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1. Introduction

In the sequel, we give the following definitions of some of the concepts
that will feature prominently in this study.

Definition 1. Suppose that X is a normed space and C is a nonempty
subset of X. Let T : C — C be a mapping. T is said to be

(a) asymptotically nonexpansive [6] if there exists a sequence {kn} C
[1,00) with ky, — 1 as n — oo such that

(1) T2 = T"y|| < knllz —yl, Vn=1, z,yeC.

* This author was supported by the Central Research Committee of the University
of Lagos.
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In 1972, Goebel and Kirk [6] introduced the class of asymptotically nonex-
pansive mappings as a generalization of the class of nonexpansive mappings.

(b) asymptotically quasi-nonexpansive [7] if F(T) # () and there exists a
sequence {ky} of real numbers with k, > 1 and lim,_,~ k, = 1 such that
| Tz — q|| < knllx — g|| for all z € C, ¢ € F(T), n > 1, where F(T) is the
set of fixed points of 7.

(¢) uniformly L-Lipschitzian [7] if there exists a positive constant L such
that ||T"z — T"y|| < L||x — y|| for all z,y € C and each n > 1.

(d) A subset C of X is said to be a retract of X [7] if there exists a
continuous map P : X — C such that Px = z for all z € C. Every closed
convex set of a uniformly convex Banach space is a retract. A map P :
X — C is said to be a retraction if P2 = P. It follows that if a map P is a
retraction, then Py = y for all y in the range of P.

(e) Amapping T': C' — X is said to be asymptotically quasi-nonexpansive
with respect to a nonexpansive retraction P [7] if F(T') # () and there exists
a sequence {ky} of real numbers with k, > 1 and lim,,_,~ k, = 1 such that

(2) IT(PT)" " 2 — q|| < knllz — g

forall z,y € C, g € F(T), n > 1, where F(T) is the set of fixed points of T’
and (PT)° = I, the identity operator on C.

(f) The mapping T : C — X is called uniformly L-Lipschitzian with
respect to a nonexpansive retraction P [7] if there exists a positive constant
L such that

(3) IT(PT)" e = T(PT)"'y|| < Lllz — yl|

for all z,y € C and n € N.

(g9) asymptotically quasi-nonexpansive in the intermediate sense with re-
spect to a nonexpansive retraction P provided that 7" is uniformly continuous
and

(4) limsupsup (| T(PT)" 'z —q|| — ||z —q||) <0 Vq e F(T).

n—oo zeC

Putting

(5) n ImaX{O, sup  (|T(PT)" ' —q - ||»”U—€I||)}a
z€C,qeF(T)

we see that 7, — 0 as n — oco. Then (4) is reduced to the following:

6) | T(PT)" 'tz —q| <|z—q|+m, VYzel, qeF(T), n>1.
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Definition 2 ([20]). A Banach space X is said to satisfy Opial’s condi-
tion if for each sequence {x,} and x,y € X with x, — = weakly as n — oo
and x # y imply that

(7) limsup ||z, — z|| < limsup ||z, — y||.

n—oo n—oo
The following lemmas will be useful in this study.

Lemma 1 ([24]). Let {an}, {bn}, {0n} be sequences of nonnegative real
numbers satisfying the inequality

(8) ap+1 < (14 6p)an + by foraln=1,2,---,

If Y700 16, < oo and Y 02 | by < 00, then
(1) limy, o0 ay, exists, and
(74) limy,—y00 ar, = 0 whenever, liminf,, o a, = 0.

Lemma 2 ([11]). Let X be a uniformly convexr Banach space and let
B, ={x e X :|z| <r}, r>0 be a closed ball of X. Then there exists a
continuous, strictly increasing convez function g : [0,00) — [0,00), g(0) =0
such that

(9) Az +py + &2+ 0wl* < M|+ pllyl|? + &)=l + 0w — Aug(l|lz —yl)

for all x,y,z,w € By and all A\, i, &,9 € [0,1] with A+ p+ &+ 09 = 1.

