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Abstract
A number of attempts have been made to establish the theories 

of rate decline in solution-gas drive reservoirs with multiphase 
flow. However, none of these attempts have established a func-
tional link between the empirical and the theoretical domains of 
decline curve analysis for such reservoirs. The absence of such a 
link has inhibited the formulation of simple techniques for reser-
voir properties estimation. The purpose of this work is therefore 
to establish the missing link.

In this work, functional relationships between the empirical 
bemp and the theoretical bth were derived. The derivation was based 
on a novel definition of a new parameter known as time-weighted 
average of the theoretical exponent bth .This new parameter was 
found to be related to the empirical exponent bemp, thus estab-
lishing the link. A reservoir simulator was used to generate sets 
of production data used in verifying the derived relationships. Re-
sults presented in this paper show that the relationships derived 
herein are valid, even for heterogeneous reservoirs. The work 
also offered theoretical justifications for the various ranges of bth 
values, and for the first time, four distinct rate decline regimes in 
solution-gas drive reservoirs were identified. Sensitivity analyses 
were performed on the results. The effects of non-Darcy flow on 
decline parameters were also investigated. 

Lastly, this work provided a mathematical justification for the 
existence of the hyperbolic family of curves in decline analysis of 
solution-gas drive reservoirs.

Introduction
Hydrocarbon fields typically show three production phases: 

the build-up phase, the peak (constant rate) phase and the rate 
decline phase(1). For a well, during the peak phase, the bottom-
hole flowing pressure declines until it reaches a critical value, Pwfc. 
Thereafter, the production rate declines as Pwfc is maintained(2). 
Rate decline during the transient behaviour of the drainage area 
is known as transient rate decline, whereas boundary-dominated 
decline occurs after the drainage radius has reached the outer 
boundary(3). The empirical decline curve analysis, largely based 
on Arps’(4) empirical decline models, involves curve-fitting the 
past production data and extrapolating the curve to predict recov-
erable reserves and future production rates.

The theoretical approach of decline curve analysis is con-
cerned with investigating the effects of reservoir/fluid proper-
ties on the empirical decline model parameters (Di and b). The 
essence is to derive functional relationships between the empir-
ical parameters and the reservoir/fluid properties, thereby estab-
lishing a theoretical basis for the empirical decline models. Such 
relationships are useful in formulating techniques for reservoir 
properties estimation using production data. 

Many previous attempts(5-8) at establishing functional relation-
ships between the empirical parameters and the reservoir/fluid 
properties have been concerned primarily with the exponential 
decline of single phase oil reservoirs. An attempt(9) to establish 
the theories of hyperbolic decline of solution-gas drive reservoirs 
(multi-phase) have yielded an expression relating the decline 
exponent, b, to reservoir/fluid properties. However, the values 
(herein termed bth) computed from such theoretical expression, 
although theoretically sound, are not constant through time as 
expected. More disturbing is the fact that the bth values did not 
exhibit any equivalence with the empirically-determined expo-
nent (herein termed bemp). These observations suggest there is 
a missing link between the theoretical and the empirical domains 
of decline analysis for solution-gas drive reservoirs.

The objective of this work is therefore to establish the missing 
link. The work defines a new parameter termed time-weighted av-
erage of the values of the theoretical decline parameter, denoted 
as bth . Using the new parameter, we derive functional relation-
ships between the empirical parameter, bemp, and the theoretical 
parameter, bth. This relationship therefore establishes, for the 
first time, a consistent link between the empirical and the theo-
retical domains of decline curve analysis for solution-gas drive 
reservoirs.

The reservoir model considered in this work consists of a fully-
penetrating vertical well at the centre of a cylindrical reservoir; 
flow into the wellbore is assumed to be radial. The reservoir fluid 
is assumed to be at bubble point. Both homogeneous and hetero-
geneous reservoir cases are considered. The water phase is as-
sumed immobile; hence a two-phase flow of oil and gas. Rock and 
water compressibilities are assumed negligible(10). The presence 
of near-wellbore skin region is considered. A commercial reser-
voir simulator is used to generate sets of production data used in 
verifying the derived relationships.

