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ABSTRACT. We introduce a new class of nonlinear mappings, the
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pings in the intermediate sense and prove the convergence of Mann
type iterative scheme with errors to their fixed points. This class
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1. Introduction

Let F be an arbitrary real normed linear space with dual E*. We denote
by J the normalized duality mapping from E into 27" defined by

(1) J(@):={f € B : {x, f*) = ll=|* = | F*I*},

where (.,.) denotes the generalized duality pairing.
In the sequel, we give the following definitions which will be useful in this
study

Definition 1. Let C' be a nonempty subset of real normed linear space
E. A mapping T : C — E is said to be

(a) generalized ®-pseudocontractive [1] if for all z,y € C, there exist
strictly increasing function ® : [0,00) — [0, 00) with ®(0) = 0 and j(z—y) €
J(x —y) satisfying

(Tz =Ty, j(z —y)) < llz = y* = @([la — yll)
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(b) generalized ®-hemicontractive [7] if F(T) :=={x € C:x =Tz} # 0
and for all x € C and x* € F(T), there exist strictly increasing function
® : [0,00) — [0,00) with ®(0) =0 and j(x — x*) € J(x — x*) satisfying

(Tz —a*,j(z — ")) < [lz — 2| = &(|]a — ™).

Let E be a real normed linear space, C be a nonempty subset of E and T :
C — E be a uniformly continuous generalized ®-hemicontractive mapping,
Chidume and Chidume [7] proved that T has at most one fized point in C.

(c) strongly successively pseudo-contractive [11] if for all x,y € E, there
exists j(x —y) € J(z —y) and a constant k € (0,1) such that

(2) (T"e — Ty, j(z —y)) < (1= k)lz —yl*

(d) strongly successively ¢-pseudocontractive [11] if for all x,y € E, there
exists j(x —y) € J(x —y) and a strictly increasing function ¢ : [0,00) —
[0, 00) with ¢(0) =0 such that

(3) (T"x =Ty, j(z —y)) < |z —yl* = oz — yl)llz —y].

The class of strongly successively ¢-pseudocontractive maps includes the
class of strongly successively pseudocontractive mappings by setting ¢(s) =
ks for all s € [0, 00).

(e) generalized strongly successively ®-pseudocontractive [11] if for all
x,y € E, there exists j(x —y) € J(xz — y) and a strictly increasing function
® : [0,00) — [0,00) with ®(0) =0 such that

(4) (T"x = T"y,j(z —y)) < |z —ylI* = 2(l|lz — y])).

By setting n = 1, then the class of generalized strongly successively ®- pseu-
docontractive maps reduces to the class of generalized strongly ®-pseudocontractive
mappings. Moreover, the class of generalized strongly (successively) ®- pseu-
docontractive mappings includes the class of strongly (successively) ¢-pseudocontractive
mappings by setting ®(s) = s¢(s) for all s € [0,00).

(f) T is said to be strictly hemicontractive [8] if F(T) # 0 and if there
exists t > 1 such that for all x € C and p € F(T), there exists j(x — p) €
J(x — p) satisfying

) Re(Ta — g,j(z ~ p)) < Ll — ol

(9) T is said to be strictly successively hemicontractive [13] if F(T) # ()
and if there exists t > 1 and ng € N such that for any x € C and p € F(T),
there exists j(xz — p) € J(z — p) satisfying

) 1
(6) Re(T" = p.j(o —p) < 1z~ pl’, 02 no.
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The class of strictly successively hemicontractive mappings was intro-
duced in 2002 by Liu et al. [13]. Observe that if 7" = T for all n € N, then
the class of strictly successively hemicontractive maps is reduced to the
class of strictly hemicontractive maps. Moreover, Liu et al. [13] provided an
example to show that the class of strictly hemicontractive maps is a subset
of the class of strictly successively hemicontractive maps.

The map T : C' — (' is said to be asymptotically nonexpansive mappings
in the intermediate sense [2] if it is continuous and the following inequality
holds:

(7) limsup sup (|T"z —T"y|| — ||z —y||) < 0.

n—oo  z,yeC

Observe that if we define

(8) &n —maX{O, sup ([[T"x —T"y|| - HJ«"—yH)},

z,yeC
then &, — 0 as n — oo. It follows that (7) is reduced to
(9) [Tz =Ty < [z =yl + &, Y021, Va,y € C.