Lemma 3 ([7]). Let X be a uniformly convex Banach space and let B,
be a closed ball of X. Then there exists a continuous, strictly increasing
convez function g : [0,00) — [0,00), g(0) = 0 such that

(10) [[Az + py + €2+ dw + (sl < Az + pllyl? + €ll=)® + 9 w]?
+ Cllsl® = Aug(llz — yl)

forall x,y,z,w,s € B, and all \, i, &,9,¢ € [0,1] with A\+pu+E{+9+¢=1.

Lemma 4 ([23]). Let X be a Banach space which satisfies Opial’s condi-
tion and let {x,} be a sequence in X. Let u,v € X be so that lim,_, ||n —
ul| and imy, o0 ||z —v|| ezist. If {zp, } and {xm, } are subsequences of {zy}
which converges weakly to u and v, respectively, then u = v.

In [7], U. Inprasit and H. Wattanataweekul introduced the following new
three-step iterative scheme.

Let C be a nonempty closed convex subset of X and P: X — C a non-
expansive retraction of X onto C', and T1,75,T5 : C' — X be asymptotically
quasi-nonexpansive mappings and F’ is the set of all common fixed points of
T; ie., F = M}_F(T;), where F(T;) = {z € C : Tyz = 2} for all i = 1,2,3.
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Then, for arbitrary x; € C, compute the sequences {x,}, {yn}, {zn} by the
iterative scheme

(11) 2z, = Pla Ty (PT)" Yap 4+ (1 — ap — 6p)Tn + Sntun),
Yn = PbnTo(PTy)" 1z, + ¢, T1(PT)" 1z,
+ (1 —=by — ¢ — o)z + opuy),
Tnp1 = PlanT5(PT3)" 'y + BuTo(PTo)" 2 + Ty (PTY)"
+ (1 —Qp — B — Y — Pn)djn + pnwn]

for all m > 1, where {a, }, {bn}, {cn}, {an}, {Bn}, {m}, {0n}, {on}, {pn} are

appropriate sequences in [0, 1] and {u,}, {vn}, {w,} are bounded sequences
in C.

It was established by Bnouhachem et al. [1] that three-step method per-
forms better than two-step and one-step methods for solving variational
inequalities. Glowinski and P. Le Tallec [5] applied three-step iterative
sequences for finding the approximate solutions of the elastoviscoplastic-
ity problem, eigenvalue problems and in the liquid crystal theory. More-
over, three-step schemes are natural generalization of the splitting methods
to solve partial differential equations, [23, 24, 25]. What this means is
that Noor three-step methods are robust and more efficient than the Mann
(one-step) and Ishikawa (two-step) type schemes for solving problems in
pure and applied sciences.

The following strong convergence results was also established by U. In-
prasit and H. Wattanataweekul [7].

Theorem IW ([7]). Let X be a uniformly convexr Banach space and C a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive
retraction. Let T, 15,13 : C — X be asymptotically quasi-nonexpansive
mappings with respect to sequences {kn}, {l,}, {mn}, respectively, such that
F# Q) ky>1,1,>1,my >1, 3 (kn—1) <00, Y2 (ln—1) < o0
and 3.7 1 (mn — 1) < oo. Let {an}, {bn}, {cn}, {an}, {Bn}, {m}, {on},
{on}, {pn} be real sequences in [0,1] such that a, + 6n, by + ¢, + oy and
An+Bn+n+pn arein [0,1] for alln > 1, and > ">7 | 6, < 00, D02y op < 00,
Yonly pn <00 and let {uy}, {v,}, {wn} be bounded sequences in C'. Assume
that Ty, Ty, T5 are uniformly L-Lipschitzian. If one of T;, (i = 1,2,3) is
a completely continuous and one of the following conditions (C1)-(C5) is
satisfied:

(C1) 0< hmmf an < hm Sup(an +d,) <

0< hm 1nfb < hm sup(b +cn + an) <1, and

n—oo

0< hm 1nf ay, < limsup(ay, + Bn + Y0 + pn) < 1.

n—o0

(C2) 0< hm 1nf b, hm 1nf cn < limsup(b, + ¢p + 0op) < 1, and

Nn—0o0 n—00
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0< hm mf oy < limsup(ay, + Bn + Y0 + pn) < 1.

n—oo

(C3) 0< hm mfb < limsup(b, + ¢, +0p) < 1, and

n—o0

0< hm 1nf o, hm 1nf Yo < limsup(ay, + Bn + Y + pn) < 1.

n—oo n—oo

(C4) hmlnfb > 0, and 0 < liminf a,, < limsup(a, + d,) < 1, and

n—00 n—00

() < hm mf ,, hm 1nf Brn < limsup(ay, + Brn + Y + pn) < 1.

n—oo
(C5) 0 < hrn 1nf an,hm mf ﬁn,hm mf Vn < hm sup(ozn+ﬁn+’yn+pn) < 1.
Then the sequences {xn}, {yn} {zn} deﬁned as in (11) converge strongly to
a common fized point of T1, To and Tj.

2. Main Results

Lemma 5. Let X be a uniformly convex Banach space and C a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retrac-
tion. Let 11,715,135 : C' — X be asymptotically quasi-nonexrpansive in the
intermediate sense with respect to sequences {7}, {ln}, {nn}, respectively
such that F # 0, 7, — 0 asn — oo, £, — 0 asn — oo, , — 0 as
no— 00, Yol Ty < 00, >0 by < 00, >0 my < 00. Let {an}, {bn},
{en}, {an}, {Bn}, {7}, {0n}, {on}, {pn} be real sequences in [0,1] such
that an + 0p, by, + cn + o and ay + By + Yn + pn are in [0,1] for alln > 1,
Yol 0 <00, Dol on <00, » o7 pp < 00 and let {un}, {v,}, {wy} be
bounded sequences in C. For a gwen x1 € C, let {zp}, {yn}, {2n} be the
sequences as in (11). Then

(1) li_>m lxn — q|| exists for all g € F.

(70) If one of the following conditions (a), (b), (¢) and (d) holds, then
Jim | Ty (PTy) Ly, — x| = 0.
( ) hm 1nf Brn >0 and 0 < hm 1nf ap < limsup(a, + o,) <

(b) hm mf O, hm 1nfb >0 and e
0 < hm 1nf an g hm sup(an + 6n) <
(c) 0< hmlnfyn < ﬁ?nogup(an + Bn+ v+ pon) < 1.
(d) 0< hrllm gf o an%oi hnlggf cn < hﬂsotip(bn +eptop) <1
(z3i) If either (a) 0 < hm mf B, < limsup(ay, + Bn + o + pn) < 1

n—o0

or (b) hm 1nf oy > 0 and 0< hm 1nfb < limsup(b, + ¢, +0p) < 1,
n—oo
then hm HTQ(PTQ)TL Len — a:n|| = 0.
n—oo

() If 0 < liminf, o0 o, < limsup,,_ oo (@ + Bn + Y + pn) < 1,
then lim || T3(PT3)" Yy, — 24|l = 0.
n—oo
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Proof. Let g € F. Using (6) and (11), we have:

(12)  [lzn —qll

(13)  llyn —dl

IN

IN

IN

IN

IN

IN

| PlanTy (PTy)™ ' + (1 — an — 6,)7n

+ Onun] — P(q)]|

HanTl(PTl)n_lwn —q+ (1 —ap—6n)zn

— g+ Sy — 4

an | TL(PT)™ Y — gl + (1 = an = 8a) 20 — g
+ Onllun — 4|

an([lzn — gl + 1) + (1 — an — &) lzn — 4|

+ Onllun — 4|

(L =dn)llzn — qll + Onllun — qll + an7n.