Results of this investigation show that the theoretical param-
eter bth varies widely through production time. Furthermore, the 
work offers theoretical justifications for the various ranges of bth 
values. Hence, it presents for the first time, four distinct rate de-
cline regimes in solution-gas drive reservoirs. Ultimately, the re-
sults offer a numerical verification of the functional relationships 
derived in this work. The relationships are found to be valid, even 
for heterogeneous reservoirs. Analyses have been performed on 
the sensitivity of the results to some key parameters. In order 
to subject the findings of this work to another test, an additional 
numerical example, adopting a different reservoir model, is 
provided.

In addition, the effects of non-Darcy flow on decline parame-
ters are investigated. Lastly, a mathematical justification for the 
existence of the hyperbolic family of curves in decline curve anal-
ysis of solution-gas drive reservoirs is provided in this paper.
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Equation (8) presents, for the first time, the anticipated link be-
tween the empirical and the theoretical domains of decline curve 
analysis for solution-gas drive reservoirs.

Further still, upon rearranging Equation (5), we represent the 
LHS of Equation (8) in another form as follows:
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Equations (8) and (9) have the same LHS quantity. The RHS of 
Equation (8) represents the empirical, while the RHS of Equation 
(9) represents the theoretical equivalence of the common LHS. 
The approximate equivalence of the two RHS terms is the subject 
of the section ‘Verification of Theories’ presented below.

To the best of our knowledge, these relationships derived here 
have not been presented before now and are therefore significant 
contributions to this body of work.

Non-Darcy Considerations
The derivation of the bth expression in Equation (2) in reference 

9 did not take the near-wellbore non-Darcy flow (turbulence) into 
consideration. This work, therefore, derives a new expression for 
bth with considerations for near-wellbore non-Darcy flow effects 
as follows:
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The details of the derivation of Equation (10) are presented in 

the Appendix of this paper.

Verification of Theories
Essentially, the theories developed in this work are presented 

as Equations (8), (9) and (10). The verification of the equivalence 
of the two RHS terms of Equations (8) and (9) is the subject of 
this section. A commercial simulator was utilized to generate sets 
of production data used in verifying the derived relationships.

Simulation Model and Computations
The reservoir model published in reference 9 is essentially ad-

opted here. The reservoir properties, fluid PVT properties and 
the relative permeability characteristics are presented in Table 1 
and Figures 1a, 1b and 2. The relative permeability data were im-
parted to the simulator as two-point saturation functions. In order 
to replicate reality, the simulation was initially placed on a con-
stant well rate control (representing the peak phase). Upon at-
tainment of Pwfc, the simulator is made to switch to constant BHP 
control (representing the decline phase). The peak rate was set 
at 70% of AOF, as suggested by Fraim and Wattenbarger(17). Pa-
rameters relevant to the verification of the derived relationships 
were included in the simulation output request. The simulation 
report time-step was set at 1 month, however, the month wherein 
decline started was expanded into days to improve accuracy. The 
simulation coordinate was radial with dimensions 10, 1, 2 (r, θ, z).

Additionally, the total compressibility, cT , and mobility, 
λT , terms which were not obtainable directly from simulation 
outputs were obtained using the outputs in the following compu-
tational schemes:
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TABLE 1: Reservoir properties data set.
Reservoir Properties Values

Drainage Radius, re (ft) 2,624.672
Porosity, φ (fraction) 0.3
Permeability, K (mD) 10
Well Radius, rw (ft) 0.32808
Initial Reservoir Pressure, Pi (psi) 5,704.78
Skin Factor, s 10
Initial Water Saturation, Swi (fraction) 0.3
Reservoir Temperature, TF (°F) 220
Gas gravity, γg 0.65
Oil gravity, γAPI 45.5
Thickness, h (ft) 15.55
Critical Bottomhole Pressure, Pwfc (psi) 1,696

FIGURE 1a: Oil PVT properties.
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FIGURE 1b: Gas PVT properties. 