In 1993, Bruck et al. [2] introduced the class of asymptotically nonexpansive
mappings in the intermediate sense.

Sahu et al. [22] in 2009 introduced the class of asymptotically strict
pseudocontractive mappings in the intermediate sense as follows

Let C' be a nonempty subset of a Hilbert space H. A mapping T : C — C
will be called an asymptotically k-strict pseudocontractive mappings in the
intermediate sense with sequence {7} if there exists a constant k € [0,1)
and a sequence {v,} in [0, 00) with lim,_,~, 7, = 0 such that
(10) limsup sup (|72 — T"y||> — (1 + )|z — y]|?

n—oo x,ye
— klz =T"z — (y = T"y)|?) <0.
Assume that

(11) Cp 1= max {0, sup ([|T"z — T[> = (1 + ) & — ]I
z,yeC

—klle =Tz — (y = T"y)|*)} -
Then ¢, > 0 foralln € N, ¢, = 0 as n — oo and (10) reduces to the relation
(12) T = T"ylI* < (L +)lle =yl + klla = T — (y = T"y)|* + cx

for all z,y € C' and n € N.
Qin et al. [19] introduced the class of asymptotically pseudocontractive
mappings in the intermediate sense.
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Definition 2 ([19]). A mapping T : C — C' is said to be asymptotically
pseudocontractive mapping in the intermediate sense if

(13) limsup sup ((T"z —T"y,z —y) — ky|lz — y||2) <0,

n—oo z,yeC

where {ky,} is a sequence in [1,00) such that k, — 1 as n — oco. Put

(14) v, = max {O, sup ((T"x — Ty, x —y) — kyllx — yH2)} .
z,yeC

It follows that v, — 0 as n — oo. Then, (14) is reduced to the following:

They proved weak convergence theorems for this class of nonlinear map-
pings. They also established some strong convergence results without any
compact assumption by considering the hybrid projection methods. Zeg-
eye et al. [23] in 2011 obtained some strong convergence results of the
Ishikawa type iterative scheme for the class of asymptotically pseudocon-
tractive mappings in the intermediate sense without resorting to the hybrid
method which was the main tool of Qin et al. [19]. Olaleru and Okeke
[17] in 2012 established a strong convergence of Noor type scheme for a
uniformly L-Lipschitzian and asymptotically pseudocontractive mappings
in the intermediate sense without assuming any form of compactness. The
results established in [17] improves the results of Olaleru and Mogbademu
[16], Zegeye et al. [23] and several others in literature.

Numerous convergence results have been established for approximating
fixed points of Lipschitz type pseudocontractive type nonlinear mappings
(see, e.g. Chidume and Chidume [7], Chidume and Chidume [8], Gu [10],
Moore and Nnoli [14] and the references therein). The most general result for
generalized ®-hemicontractive mappings without uniform continuity was es-
tablished by Chidume and Chidume [7] in a uniformly smooth Banach space.
Ofoedu [15] proved strong convergence results for uniformly L-Lipschitzian
asymptotically pseudocontractive maps. Chang et al. [6] improved the re-
sults of Ofoedu [15] for uniformly L-Lipschitzian mappings. Kim et al.
[12] introduced the class of asymptotically generalized ®-pseudocontractive
mappings and the class of asymptotically generalized ®- hemicontractive
mappings. They established strong convergence theorems of the iterative
sequence generated by these mappings in a general Banach space.

Motivated by the above facts, we now introduce the following class of
nonlinear mappings.

Definition 3. Let C' be a nonempty subset of real normed linear space
E. A mapping T : C — C is said to be generalized strongly successively
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®-hemicontractive mapping in the intermediate sense if F(T) # 0 and for
eachn € N, x € C and p € F(T), there exists a strictly increasing function
® :[0,00) — [0,00) with ®(0) =0 and j(x — p) € J(x — p) satisfying

(16) limsup sup  ((T"z —p,j(z —p))
n—o0 gz peCxF(T)

= llz = pl* + @(lz — ) < 0.