| PonTo(PTo)" 2, + ¢/ Ty (PTY)" 2y

+ (1= by — cn — on)xn + onvn] — P(q)||

b7 To(PT2)" 2y — q + e Ty (PTY)" ey,
—q+ (1 —=by—cp—op)xn —q + opvy —q|
bNHT2(PT2)n712n —q|l + CnHTl(PTI)nilxn
—q|[+ (1 = b —cpn —on)|lzn — gll + onlvn — 4
bn(llzn — gl + £n) + cn(llzn — gll + 70)

+ (1= by — ¢cn — on)l|zn — gl + onlvn — ||
bullzn — all + enllwn — qll + (1 = by — e — 0n)
X ||#n = ql| + onllvn = gl + buln + cnTn
bullzn —qll + (1 = by, — o) [|zn — ¢

+ onllvn — ql| + bnln + cnTh.

Using (6), (11), (5) and (6), we obtain:

(14) [Jzns1 — 4l

IN

IN

IN

| PlanT3(PT3)" typ + BnTo(PTy)" 12,

+ 3, Ty (PT)"

+ (1= an = Bn — Y — Pn)Tn + pawn] — P(q)||
lanT5(PT5)" tyn — g + B To(PT2)" 'z, — q

+ 1Ty (PT)" ' an — q

+ (1_O‘n_ﬁn_'Yn_Pn)$n_Q+inn_Q||
an||T3(PT3)"  yn — q|l + Bl T2(PT2)" " 20 — g
+ Wl T (PTY)" 2, — g

+ (1 = an = Bn = v — pu)llzn — qll + pullwn — 4|l
an(lyn — all +mm) + Bulllzn — gl + £n)
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+ W(llzn — gl + 7)

+ (1= an = Bn — v — po)llzn — qll + pullwn — 4|
onllyn — qll + Bullzn — all + nllen — 4|l

+ (1 —an—Bn—m—pn)llzn — 4

+ pullwn — gl + annn + Bnln + YnTn

onlyn — all + Brllzn —

+ (1 = an = Bn — pu)llzn — 4|

+ pnllwn — gl + anin + Buln + YuTn

an{bnllzn —qll + (1 = by — o) ||z — |

+ onllvn — ql| + onln + cnTn}

+ Br{(1 = 0n)llzn — gl + Onllun — ql| + anma}

+ (1= an = Bn — pn)llzn — 4l

+ pullwn — ql| + annn + Bnln + YnTn

anbnl|zn = ql| + an(1 = by — o) |27 — ¢

+ anop|lvn — q|| + anbnly

+ ancnTn + Bn(1 = 6)||zn — ¢

+ Bunllun — qll + Bnanmy

+ (1 = an = Bn — pu)llzn — 4|

+ pnllwn — gl + antin + Baln + YnTn

anbp{(1 = 6n)l|zn — ql| + onllun — qll + anmn}

+ an(1 = by — on)l|vn — ql| + anonllvn — 4|

+ anbply + ancnmhn + Bn(1 — 6p)l|zn — ¢

+Bn0n||tn — ql| + BrnanTn + (1 — an — Brn — pu)l|zn — 4|
+ pullwn — ql| + annn + Bnln + YnTn

nbn (1= 63)||zn — qll + Cnbndnllun — qll + anbranty
+ an(l = by — on)||zn — qll + anonl|vn — ||

+ anbply + ancnn + Bn(1 — 6n)l|zn — ¢

+ Bubnllun = qll + Brantn + (1 — o — Bn — pu)l|lzn — 4|
+ pnllwn — gl + antin + Buln + Y Tn

lxn — ql| + anbpdnllun — ql| + anbpanm,

+ an(1 = bp — on)||zn — q|] + anon||vn — 4|

+ anbply + anenmn + Bn(l — o) l|zn — ql|

+Bn0n||tn — ql| + BrnanTn + (1 — an — Brn — pu)l|zn — 4|
+ pullwn — ql| + annn + Bnln + YnTn