FIGURE 2: Relative permeability characteristic curves.
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curves may be taken as a pseudo agreement since the empirical 
domain cannot exist until there is a substantial production decline 
history. It is also observed that the agreement between the two 
curves improves with time (92.3% at the end of simulation). The 
significance of these results in formulating techniques for reser-
voir properties estimation, is the subject of an ongoing investiga-
tion to be published in a companion paper.

Theoretical Justifications for Rate Decline 
Trends

The values of the theoretical parameter, bth, computed at each 
time node of the simulation output using Equation (2) are pre-
sented in Figure 5.

From Figure 5, it is obvious that the bth ranges from values 
greater than 1.0 to values as low as 0.33. As a precursor to the ex-
planations offered below for the various intervals of values, this 
work suggests that the theoretical bth values should be seen as 
reflecting the actual dynamics of the reservoir-fluid interaction 
through time. Hence, it may be expected to have a dynamic (un-
stable) behaviour through time, contrary to expectations of a con-
stant bth value. Below is a theoretical explanation offered by this 
work for the various intervals of values of bth. 

a) bth > 1.0: Transient Rate Decline Regime

This range of values may be attributed to transient rate de-
cline, i.e. a decline period during which the pressure pulse is yet 
to reach the external boundary of the drainage area. Various re-
searchers(5,6,9) have suggested that decline data existing in the 
transient period will yield values of exponent b greater than 1.0. 
As evidence in support of this proposition, results presented in 
the sensitivity analysis section of this paper showed that this 
range of values vanished for cases that excluded transient rate 
decline. 

b) 1 > bth > 0.67: Transition Rate Decline Regime

Empirical surveys(5,6,9) have shown that the exponent b should 
range from 0.33 to 0.67 for solution-gas drive reservoirs. How-
ever, this work suggests there should be a sort of transition 
regime between the transient rate decline regime, bth > 1.0, (if 
present) and the solution-gas drive decline regime, 0.67 > bth > 
0.33. In other words, the values between 1.0 and 0.67 in Figure 
5 may be seen as representing a transition from transient rate 
decline regime to solution-gas drive rate decline regime. As ex-
pected, results presented in the sensitivity analysis section of this 
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The fluid properties as well as the relative permeability data, 
as functions of time, were evaluated at average reservoir pres-
sure and saturations using the curve-fit functions generated from 
the raw input data. The derivatives, as functions of time, were 
computed using the moving least-square polynomial algorithm. 
For example:
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The empirical parameters a and bemp were computed using 
the simulation output of rate-time data in conventional graphical 
techniques.

Results
The production rate-time data as generated by the simula-

tion is presented in Figure 3. The slight upward curvature of the 
semi-log rate-time plot confirms the presence of hyperbolic rate 
decline, as suggested in reference 10. Additionally, Figure 3 pres-
ents the fraction of production due to solution-gas drive mecha-
nism (SGDI). This result confirms the dominance of solution-gas 
drive mechanism.

The result of the verification attempt is presented in Figure 4 
as a plot of the RHS of both Equations (8) and (9) with time. It is 
observed that the empirical and the theoretical curves exhibited 
similar trends over time. The initial agreement between the two 
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paper showed that this range of values vanished for cases that ex-
cluded transient rate decline.

c) 0.67 > bth > 0.33: Solution-gas Drive Rate Decline 
Regime

The values in this range should represent the actual boundary-
dominated solution-gas drive rate decline behaviour. This fact 
could be supported by the fact that the reservoir exhibited this 
range of values for the longest period of the decline phase.

d) bth < 0.33: Approaching Single-Phase Production
Some cases considered and reported on in later sections of this 

paper, exhibited a range of bth values less than 0.33. These values 
are below the empirically expected range for solution-gas drive 
reservoirs. Our opinion is that, as the reservoir loses more of the 
solution-gas due to production, its behaviour starts to approach 
that of a slightly compressible liquid single-phase flow. Single-
phase slightly compressible liquid flows are known theoretically 
to decline exponentially, i.e. b = 0(2,10). Hence, as the reservoir ap-
proaches single-phase flow behaviour, the bth values are seen to 
be less than 0.33 and are approaching zero.

To the best of our knowledge, the identification of these four 
distinct rate decline regimes in solution-gas drive reservoirs have 
not been presented previously and is therefore a significant con-
tribution to this work.