(17) Tn :max{(), sup (<Tn$—p,j(x—p)>
z,peCxF(T)

~llz = pl* + @(ll= = pl)) }

It follows that T, — 0 as n — oo. Hence (17) is reduced to the following
(18) (T"x —p,j(x —p)) < llz = plI* + 70 — (|2 = p]))-

We remark that if 7, = 0 for all n € N, the class of generalized strongly
successively ®-hemicontractive in the intermediate sense is reduced to the
class of generalized strongly successively ®-hemicontractive maps.

Example 1. Let £ = R! and C = [c,00), where ¢ > 0 is any given
constant. Define the mapping T : C' — 2% by

[0, ¢], if z=c¢,
Tx = ,
ff(;f)c), if x>c,

where k € (0,1). Clearly, T" has a unique fixed point p = ¢ € C. Define
t2

® : [0,00) = [0,00) by ®(t) = (EE Clearly, ® is strictly increasing and
®(0) = 0. Now, for each x € C, we have
_ k(z —c)?
TNy — T _ —
(T"z —T"p, j(x — p)) T+ @0
2
= kN 2 ‘3]' — C‘
(o= = T )

k' — pl* — ®(|o — p|) + k"

<
< Jo—p? = ®(|z —pl) + &".

This implies that T satisfies (1.19). Hence, T is a generalized strongly
successively ®-hemicontractive mapping in the intermediate sense.
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Example 2. Let E = (—o0, 00) with the usual norm, ®(¢) = % for each
t €]0,00) and a, = 27" for n > 0. Take C = [0, 1] U {2}

0 if  xe{0,4},
4 if =1,
Tx = . 1
an — T, if € [5(ant1 +an),an),
T —apt1, if  x € [any1, %(U/n+1 +ay)).

for each n > 0, observe that F(T) := {x € C : Tx = x} = {0} and T is
not continuous at x = 1. It is easy to see that T is generalized strongly
successively ®-hemicontractive mapping in the intermediate sense with se-
quence T, = 7712’ but not generalized strongly successively ®-hemicontractive
mapping.

Let C be a nonempty subset of a normed linear space E. A mapping
T : C — FE is said to be Lipschitzian if there exists a constant L > 0 such
that

(19) [Tw — Tyl < Lijx -y

for all z,y € C and generalized Lipschitzian [12] if there exists a constant
L > 0 such that

(20) [Tz — Tyl < Lz -yl + 1)

for all x,y € C. A mapping T : C' — C is called uniformly L-Lipschitzian
[12] if for each n € N, there exists a constant L > 0 such that

(21) [Tz —T"y|| < Lllz - y||

for all z,y € C.

Clearly, every Lipschitzian mapping is a generalized Lipschitzian map-
ping. Every mapping with a bounded range is a generalized Lipschitzian
mapping. The following example was given by Chang et al. [5] to show that
the class of generalized Lipschitzian mappings properly contains the class of
Lipschitzian mappings and that of mappings with bounded range.

Example 3 ([5]). Let E = (—00,00) and T': E — E be defined by

x—1 if xe€(—o0,—1),
r—/1—(z4+1)?% if ze€[-1,0),
Tr = .
r+4/1—(x—-1)2 if ze€]0,1],
r+1 if xe(1,00).

Then T is a generalized Lipschitzian mapping which is not Lipschitzian and
whose range is not bounded.
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Sahu [20] introduced a new class of nonlinear mappings which is more
general than the class of generalized Lipschitzian mappings and the class of
uniformly L-Lipschitzian mappings.

Definition 4 (][20]). Let C' be a nonempty subset of a Banach space E
and fiz a sequence {a,} in [0,00) with a, — 0.

(a) A mapping T : C — C is said to be nearly Lipschitzian with respect
to {an} if for each n € N, there ezists a constant k, > 0 such that

(22) T2 = Ty|| < kn(llz = yll + an)

for all x,y € C.

The infimum of constants ky, in (23) is called nearly Lipschitz constant
and is denoted by n(T™).

(b) A nearly Lipschitzian mapping T with sequence {(an,n(T™))} is said
to be nearly uniformly L-Lipschitzian if k, = L for alln € N, i.e.

(23) [T"x = T"y|| < L(llz — yll + an)

and nearly asymptotically nonexpansive if k, > 1 for alln € N with lim k,
n—oo
= 1.
(¢) A mapping T : C — E will be called generalized (M, L)-Lipschitzian
if there exists two constants L, M > 0 such that

(24) [Tz =Tyl < Lz — yl[ + M)

for all x,y € C.