99
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= [lzn — qll + {on(l = bp — 70) + Bn(1 = 6y)

+ (1 = an = Bn — pu)}Hlzn — 4l

+ 5n(anbn + Bn)Hun - QH + an0n||vn - QH + Pn”wn - QH

+ Tn(anbnan + ancp + /Bnan + 'Yn) + gn(anbn + Bn) + apnn.
But {7}, {€n}, {mn}, {un}, {vn}, {w,} are bounded, there exists a constant
K > 0 such that a,(1 — b, —v,) < K, Bu(1 —0,) < K, (1 —ay, — B —
pn) S K7 (anbn +Bn)”un - QH S K; O‘n””n - QH S K; Hwn - QH S K,
(anbpan, + ancn + Bran + 1) < K, (apbn + Bn) < K and a,, < K. Hence,
we have

(15)  [lzner —all < (1 + K)[zn = gl + K(On + 0w + pn + 7o + £n + 1)

Hence, by Lemma 1, we obtain lim,_,« ||z, — ¢|| exists. [

We now prove (ii), (i74) and (iv). But from (i), we observe that {x,, — ¢},
{T(PT)" ' —a}, {yn—a} {T3(PT5)" 'yn—a}, {zn—q} and {To(PT)" !
zn — q} are all bounded. Now, let

(16) M = max{sup |z, — 1||,sup | T3 (PT1)" 2, — ql|,sup [[yn — gll;
n>1 n>1 n>1
sup | T3(PT3)" yp — g, sup |20 — ql],sup [[un — g,
n>1 n>1 n>1

sup || T2(PT2)" " 2z — qf, sup [vn — g, sup [[wn — g}
n>1 n>1 n>1

Using Lemma 3, there exists a continuous, strictly increasing convex function
g:10,00) — [0, 00) with g(0) = 0 such that
(17) Az + py + €2+ Dw + s> < M) + pllyl* + €]l

+ Il|wl® + ¢llsl* = Aug(llz — yl))

for all x,y,z,w,s € B, and all A\, 1, &, 9, € [0,1] with A+pu+E+9+(=1.
Using (17), we obtain the followings:

(18) 2w —al® = |PlanTy(PT)" "2y

+ (1 = an — 0,)xpn + Snun] — P(q)|?
< lan(Ty(PT)" '2n — q)

+ (1 —ap—6)(Tn — q) + dpn(un — q)
< an| Ty (PT)™ e — g

+ (1= an = 6a) |0 — qlI* + Snllun — gl

—an(l —ap — 5n)9(||T1(PT1)n_1xn — Zn)
< an(llen = ql* +77) + (1 = an = &n)|lza — gl?

I
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+ Oullun — ql* — an(1 — an — 6,)
x g(ITi(PT)" g — wal])

= (1= 6n)llzn — qll* + 8nllun — qll* + auT;;
—ap(l—an — 5n)9(||T1(PT1)n_len — Zpl|),

(19) |lyn —ql* =

IN

IN

IN

| P[bnTo(PT2)" 2 + ¢ Ty (PTY)" 'y,

4+ (1 = bp — €n — 0n)xp + opvn] — P(q)|?
”bn(T2(PT2)nilzn —q)+ Cn(Tl(PTl)nilxn -q)
+ (1= by — ¢ — 0n) (@0 — q) + on(vn — Q)”2

b To(PT2)" 20 — g

+ (1= bp —cn —on)|lan — q”2

+ el T1(PTY)" Y — g1 + onllon — gl
—bp(1 = by — ¢y — an)g(||T2(PT2)”_1zn — )
b (|lzn — QH2 +£31) + (1 —bn—cn—op)|lzn — Q||2
+enlllzn — all* +77) + onllvn — gl

—bp(1 = by — ¢ — Un)g(HTQ(PTQ)n_lZn — )
bnl|zn — CIHQ + (1 =bn—cn—op)|lzn — CIHQ

+ cnllan — QHQ + onllvn — q”2 + bnéi + Cn7'72z

— by(1 = by — ¢ — 00)g(|| To(PT2)" 2, — ])).