The Influence of Non-Darcy Flow
Camacho and Raghavan(9) had expressed hopes that the in-

corporation of near wellbore non-Darcy flow effects into the 
theoretical developments of rate decline in solution-gas drive res-
ervoirs could yield constant values of bth throughout decline time. 
In order to verify this expectation, we computed values of bth–nD 
(theoretical decline parameter with consideration for non-Darcy 
flow) using Equation (10). The result is presented in Figure 6, on 
the same axes with values of bth for comparison.

From Figure 6, it is evident that the decline parameter with con-
sideration for non-Darcy effects, bth–nD , vary through time much 
same way as the decline parameter without consideration for non-
Darcy effects, precluding any tendency for constant values of bth 
through time.

If the propositions about the dynamic behaviour of the theoret-
ical decline parameter as being presented by this work are valid, 
then the bth–nD values may never exhibit any constancy in spite 
of considerations for non-Darcy flow effects. The bth values will 
rather be expected to reflect the dynamics (through time) of the 
reservoir-fluid interactions (mobility/compressibility). System 
mobility (relative permeability and viscosity) as well as com-

pressibility (PVT) in solution gas drive reservoirs are known to 
be functions of average reservoir pressure and saturation which 
change with time due to production.

The exponent b has been related to the popular back-pressure 
curve exponent(10) denoted as n. Fetkovich(18) had attributed ex-
ponent n values less than unity to non-Darcy flow. Camacho and 
Raghavan(19) also published results that substantiated Fetkov-
ich’s claims. However, Fetkovich(18) submitted that n values can 
be less than unity strictly as a result of variation in fluid proper-
ties. As a matter of fact, Camacho and Raghavan(19) suggest that 
n values will generally vary with time unless the variation is com-
pletely counteracted with the non-Darcy flow effects. However, 
non-Darcy flow coefficients in solution gas drive reservoirs are 
very small in value (1.71 × 10-6 D/MCF) for the reservoir/fluid 
model considered here, and may never measure up to values suf-
ficient to counteract the variations due to changes in fluid prop-
erties. The results in this work confirm the positions already 
established in the literature.

Sensitivity Analysis
The following analyses were performed with the aim of estab-

lishing the effect of changing some key parameters on the results 
obtained in this work. In each case, the value for a parameter is 
changed and the result is compared to the base case.

Case 1: Effect of Permeability Value
The essence of this case study is to create a reservoir model 

that precludes the occurrence of transient rate decline. It is ex-
pected that the higher the absolute permeability of the reser-
voir rock, the faster the pressure pulse travels to the external 
boundary of the drainage area. Hence, the more the likelihood of 
boundary-dominated flow setting in ahead of the onset of decline 
phase, thereby precluding transient rate decline. For this case, 
the absolute permeability of the reservoir model was set at 100 
mD as against 10 mD in the base case. Also, to accommodate the 
increased permeability, the peak rate was set at 1,000 STB/D as 
against 270 STB/D in the base case.

The result of this case study is presented in Figure 7 as a plot 
of bth values through time. This result was found to conform to ex-
pectations as the bth values obtained were less than 1.0, thereby 
confirming the absence of transient rate decline. Of course, if in-
deed the transient rate decline regime was absent, then it is only 
proper to expect that the transition regime (between transient 
and solution-gas drive rate decline regimes) also be absent. The 
results of this case study also confirmed the absence of the tran-
sition decline regime since the bth interval 1 > bth > 0.67 was ab-
sent. This result, therefore, lends credence to the correctness of 
the theoretical justifications offered by this work for the various 
intervals of bth values.

Case 2: Effect of Reservoir Drainage Radius
As in case 1 above, the essence of this case study is to create 

a reservoir model that precludes the occurrence of transient rate 
decline. It is expected that the smaller the well’s drainage area, 
the sooner the pressure pulse reaches the external boundary of 
the drainage area. Hence, the more the likelihood of boundary-
dominated flow setting in ahead of the onset of decline phase, 
thereby precluding transient rate decline. For this case, the ex-
ternal radius of the reservoir model was set at 1,000 ft as against 
2,624.672 ft in the base case. Also, to maintain the intended res-
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ervoir pore volume, the reservoir thickness was set at 107 ft as 
against 15.55 ft in the base case.