Observe that the class of generalized (M, L)-Lipschitzian mappings is
a generalization of the class of Lipschitzian mappings. Clearly, the class of
nearly uniformly L-Lipschitzian mappings properly contains the class of gen-
eralized (M, L)-Lipschitzian mappings and the class of uniformly L-Lipschit-
zian mappings. We remark that every nearly asymptotically nonexpansive
mapping is nearly uniformly L-Lipschitzian.

It has been shown by Sahu [20] that the class of nearly uniformly L-Lip-
schitzian is not necessarily continuous. Sahu [20] extended the results of
Goebel and Kirk [9] to demicontinuous mappings and proved that if C
is a nonempty closed convex bounded subset of a uniformly convex Ba-
nach space, then every demicontinuous nearly asymptotically nonexpansive
self-mapping of C has a fixed point.

We define the modified Mann iteration with errors as follows:

(25) Unt+1 = (1 — ay — o) un + o T up, + Ynén,
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and the modified Ishikawa iteration with errors by

Tn4+1 = (1 — Op — ’Yn)xn + anTnyn + YnVn,
(26)

Yn = (1 — ap, — 7)) Tn + T wn + yp0n,

where the sequences {a,}, {a,}, {7}, {74} C [0, 1] satisfy

oo
. ERT ro_ _ _ ; —
(27) Wg&an—}gﬂ%—o,};mr—m,vn—dm& Jim 7, =0,
n—=

and the sequences {&,}, {vn}, {wn} are bounded.
Huang [11] in 2007 obtained the following convergence results for the
class of generalized strongly successively ®-pseudocontractive mappings.

Theorem 1 ([11]). Let E be a real uniformly smooth space and let T :
E — E be a generalized strongly successively ®-pseudocontractive mapping
with bounded range. The sequences {uy,} and {x,} are defined by (27) and
(28) respectively, with {an}, {al,}, {w}, {7} C [0,1] satisfying (29) and
{&}, {vn}, {wn} being bounded. Then for ui,z1 € E, the following two
assertions are equivalent:
(1) modified Mann iteration with errors (27) converges to the fized
point z* € F(T);
(i) modified Ishikawa iteration with errors (28) converges to the fized
point x* € F(T).

It is our purpose in this study to use the concept of nearly uniformly
L-Lipschitzian (not necessarily continuous) mappings to prove a strong con-
vergence result for the class of generalized strongly successively ®-hemicontractive
mappings in the intermediate sense in a general Banach space. Our results
is an improvement of several other results in literature.

The following Lemmas will be useful in this study

Lemma 1 ([4]). Let E be a Banach space. Then for each x,y € E, there
ezists j(x +y) € J(x +y) such that

lz +yl1* < [l + 20y, 5 (@ + y))-

Lemma 2 ([18]). Let {0}, {Bn} and {v.} be three sequences of nonneg-
ative numbers such that

6n+1 S (1 + Bn)én + Tn

foralln e N. If Y2 | B < 00 and > 07 | v < 00, then lim, o Oy, ezists.



APPROXIMATION OF FIXED POINTS OF SOME ... 121

Lemma 3 ([14]). Let {6,} be a sequence of nonnegative real numbers
and {\,} a real sequence in [0,1] such that Y 2 | A, = co. If there exists a
strictly increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that

02,1 < 02— X\uo(0ps1) + o

for all n > ng, where ng is some nonnegative integer and {o,} is a sequence
of nonnegative numbers such that o, = o(\,), then lim,_, 6, = 0.

Lemma 4 ([12]). Let {0n}, {Bn}, {m} and {on} be four sequences of
nonnegative numbers such that

0211 < (L+ B)82 + (6 + 1)

forallm e N. If 3> By < 00, > 02 1y < 00 and {0y} is bounded, then

n=1
lim,,— o 0y, exists.

2. Main results
We prove the following Lemma which will be needed in this study.

Lemma 5. Let {6,}, {Bn}, {m}, {on} and {pn} be five sequences of
nonnegative numbers such that

(28) 021 < (14 Bn)02 + Yu(6n + 00)* + 02

foralln e N If 00 1 B, < 00, D02 1 < 00, Y o0y pn < 00 and {0y} is
bounded, then lim,_.o 0, exists.

