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.,.. 
a2 ~ 0, a4 2: 0, a6 ~ 0, as > 0, 

in which case 4>(/3) > 0, then (1.2) cannot have any purely imaginary root 
whatever. It therefore follows from the general theory that (1.2) does not have 
periodic solutions except x = 0 and tlie perturbed equation 

(1.6) x(s) + a1x(7) + a2x(6) + aax(S) + a4x(4) + asx(3) + a6 x + a1 :i: +as x = p(t) 

in which p is a continuous w-periodic function oft has an w-periodic solution. 
An anp.!ogous consi~eration of the imaginary ~art of 1/J( i/3) also leads to con­

ditions on a1, aa, as, a1 for the non-existence o( any periodic solution of (1.2) 
other than x = 0. 

We shall now consider equation (1.2) when a6, a1 and as are not necessarily 
constants. Our result!! are contained' in the fullowing theorem. 

THEOREM 1 . Let us consider the differential equation 
I 

(1.~) x(S) + a1x(7) + a2x(6) + aax(S) + a4x(4) + asx<3> 

\ + /G(x) x + h(x) x + !a(x) = 0 (/a(O) = 0) 

If 
I 
I 

(1.8)· . 
{ 

a2 ~ 0, ~4 2: 0, y J~ !G(s) ds .~ 0 for ally 

xfs(x) .>1 0 (x ::/= 0) 
and 

,. 

then equation (1.7) h·a; no non-trivial periodic solutions. 

REMARK 1. There,are no restrictions on a1,a3 ,a5 as well as h(x). 

For the case p # 0, we have the following result. 

THEOREM 2. If 
(i) : a2 < 0, a4 > 0, y J~ fG(s) ds ~ 0 for ally 

(ii) xfa(x) > 0 
{iii) /a(x)sgnx-+ oo as lx l -+ oo , 
(iv) There exists constant k such that lp(t , x 1, ... , xa) I ~ k for all t, x1, ... , xs. 

Then equation (1.1) admits at least one w-periodic solution. 

2. Preliminaries 

We consider the equivalent system 

(2.1) . 

l ! , l'' 

X; = Xi+l ( i = 1, ... , 7) 

:i:a = -a1xa- a2x1 - aax6 - a4xs - asx4 

- !G(x2)xa- h(x1)x2- /s(xl) 

,. ~ 
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obtained from (1.7) on setting 

Xt =X, X2 = x,, X3 = x; X4 = X ( J), Xs = :z:(4), :Z:6 = :z:(S), :Z:7 = :z:(G) . 

To prove Theorem 1, we show that every w-periodic solut,on (:z:1 (t), . .. , :z:s(t)) = 
(0, ... , 0) for all t. We shall use the function V = V(y1 , . .. , Ys) defined as follows · 

V = y 1 (1
2 

f 6 (s) ds- (I' sh(s) ds- Yt (Ys + t aiY8-i) Jo Jo J;l 

4 [ 9-2i l 
(2.2) + ~{-1)iYi Y9-i + ~ aiY9-(i+i) 

•;2 J;l 

3 1"' . 2 + 2 L.)-1)1 a2j-JYs-j · 
j;l 

To prove Theorem 2, we consider the nonlinear vector differential equation 

(2.3) X= A(t) X+ G(t,X) 

where A(t) is an n x n matrix continuous for all t E ~ with A(t) = A(t + w) . 
G(t, X} is continuous for all (t, X) E R x R" with G(t , Xi) =· G(t + w, X) .. 'fie 
have the following theorem which will be useful in our proof. ,.· · 

! . 

THEOREM (2] . If 
(a) the homogeneous equation 

(2.4) X= A(t)X 

has no non-trivial w-periodic solution and if i 
(b)' there exists an a priori estimate independent of JJ for the w-periodic so­

lutions of the equation 

(2.5) X = A(t) X+ pG(t, X), 0 $ 1-' ~ 1 

then the equation (2 .3) admits at least one w-periodic solution. 
I 

3. Proof of Theorem 1 

Let (Yt , ... , Ys) = (Yt (t), ... , Ys(t)) be--an arbitrary solution of' (2.1) and dif­
ferentiating the function V(y1 , . . . , Ys) defined in (2 .2) along solution paths of 
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(2.1) we get 

r~ . 
V = -y2 lo !6(s) ds -..JJd6(Y·irv3- Yd1(yl)y2 

- Yt (-t aiY9-i - YJ/6(Y2)- h(yl)y2)- /s(vl)) 
J =l 

I 

- Yt (t 1

Y9-j) - Y2 ( Ys + t aiYB-j) 
J=l . J=l 

4 [ 9-2i l 
+ t;( -l)fy;_ 1/10-i + t; ~jYtO-(i+j) 