The result of this case study is presented in Figure 8 as a plot 
of bth values through time. This result was found to conform to 
expectations as both the transient rate decline regime (bth > 1.0) 
and the transition rate decline regime (1 > bth >0.67) were absent. 
Again, this lends credence to the validity of the theoretical justifi-
cations offered by this work for the various intervals of bth values.

Case 3: Effect of Peak/Initial Rate
The peak rate (rate at onset of decline) is a measure of the res-

ervoir/wellbore capacity. The essence of this case study is to in-
vestigate the effect that factors such as wellbore diameter and 
wellhead pressure requirements may have on the results of this 
work. For this case, the peak rate was set at 200 STB/D (about 
50% of the AOF) as against 270 STB/D (about 70% of the AOF) 
in the base case. Lowering the peak rate this way resulted in a 
delay of the onset of decline for about 246 days (from 12 days 
in the base case to 258 days in this case). This is expected since 
producing at a lower rate requires a lower pressure drawdown; 
hence, the attainment of the critical bottomhole pressure is de-
layed. Moreover, a lower rate is expected to be sustained longer.

The result of this case study is presented in Figure 9 as a plot of 
bth values through time. From the plot it is observed that the max-
imum (and initial) value of the theoretical bth was 1.88 as against 
5.74 for the base case. This is arguably due to the delayed onset 
of the decline phase. Since decline is delayed, it is expected that 

there will be less of a transient rate decline regime as the onset of 
decline might have occurred nearer the beginning of boundary 
dominated flow. This result suggests that the more transient rate 
decline regime experienced by a well, the higher above 1.0 will 
be its initial bth values.

Case 4: Effect of Critical Bottomhole Pressure
The essence of this case study is to investigate the effect of the 

critical bottomhole pressure on the theoretical decline parameter, 
bth, as well as on the agreement between the empirical and the 
theoretical curves represented by Equations (8) and (9), respec-
tively. The critical bottomhole pressure is a function of wellbore 
perfomance and reservoir deliverability. In this case, the critical 
bottomhole pressure was set at 700 psi as against 1,696 psi in the 
base case.

The result of this case study is presented in Figure 10 as a plot 
of bth values through time. It is noted that the lowest value of bth 
recorded is about 0.4. This suggests the condition in the reser-
voir is still far from being considered to be approaching single 
phase behaviour, i.e. the reservoir has not yet exhausted the time 
span for the solution-gas rate decline regime. This fact is argu-
ably the reason for the reduced agreement between the empirical 
and the theoretical curves, even at field abandonment as shown 
in Figure 11.

Case 5: Effect of Heterogeneity
The essence of this case is to investigate the effect of reser-

voir heterogeneity(permeability and porosity) on the agreement 
between the empirical and the theoretical curves represented 
by Equations (8) and (9), respectively. For this case, the res-
ervoir model as described in the base case was divided into 
two layers. Heterogeneity was introduced into the reservoir 
simulation model by assigning different values of porosity and 
permeability to different layers according to the grid data shown 
in Table 2. Two heterogeneous cases were considered in order to 
investigate, not just the effect of heterogeneity, but also the effect 
of the degree of heterogeneity. For the purpose of comparison, 
the values of properties assigned to each heterogeneous case is 
such that the thickness-weighted average permeability and the 
thickness-weighted average porosity are still the same values as 
the permeability and porosity values in the base case.
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The results of these heterogeneous cases are presented in Fig-
ures 12 and 13 as plots of the RHS of both Equations (8) and (9) 
with time. The results showed that generally, there is an agree-
ment between the empirical and the theoretical domains, even for 
heterogeneous reservoirs. Furthermore, the results showed that 
the degree of agreement reduces with increasing heterogeneity. 
Note that Case 5a (Figure 12) has a higher degree of heteroge-
neity (layer 1: 150 mD; layer 2: 50 mD) than Case 5b (Figure 13) 
(layer 1: 130 mD; layer 2: 70 mD).

