. 

1liEOREM 3.1 
Assume that the touowing holds 

i. For a.e t e I, g(t, ·): I x R--.. R is strictly increasing on R . 

ii. For some r,R,m,M with r < 0 < Rand m ~ M , g(t,u}2:: M for u 2:: R, t e I and 

g(t,u) ~ m for u ~ r, t e I . 

iii. There exists function b(t) e L2 [0,1] and a real number bo such that 

b(t)'~ bo for IE I 

m· 
jg(t ,u),.... g(t, v)j ~ b(t)lu- vi for u, v e Rand t e I. 

·sup~se that b0 + 21rB < 2n. 

Then for every e e L1 [0,1] with 

m~ te(t)dt ~ M 
I 

the problem (3.1)·has a unique solution. 

PROOF 

Exis~ence of ~olution follows from theorem 2.2 or 2.3. Suppose u1, Ill are two 

solutions of (3.1). 
Then 

u{v -uf +A(u·l -u"z)+B(ilt-~)+C(ut-u2)=g(t,ut)-g(t,"2) (3.2) 

which gives on integration over the interval I that 

j~(g(I,Ut)- .g(t,"l))dt = 0 

· Since g(t,.) is striclly increasing on R for a.e t e I , there exists toe I such that · 

u1 (10 ) = "2(t0 ) . (3.3) 

• 
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Multiply equation (3.2) by (u1 - .u2) and integrating over I we get 

-J~<ui-U2)2 dt + B J~<u1 -u2 )
2 

dl = ~(g(t,u1 ) - g(t,uz))(~l- uz)dt. 

From condition (iii) we have 

rt<... . .. )zd B rl<.. .. )zdJ rib( \1.. II;: .. ld -Jo Ut - Uz I+ Jo ul - u2 ~-.lo ~~l-lf2U"l -uz I 

In view of (3.3) we have 

~-bo~lu~ - UziUt -uzldt 
~ -bollul- Uzi..IUt-uz~ · 

. lu1-"i~ .. s:1U1 -u2lb s: 2
1nlu1 -"zl2· 

Hence 

1... ... ~ BIU' .. 12 ..... -bo t·· .. 12 - u1 - u2 + 1 - Uz c. - "• - Uz · 2 2n 2 

Fn?m (3.4.) and Wirting~'s inequality 

! lu1- "zl1 s: -
1 lui - "21 ! 12 2n 2 

weo~tain 

I 1;: .. n2 Bl .. .. 12 ..... - bo 1.. .. 12 . 
- ... 1 -:"2112 + "1 - Uz 2 c. 2 tr u1 - Uz 2· 

a 

I [2n- (bo +. 21tB)llii1 - "zl~ s; 0 
I 

and ¥oce Jut -Uzl.. = 0 since bo + 2rrB < 2n by assumP,tion. 
I 

" 

(3.4) 

Hencp u1{t) = Uz(l) (or a.e 1 e / . Since u1,u2 are continuous on_/, u1(t) = u2(t) for 

ev~ 1 el. 
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