4 1 [ 9-2i l 
+ ~(-l)iYi+l Y9-i + ~ aiY9-(i+i) 

•=2 J=l 

3 

(3.1) + '2:::(-l)i1a2j-tYs-jY6-j 
.· .. i=l 

rv, · 2 
(3.2) . = -y2 Jo !6(s)ds ~ a2yl + a4yj + vds(Yt) + Ys 

if (1.8) holds then V(t) ~ 9 for all t which implies V(t) is monotone in t . Since 
Vis continuous and Yt, ... , Ys are periodic in t, V(t) is bounded. Hence 

(3.3) lim V(t) = Vo (constant) 
t-oo · 

Using (2.8) cmd the fact that V(t) = V(t + mw) for any arbitrary fixed t and 
for arbitrary m we have 

(3.4) V(t) = Vo for all t . 

Thus 

(3.5) V(t) = 0 for all t 

From (3.2) and (3.5) we have 

(3.6) Yt = 0 for all t 

Since Yi = Yi ;. 1 ( i = 1, .. . , 7) implies that 

(3.7) ~. l 
0 = Yt = Y2 = Y3 = Y4 = Y5 = Y6 = Y7 = YB · 

.. ~ 



" 

~ " 

' 

l 

PERIODIC SOLUTIONS 35 

A combination of (3.6) and (3.7) gives us the desired result. 

4. Proof of Theor em 2 

We der.ive the differential equation 

(4.1) z(S) + a1z(1) +. a2z(6) + asz(s) + a4z(4) + asz<3> + p.fs(z)z 

+ p.fr(z)z + /8(z) = JJp(t,z,z, ... ,z<7>) (0 < u < 1) 

from {1.1), where 
/8(z) = (1- JJ)baz + J.l!a(z). 

ba is a constant whose value can b~ed such that 

(4.2) fa(z) > ba > 0 
z -

(z-:{; 0) 

We now rewrite (4.1) in the fprm 
/ 

(4.3) X :::; A(t) X(t) + JJG(t, X) 

where 
X= (zl ,z2; · ·· i~s? 

0 1 0 0 0 0, 0 

~ ' 0 0 1 0 0 0, 0 
0 0 0 1 0 o. 0 0 

I 

A = I 
0 0 0 0 1 0, 0 0 
0 0 0 0 0 1 o ' 0 
0 0 0 0 0 o· 1 0 
0 0 0 0 0 0 0 1 

- ba 0 0 - bs - b4 - bs - b2, -bl 

G= (o,o,o,o , o·,o,o.~) 

where 

( 4.4) ~ = p(t, z1, ... , zs) - / G(z2)zs - h(z1)z2 + .bsz1 - /s(zl) . 

G(t, X) is continuous for all t, Zt , ... , zs are w-periodic in t . When JJ = 0 the 
system ( 4.3) reduces to the homogeneous equation 

( 4.5) X=AX 

The eigenvalues of A are the roots of the equation 
·" "' (4.6) .\8 + a·1>.7 + a2.\6 + as>.5 + a4>.4+ as>.3 + ba = ·O 
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36 S.A. lYASE 

and by hypothesis 

" - (4.7) a2 < 0, ..a4 > 0 _,. 

and from (4.6), 

(4.8) a6 = a1 = 0. 

Similarly from (4.2) we have that 

(4.9) ba > 0 

combining (4.7) - (4.9), we get ~hat (4.5) has no non-trivial w-periodic solu~ion. 
Hence assumption (a) of theorem is satisfied. Now, det (e-wA - I) =/: 0, I being 
the 8 x 8 identity matril, hence cil1 w-periodic solutions X (t) of ( 4.3) must satisfy 
the integral equation 
' 

' 

1
1+w 

X(t) = J.'T{X(t)} = J.'(e-wA - n - l I e-<•-I)AG(s, X(s)) ds. 