Additional Example
In order to subject the findings of this work to another test, 

an additional numerical example, adopting a different reservoir 

model, is provided. The reservoir model adopted here is that pub-
lished by Frederick and Kelkar(20), except for the relative perme-
ability data, in which case the data for the first reservoir model is 
retained. Again, the commercial simulator was used to generate a 
set of declining production data.

The result for this additional example is presented in Figure 
14 as plots of the RHS of both Equations (8) and (9) with time. 
Again, the results showed excellent agreement between the em-
pirical and the theoretical domains of decline curve analysis for 
solution-gas drive reservoirs.

Mathematics of the Existence of Hyperbolic 
Family of Curves in Solution-Gas Drive 
Reservoirs

This work also presents a mathematical justification for the 
existence of the hyperbolic family of curves in decline curve 
analysis of solution-gas drive reservoirs. This approach is based 
on a novel concept of inner boundary condition (i.e. constant well-
bore pressure) of the diffusivity equation in terms of solution-gas 
pseudo-pressure and pseudo-time functions.

The approach here employed the dimensionless solution-gas 
pseudo functions presented by Camacho and Raghvan(9,16) as 
follows.

At the wellbore, the dimensionless pseudo-pressure is thus:
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FIGURE 10: Case 4: theoretical bth trend through time.

FIGURE 11: Case 4: verification of Equations (8) and (9).

TABLE 2: Grid data for heterogeneous case.

Case 5a
  Thickness Permeability Porosity

Layer 1 8 150 0.35
Layer 2 7.55 50 0.25

Thickness-weighted Average  101.45 0.301

Case 5b
  Thickness Permeability Porosity

Layer 1 8 130 0.35
Layer 2 7.55 70 0.25

Thickness-weighted Average  100.87 0.301
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FIGURE 13: Case 5b: verification of Equations (8) and (9).
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The dimensionless pseudo-time functions are

∫( )
( ) ( )

( )=
φ

λ
t

k

Aq t

q t t

c t
dt

0.006328
AD

T

T

t

0
�

........................................................(15)

∫ ( )
( )=

φ
λ

t
k

A

t

c t
dt

0.006328
AD

T

T

t

0

...............................................................(16)

Equation (16) is only applicable for constant rate cases.
To derive the inner-boundary condition in terms of these di-

mensionless pseudo-functions, this work considers that:
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It has been shown(16) that the following relationship, first pub-
lished by Fetkovich(18), is valid for boundary dominated flow in 
solution-gas drive reservoirs:

∫=
− +











µ











( )q
kh

r

r
s

K

B
dP

141.2 ln 0.75
o

e

w

ro

o
P

P t

0w

 .......................................(18)

Substituting Equation (18) into Equation (17), the following ex-
pression was obtained:
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It has also been shown(9) that the dimensionless pseudo-pres-
sure corresponding to the average reservoir pressure PpD for 
constant wellbore production mode can be expressed as either a 
function of tAD�  or tAD  as follows:
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Substituting Equation (21) into Equation (19) yields 
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Further simplification yields the following final expression.
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This work therefore presents Equation (22) as the derived 
expression of the inner boundary condition (constant wellbore 
pressure) for solution-gas drive reservoirs (multiphase flow). 
To the best of our knowledge, this expression has not been pre-
sented before now and is therefore a significant contribution to 
this work.

The inner boundary condition (constant wellbore pressure) 
for single-phase slightly compressible liquid flow in dimension-
less form is commonly represented mathematically as follows(21):

=( )=P 1D r t1,D D ........................................................................................(23)

This approach then provides the mathematical justification for 
the existence of the hyperbolic family of curves in the rate decline 
curve analysis of solution-gas drive reservoirs by making a com-
parison of Equations (22) and (23), as follows:

1. From the RHS of Equation (23), it is clear that the 
inner boundary condition for the single phase slightly 
compressible case is uniquely defined with a constant value 
of 1.0. Hence, the diffusivity equation would yield a unique 
solution corresponding to the exponential decline curve (b 
= 0). It has been shown theoretically(5) that the exponential 
decline curve is the late-time, constant wellbore pressure so-
lution of the diffusivity equation.