Using (17), (18) and (19), we obtain:

(20) fzp+1 —al

= | PlenT3(PT3)" 'y
+ BuTo(PTo)" 2 + 7 Ty (PTY)" Ly,
+ (1 —ap — Bn— Y — Pn)xn + inn] - P(Q)H2

< an||T3(PT3)" yn — q?
+ Bl To(PT2)" 2, — q||?
+ T (PTY)" e, — g
+ (L= on = B = Y0 — pu)ll2n — gl
+ pullwn — QHZ —an(l—an — By — Y — pn)
x g(|T5(PTs)" 'y — @)
< an(llyn — qll* +n3) + Bulllzn — all” + €3)

+ (s =l +72)

+ (1= an = Bn =90 — pn)l|Tn — Q||2

+ pnllwn — QH2 —an(l—an = Bo— Y — pn)
x g(IT5(PT3)" yn — )
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= anllyn — QH2 + O‘n77721 + Bnllzn — QHQ + 5716721

+ Ynllzn — gl* + T

+ (1= an = B =y — pa) |0 — gl

+ pnllwn — q|)?

_an(l_an_ﬁn_'Yn_pN)

X g(IT5(PT3)" yn — aal))

o {bnlzn — q”2 + (1= by —cn — o)l — Q||2
+ cpllan — QH2 + opllvn — CIHQ + bnei + CnTg
—bp(1 —bp —cpn — Un)g(HT2(PT2)n_12n —zn|)}
+ anni + Bnll2n — Q||2 + Bnei + Ynllzn — Q||2
+ Y7 + (1= an = Bn = Y — po)llzn — q?

+ pllwn — q|)?

— an(l—an = Bn— Y — pn)

x g(I T3 (PT3)" tyn — a)

= apbn|lzn — Q||2 +an(l = by —cp —on)|lzn — QH2

IN

+ ancnllzn — | + anon|lvn — q||* + anbpl? + ane, 2
— pbp(1 = by — ey — 00)g(|T2(PT2)" 2,

— o) + anng + Bullzn — QH2

+ ﬁnéi + llzn — QH2 + VnTr%

+ (L= an = Bn — v — pn)llTn — QH2 + pnllwn — QHQ
—an(l—an—Bn—n — pn)g(HTS(PT?))n_lyn — Ty |)
(nbn + Bu){(1 = 6n) |20 — qll* + Onllun — gl* + any
—an(l —an — 5n)9(||T1(PT1)n_1$n — zu)}

+ an(1 —bp —cp — o) || — QH2 + ancpllrn — q”2

IN

+ oo — q||? + anbpl? + anc, T

— pbp(1 = by — cn — 00)g(| T2 (PT2)" 2, — )

+ annp + Bl + yulln — all? + s

+ (1= an = Bn— v — po)llTn — QHQ + pnllwy, — QHQ

— an(l = an = Bn = = pr) (I T5(PT3)" yp — wal])
= (anbn + Bn) (1 = 6n)llzn — qll* + Sn(cnbp + Bn)llun — gl|?