Proof.Using (30), we obtain

52

n+1 (1+ /8n)572L + Yn(0n + Un)2 + pi

(14 Bn)02 + 27, (6% + 02) + p?
(1+ B+ 27)82 + 2902 + p2.

(29)

VAVARYAN

Since {0y} is bounded and )7 ; p, < 0o, then by Lemma 2, it follows that

n=1
limy, o0 0y, exists. The proof of Lemma 5 is completed. |

Theorem 2. Let C be a nonempty convex subset of a real Banach space
E and T : C — C a nearly uniformly L-Lipschitzian mapping with sequence
{an} and generalized strongly successively ®-hemicontractive mapping in the
intermediate sense with sequence {1,} as defined in (19) and F(T) # (). Let
{zn} be the sequence in E generated from arbitrary x1 € C' defined by

(30) Tnt1 = (1 —ay — 6p)xp + T @y + Spup, n €N,
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where {ay}, {0n} are sequences in [0,1] and {u,} is a bounded sequence in
E. Assume that the following conditions are satisfied:
(1) oy +0n <1, 307y = 00,
) {%} is bounded,
(i4i) Yoo a2 < oo and Y o0 | T, < 00.
Then the sequence {x,} in C defined by (30) converges strongly to a unique
fized point of T'.

Proof.Fix p € F(T), using (25) and (30) and set

A=l
and
B, =1-2a, — aZL.
(1) |lzn+1 — xull = [|(1 — an — 0n)zn + anT" @y + Sty — 4|

= |(—an — 0pn)zpn + @ T" @0 + dpuy||

anl|n — pl| + an || T"zn — p|

+0nl|n — pl| + Onllun — pll

anl|zn — pll + an{L(||lzn — pll + an)}

+ Onllzn — pll + 6nllun — pl|

< (an + anL + 6,)||lzn — pl| + Onllun — p|| + anL.

IN

IN

Using (19), (24), (32), (33), Lemma 1 and for each j(xn4+1—p) € J(xnt1—p),

we obtain

(32)  llwnt1 —pl?

= (1 = an = 8u) (0 — p) + an(T"zp — p) + Gn(un — p)||?
< (1= an = 6,)%||lzn — I

+ 2{an(T"zn, — p) + Oon(tun — p), j(Tnt1 — p))
=(1-an— 571)2”3771 _pH2

+ 200 (T" 2y — p, j(Tn41 — P)) + 20n(un — P, j(Tn41 — p))
< (1= an)?llon = pl? + 200 {(T" 241 = p, j(@nt1 = p))

+ (T"wp = T"2n11,§(Tn1 — )}

+ 205 (un — P, j(Tnt1 — p))

< (1= an)?len = plI? + 20n{l|zns1 — pl* + 70 — 2(l|zn41 — pl)
+ Lllzn41 — @nll + an)[[2nt1 — pll} + 200 ||un — pllllzn1 — pl
< (1= an)?len = plI? + 20n{llzns1 — pI* + 70 — 2(l|zn41 — pl)

+ L{(an + anL + 6,)[|2n — pl| + 0nl|tn — pl| + anL + ay]
X[|Zpt1 — pll + 20nllun — pll[|znt1 — pll
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= (1= an)?|zn = pl* + 200 {[lzns1 — DI + 70 — D(|lzns1 — )}

n(1+ ayL)

1)
+ 20 L{(an + anL + 6p)||@n — p| + [un = p|
ap L

+ an(Z+ Dlllzns — ol

< (1- O‘n)QHxn - pH2 + 20|11 _pH2 + 7o — @([|zn41 — pl))}
+ ap L{[(on + anL + 6,) &0 — ||
+(5n(1 + o, L)

[un = pll + an(L + D] + [lznr1 — p[?}.
ay L

From (33), we obtain

1—ap,)? 200, T, 2
|nt1 —p|* < (Bnn)”x” -’ + gn” - 37:‘1’(\\%“ - pl)
202 L
Bn (an+anL+5n)|’$n _pH
n
5u(1 + anl) ’
[0
%Hun —pll +an(L +1)
A, 2 200,y 2ai,
< (1422 - _ g -
< (14 52 ) o=l 25 = 220 )
202 L
+ B" (an 4+ anL + 0p)||zn — p|
n
5u(1 + anl) ’
I A pl| + an(L + 1)
on L