2. From the RHS of Equation (22), it is noted that the inner 
boundary condition for the solution-gas drive reservoir is 
not uniquely defined (even for a given reservoir model). 
Rather, the expression is a function of fluid properties, 
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. Hence, solving the diffusivity equation 
 
with Equation (22) as the inner boundary condition would 
yield a family of curves (hyperbolic family 0 < b ≤ 1.0) with 
each member of the family (a given value of b) only uniquely 
defined for a unique fluid model. 

In summary, this work submits that the hyperbolic decline be-
haviour of solution-gas drive reservoirs is a direct consequence 
of the inner boundary condition (constant wellbore pressure) 
of the dimensionless diffusivity equation for solution-gas drive 
reservoirs.

From the foregoing, it is observed that the ratio ( ) ( )λc t t/T T  
would be a significant determinant of the value of b for a given 
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reservoir/fluid model. This observation is in agreement with re-
sults published by Gentry and McCray(11) showing that the rela-
tive permeability characteristics have a significant influence on 
the parameter b. This is also in agreement with the expression for 
parameter b presented in Reference (9). 

This mathematical justification for the existence of the hyper-
bolic family of curves in rate decline analysis of solution-gas drive 
reservoirs is a major contribution to this work.

The significance of this derivation, shown in Equation (22), as 
well as the observations made, demonsrates the ability to pave 
the way for future efforts towards theoretically generating the 
complete Arps’ type curves.

Summary and Conclusions
This work has successfully established the missing link be-

tween the empirical and the theoretical domains of decline curve 
analysis for solution-gas drive reservoirs, expressed as a func-
tional relationship between the empirical decline exponent, bemp, 
and the time-weighted average of the values of the theoretical de-
cline exponent known as bth . Theoretical justifications for decline 
trends in solution-gas drive reservoirs have been offered. For 
the first time, four distinct rate decline regimes in solution-gas 
drive reservoirs have been identified. The influence of non-Darcy 
flow on decline parameter has also been investigated. Analyses 
have been performed on the sensitivity of the results to some key 
parameters. Finally, this work has provided mathematical justi-
fications for the existence of the hyperbolic family of curves in 
decline curve analysis of solution-gas drive reservoirs.

Based on the results presented in this work, the following con-
clusions are warranted.

1. The theoretical decline parameter, bth, varies considerably 
through time and reflects the dynamics of the reservoir-
fluid interaction through time.

2. The following four distinct regimes of rate decline in solu-
tion-gas drive reservoirs have been identified:
a. Transient rate decline regime: bth > 1.0.
b. Transition rate decline regime: 1 > bth > 0.67.
c. Solution-gas drive decline regime: 0.67 > bth > 0.33.
d. Approaching single-phase production: bth < 0.33.

3. The effect of non-Darcy flow on decline parameter is insig-
nificant for solution-gas drive reservoirs.

4. The time-weighted average of bth values for a given reser-
voir/wellbore model is related to the empirical bemp. The 
equation showing this relationship has been derived and 
presented in this work.

5. There exists a functional ‘agreement’ between the empir-
ical and the theoretical domains (as derived in this work) of 
decline curve analysis for solution-gas drive reservoirs. The 
best agreement occurs at the time the reservoir has fully 
spanned the solution-gas drive rate decline regime.

6. Reservoirs with high permeability values may not exhibit 
the transient rate decline regime as well as the transition 
rate decline regime.

7. The transient rate decline regime as well as the transition 
rate decline regime may be absent for wells with small 
drainage area.

8. The more transient rate decline regime experienced by a 
well, the higher above 1.0 will be its initial bth values.

9. The relationship between the empirical and the theoretical 
domains of rate decline analysis derived in this work is also 
applicable to heterogeneous reservoirs.