+ (anbn + 5n)an73 + an(l = by — o —op)|lzn — q”2

+ ancnllzn — ql* + anonllvn — ql* + anbnl? + ane, 2

+ anni + ani + YallTn — QHQ + 'YnTg

+ (1= an = Bn = = pa)llzn — ql> + pallwn — ql?
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— anbpan(l —ap — 5n)9(||T1(PT1)n_1xn — Zn)

= Bnan(l —an — 5n)g(HT1(PT1)"_1xn )

— anby (1 — by —cn — Un)g(HTQ(PTZ)n_lZn — Zn|)

—ap(l—ap—Bn— 90— pn)g(HTS(PTB)n_lyn — Zn|)

< lwn — gqll® + {(ambp + Br) (1 = 6,) + ancn + 1

+ (1= an = Bn =9 — pn)Hlzn — QH2

+ On(anbp + Bn)|lun — QH2 + anop||vn — QHZ

+ pnllwn — QH2 + Tg(an(anbn + Bn) + ancn + )

+ 2 (apbp + Bn) + ann?

— anbnan(1 — an — 6,)g(|TL(PTY) L2y, — x,]))

= Bnan(l — an — 5n)9(HT1(PT1)n_1xn )

— anbp (1 = by —cn — Un)9(||T2(PT2)n_lzn — )

—an(l—an—Bn—mm— Pn)g(HTS(PTZS)n_lyn — Zn]).
Since {7}, {€n}, {mn}, {un}, {vn}, {wn} are bounded and {z,} is bounded,
there exists Ko > 0 such that (a,b, + Bn)(1—6,) |20 —q||? < Ko, ancal|zn —
ql* < Ko, wllzn — al* < Ko, (1= an = Bp — v — pa)llzn — q]* < Ko,
(nbpn =+ Bn)|lun _QHQ < Ko, an|vn _qH2 < Ko, Hwn_qH2 < Ko, (an(anbn +
Bn) + ancn + 1) < Ko, (anbn + 8rn) < Ko, a, < Ky for all n > 1. Hence,
(21) anbnan(l — an — 6,)g(|TL(PT)" 1z, — x,]))

<len = all? = llznsr = all* + KoL+ 8 + 00 + pn + 73 + £+ 107)

(22) ﬁnan(l — Qp — 5n)9(||T1(PT1)n71xn - an)
< lan — qll? = [|#ns1 — qll? + Ko(1 + 6n + 0n + pn + 72 + 02 +12)

(23) anbn(l —bp —cp — Un)g(HTQ(PT2)n_1Zn - xn”)
< lwn — qll* = |2ns1 — al* + Ko(1+ 6 + 00 + pn + 75 + €2 +12)

(24) an(l —an — Bn— Y — pn)g(HTi’m(PTS)n_lyn — Znll)

<an =gl = llensr — qll* + Ko(1+ 6n + 00 + pn + 77 + L5 + 1)
Using (17) again, we obtain:
(25) Ny —dll® = [IPaT(PTo)" 20 + e, Ty (PT1)" Ly,
+ (1 —=by —cn— on)xn + onvn] — P(q)
el T1 (PTH)™ Yy — g
+ (1 =by—cp—on)llzn — QH2
+ b | To(PT2)" " 2 — qlf” + om|Jon — g
— cn(1 = by — cp — 00)g(|| TL(PTY) L2y — 2]))

I

IA
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cn(l|lzn — Q||2 + 7}%) + (1= bp —cn—0on)|lzn — Q||2

+ bu(ll2n = qll* + €2) + oullvn — al®

—en(1—

bn — Cn — Un)g(HTl(PTl)n_lxn — znl))

= cpllrn — QH2 + CnTTQL + (1 =by—cp—opn)lzn — QH2
+ bnllzn — QH2 + bng% + opllvn — QH2

—cp(1

= by = en = 0n)g(ITL(PT1)" ™ 2 — 2a]).

By (17), (8) and (25), we have

(26) [[znr1 — qll?

IN

IN

IN

| Plan T3(PTs)™ 'y + BaTa(PT2)" 2

+ YTy (PTy)"

+ (1= an = Bn — Y — Pn)Tn + prwn] — P(q)
an||T3(PT3)" 'y — ql?

+ Bl To(PT2)" 2 — q?