I I 

To fulfill the assumption (b) of ~h~orem we must show that 

llxll = max(lx1(t)l + lx2(t )l + · · · + \x1(t )l) ~Do 
I 

where Do is a constant. It is .sufficient in view of (.4.4) to obtain the following 
inequality 

( 4.10) rnax lx1(t)l ~ D1,. max lx2(t)l ~ D2, ma.X lxs(t)l ~ Ds 
lElO,wl IE[O,wl IE[O,w) 

where D1, D2, Ds are constants. For every w-periodic solution (y1(t), .. . , Ya(t)) 
of (4.1), define W(y1 , ... , Ys) in the form 

i y, . r~ ( s ) 
W = -J.'Y~ !G(s) ds -:- J.' Jo sh(s) ds- Y1 Ya + ?= aiYB-i 

c 0 J = l 

4 [ 9-2i l 
(4.11) + fu(-l);y; Y9 - i + {; aiY9-(i+i) 

Then, 

• 3 .r"' · 2 + 2 L.)- 1)1a2j - 1Ys-j 

j=l. 

- . r, 
W = - J.'Y2 Jo / G(s) ds - 'J.'Yd6(Y2)Ys - J.'Ylh(Yl)Y2 

" .. , 

.. 

I 

"' ~ 
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- Y• (- t,•;Yo-;- py.J,(y,)- ph(y,)y, 

- (1 -1-')bsYl -1-'fa(yt) + 1-'P(t, Y1. · · ·, Ys)) 

- y, t. Y9-i - y, (Yo + t. •JY8-J) 
4 [ 9-2i l 

+ ~(-1)iYi YlO-i + ~ a;YlO- (i+j) 
t :2 J:l I 

4 [ 9- 2i l 
+ t;(-1);Yi+l Y9-i + [; aiY9-(i+j) 

3 

+ L(-1)ia2i-1Y5-jYG-j 
j = l 

r !/2 I 

= -a2y~ + Y~- I-'Y2 Jo ! s(s) ds + a4y~ + 1-'Yda(Yt) 

+ (1 - 1-')bsyr -1-'YtP(t,yl, ... •. Ya). 

37 

, From condition (i) of Theorem 2 we have Y2 Jt f s(s) ds $ 0, a2 < 0, a4 > 0. 
Hence 

. 2 2 2 ( 1 2 W ~ - a2x4 + x5 + a4 x3 + 1 -;- J.l)bax 

+ J.lX/a(x) - J.lxp(t , x, x, ... , x<7>) 

From ( 4.2) we get 
xfs(x) - bsx2 ~ 0 • 

and by hypothesis (iv) of Theorem 2 we have 

11-'xPI $ k lxl. 

Thus, 

W ~ - a2(x<3>)2 + a4x2 + bsx2 - k lx l 
I k2 

( (3))2 ··2 b ' 2 > - a2 x + a4x + ax - -
- 4bs 

( 4.13) ?: Ds (<x(3)? +_~2) - :b2~ 

where D 5 = min ( - a2, a4) . 
·"' ' 
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38 S.A. lYASE 

Integrating ( 4.13) with respect to t from t = 0 to. t = w and using the fact 
that W(t) = W(t + w) we get 

and 

' , -

0 ~ Ds1"' ((~(3))2 + 2:2) dt- ~:: 

1.., k2w 
(x<3>)2 dt $ --- = D6 

0 1. 4baDs 

1 1"' x2
dt 5 D1 

where D1 = max [ D6, D6 ~] and we have used the fact that 

The periodidt 
(O,w). ThU:~ 1 

, , 

' Therefore 

1"' 21"' 2:2 dt $ w 2 (x(3))2 dt: 
0 ' 411" 0 

condition 2:(0) = x(w)' on x implies x(T1) = 0 at some T1 E 
I 

x(t) = x(Tl) + f' x<3>(s) ds. 
I }Tl 

r ( r )1/2 ml\x lx(t)l $ lo lx<3)1 ds $ w112 lo lx<3)12 ds 

whence 

(4.14) max lx(t)l ::; ·n!/2wl/2 . 

_ Since x(O) = x(~). there exists r E (O,w) such that x(r) = 0. Therefore 

x(t) = i:(r) + 11 

x(s) ds. 

Hence 

(4.15) max lx(t)l $ n!/2w3/2. 

Integrating (4.1) from t = 0 tot = w we· get 

( 4.16) 1"' ({1 - J.l)bax + J.l!a(x)) dt = J.1 1"' p(t, x1, ... , x&) dt 5 kw . 

/ 

.. ~ 
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Using hypothesis (iii) of Theorem 2, it follows '\hat x(t) must satisfy 

lx2(T2)I ~ Da for some T2 E (O,w) 

and for sufficiently large Da. Now, 

Using (4.15) we have 

x(t) = x(T2) + [' :i:(s)ds. 
}T, 

max lx(t)l < Da + Dl/2w5/2 
tE(O,w] - 6 • 

This completes the verification of ( 4.10). 
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