Since B, := 1 — 2ay, — oz,%L — 1, there exists a number ng € N such that
1 < B,, <1 for each n > ng. From (34), we have

(33) lwnsr —pl* < (14 24,) l2n — pl? + danTn — 200 ®(|[Tnr1 — pl)

+ 402 L | (o + anL + 6,)||zn — p||
on(14+ a,L) ’
Tllun —pll +an(L +1)
Hence,
(34) lensr = pl* < (14 240) 2 — p|* + 4
+ 402 L | (o + anL + 6,)||zn — p||
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Oon(1 4+ ap L
+ n(aLn)Hun—pH +an(L+1)

The conditions Y o ; a2 < oo and Yo% | 7, < oo imply that Y o2 | A, < oco.
Hence, from (34) and Lemma 5, it follows that lim,_, ||z, — p|| exists. So
that {x,} is bounded. Next, we set M; := sup{||lz, — p|| : n € N} and
My = sup{||u, — p|| : n € N}. Using (35), we have

(35) lzns1 = pl* < Jlon = pl* + danmn — 2002|2041 — pl)

+ 402 L | (o + anL + 6,) M,

On(1+ L)

M L+1
arl 2+an( +)

We now take 6,, = ||z, —p||, An = 20, and o, = 402 L [(Ozn +an L+ 6,) M +

2
%MQ +an(L+1)| +4danm, + 24, M?, (37) reduces to

(36) On i1 < 07 — Aad(Ont1) + o

Using Lemma 3, it follows that ||z, — p|| — 0. The proof of Theorem 1 is
completed. [

For the class of generalized strongly successively ®-pseudocontractive
mappings, the following results is immediate.

Corollary 1. Let C be a nonempty convex subset of a real Banach space
E andT : C — C a nearly uniformly L-Lipschitzian mapping with sequence
{an} and generalized strongly successively ®-pseudocontractive mapping as
defined in (4) and F(T) # 0. Let {x,} be the sequence in E generated from
arbitrary x1 € C defined by

(37) Tnt1 = (1 —ay — Opn)xn + oy T"xy + Spuyn, n €N,

where {an}, {0n} are sequences in [0,1] and {u,} is a bounded sequence in
E. Assume that the following conditions are satisfied:
(1) ap +0p <1, >0y = 00,
) {%} is bounded,
(i43) Y00 a2 < oo and Y o0 | T, < 00.
Then the sequence {x,} in C defined by (39) converges strongly to a unique
fized point of T.



APPROXIMATION OF FIXED POINTS OF SOME ... 125

Corollary 2. Let C' be a nonempty convex subset of a real Banach
space E and T : C — C a nearly uniformly L-Lipschitzian mapping with
sequence {ay} and strictly successively hemicontractive as defined in (6) and
F(T) # 0. Let {x,} be the sequence in E generated from arbitrary z, € C
defined by

(38) Tyl = (1 —apn — 0p)zn + anT"xy + dpun, n €N,

where {an}, {0n} are sequences in [0,1] and {u,} is a bounded sequence in
E. Assume that the following conditions are satisfied:
() p +0p <1, D07 oy = 00,
(i) {%} is bounded,
(ii7) Zn:1 a2 < oo and Y00 T, < 00.
Then the sequence {x,} in C defined by (40) converges strongly to a unique
fized point of T.

Remark 1. Theorem 1 improves and generalizes the convergence results
obtained by Huang [11] and several others in literature.

Example 4. Let £ = R and C = [0,1]. For all x € C, we define
T:C— C by
g if xel0,1).
Tz =

0 if z=1.

Clearly, T is a discontinuous mapping with unique fixed point x = 0.
Sahu and Beg [21] proved that T is not Lipschitzian, but it is nearly uni-
formly %—Lipschitzian with sequence {2%} It is easy to see that T is gener-
alized strongly successively ®-hemicontractive mapping in the intermediate
sense with sequences {7,} = % and a, = L. Put ®(t) = % for each
t €[0,00).

We can see that the conditions (7), (¢4) and (i4i) of Theorem 1 are satis-
fied.
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