 10. The hyperbolic decline behaviour of solution-gas drive res-
ervoirs is a direct consequence of the inner boundary con-

dition (constant wellbore pressure) of the dimensionless 
diffusivity equation for solution-gas drive reservoirs.
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NOMENCLATURE
A = Reservoir drainage area, ft2

a = Empirical decline parameters
B = FVF, RB/STB for liquid and RB/SCF for gas
b = Decline exponent
bemp = Empirical decline parameter
bth = Theoretical decline parameter
𝑏 t–𝑛𝐷 = Decline parameter with non-Darcy considerations
bth  = Time-weighted average of bth
ct = Total compressibility, psi-1

D = The group ( )− +r r sln / 0.75e w

Di = Decline parameter, day-1

h = Reservoir thickness, ft
i = Data point position index
k = Permeability, mD
N  = Non-Darcy flow coefficient, D/STB
Pi = initial reservoir pressure, psi
P
_
 = average reservoir pressure, psi

PD = Dimensionless pressure
PpD = Dimensionless pseudo-pressure
q  = Oil flow rate, STB/D
qfg = Free gas flow rate, STB/D
Rs = solution gas-oil ratio, SCF/STB
r = Radius, ft
So, Sg = Saturations, fraction
s = Skin factor
t = Time, days
to = Time corresponding to onset of decline, days
tAD� , tAD  = Dimensionless pseudo-time functions
µ = viscosity, cP
φ = porosity, fraction

SI Metric Conversion Factors
API (°API + 131.5)/141.5 = g/cm3

bbl × 1.589873 E-03 = m3

cP × 1.0* E-03  = Pa.s
ft × 3.048* E-01  = m
ft2 × 9.290304* E-02  = m2

°F (°F – 32)/1.8  = °C
mD × 9.869233 E-04  = µm2

psi × 6.894757 E+00  = KPa
* Conversion factor is exact.
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Appendix
Derivation of bth–nD Expression

The total skin factor sT is considered as:

= +s s NqT m fg  ..................................................................................... (A1)

Here, the rate term in Equation (A1) is considered to be the 
rate of the free gas flow in the reservoir, since the free gas is the 
agent of the turbulence leading to the non-Darcy flow. Incorpo-
rating this into the fluid flow equation yields
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With considerations for non-Darcy flow, Equation (A1) applies.
Whereas, without considerations for non-Darcy flow, the fol-

lowing applies:
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Hence, it is considered here that the non-Darcy flow effects 
could be accounted for by replacing D with 𝐷+𝑁𝑞𝑓𝑔 in the original 
derivation presented by Camacho and Raghavan(9).

The following expressions concerning the solution-gas pseudo-
pressure function has been validated and reported(9).
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Replacing D with 𝐷+𝑁𝑞𝑓𝑔 in Equation (A4), and equating it 
with the RHS of Equation (A3) after expansion, we obtain
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Differentiating Equation (A5) with respect to time:
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From Reference (9), the following have been derived:
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Again, accounting for the non-Darcy flow, Equation (A8) yields
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Substituting Equations (A9) and (A7) into the LHS of 
Equation (A6),
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Rearranging and simplifying the terms on the RHS of Equation 
(A6) yields the following:

= − −
π
+





































+ π
φ

λ π
+

























− π
+

π
+

























RHS N
dq

dt

t

D Nq

k
A c

t

D Nq

D Nq
t N

dq

dt

t

D Nq

1 exp
2

2 0.006328
exp

2

2
exp

2

fg AD

fg

T

AD

fg

fg
AD

fg AD

fg  ........................................... (A11)

Coupling the entire equation back by equating the LHS and 
RHS terms, rearranging and simplifying, the following is derived:
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Assuming the value of ( )
π
+
t

D Nq

2 AD

fg  is small enough, the entire 
numerator of the second term of Equation (A12) can be said to be 
negligible compared to the first term. 

Therefore, Equation (A12) becomes the following:
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The assumption above may not be unique to this work. It could 
be shown that the same assumption is implicitly the condition 
upon which Equations (7) and (17) of Reference (9) represent for 
the same quantity, 𝑃𝑝𝐷.

Equation (A13) above can be expressed as follows:

= − φ
π λ

+
λ









d q

dt

A
k
Nq

c
D
c1

ln 2 0.006328 fg
T T

........................................ (A14)

Recalling that Arps’ exponent b is simply the time derivative of 
the loss ratio(4), i.e.,
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the final expression is obtained thus
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