+ pullwn = all* + 3| TV (PT)™  ay — g

+ (1= an = Bn — Y0 — pu) |0 — QH2
_6n(1_an_5n_7n_pn)

X g(|To(PT2)" "z — aal))

an(llyn = all* +n2) + Balllzn — al® + £3)

+ pullwn = all? + v llzn — all* + 77)

+ (1= an = Bn =Y — pu) |0 — Q||2

= Bu(l — an = Bn — Yn — pn)

X g(|To(PT2)" 2 — @)

anllyn — alI* + antiy + Ballzn — all?

+ Bl + pullwn — all” + nllzn — all* + 7y
+ (1 —an—Bn— v —po)llTn — Q||2
_5n(1_an_6n_’7n_pn)

X 9(HT2(PT2)nilzn — zn)

an{en|lzn — qH2 + Cnﬂ%

+ (1= b —cpn —0on)|lzn — QH2

+ bnllzn — (IHQ + bngi + opllvn — Q||2
—cn(L—bp—cn — Cfn)g(”Tl(PTl)n_lxn — z))}
+ O‘nni + Bnllzn — Q||2 + 571531

+ pnllwn — QHQ + Ynllzn — ‘I||2 + ’YnTg
+ (1= an = B = 10— pu) |20 — gl
= Bu(l = an = Bn — n — pn)

I



IN

IN

IN

COMMON FIXED POINTS OF A THREE-STEP . ..

X g(|To(PT2)" " 2y, — @)

ncnllTn — ql” + ancn)

+ an(l —bp — cp — on)|2n — ‘I||2

+ anbnllzn — q|* + anbpl? + anon||vn — q|)?

— ancn(1 = by — cn — on)g(| T (PTY)" L2y, — 22 |)
+antly + Ballzn — all? + Baly,

+ pnllwn — QHQ + Ynllzn — QHZ + 'YnTg

+ (1= an = Bn— Y0 — pn)l|on — QHQ

= Bu(1 = = B — 1 — pa)g (I To(PT2)" " 2y — @nl|)
(anbn + B){(1 = dn)||lzn — QHQ + On[|un — QHZ + anﬂ%
—ap(l—an — 5n)g(||T1(PT1)"_1xn — zp))}

+ ancnlln — ql* + ancnt,

+ an(l —bp — cp — on)|2n — ‘I||2

+ apbnl? + anoy|lvn — ql?

— apcn(l —bp —cn — Un)g(HTl(PTl)n_1$n A

+ antly + Baly, + pullwn — ql®

+ YnllTn — Q||2 + ’VnTwzz +

(1 —an = Bn =0 — pn)l|Tn — QHQ

—Bn(1 —an — B — T — Pn)g(HT2<PT2)n_1zn — n||)
|n — qH2 + {(anbp + Bn)(1 — 0n) + anen +n

+ (1= an = Bn =9 — pn) Hlzn — CI||2

+ O (anbp + Bn)||un — QH2

+ anopllvn — QH2 + pnllwy — QHQ

+ Tfr%(an(anbn + Bn) + ancn + Tn)

+ 2 (anby, + Bn) + ann?

— ap(anbn + Bn)(1 — an — 5n)g(||T1(PT1)n71$n — Zpl])
— ancn(1 = by — cn — op)g(| T (PTY)" L2y, — 2 |)

= Bn(1 = an = Bn = = pu)g(| T2 (PT2)" " 2 — )
2n — ql|* + {(anbn + Ba) (1 = 6,) + ancn + T

(1 = an = B —Yn — pn) Hlon — QHQ

+ On(anbp + Bn)|lun — QHZ + anopllvn — QHQ

+ pallwn — QHZ + Tg(an(anbn + Bn) + ancn + )

+ 2 (anbp + Bn) + ann?

— apen(l —bp —cn — Jn)g(HTl(PTl)n_ll‘n — zpl|)

= Bu(l —an = Bn = — Pn)g(”TZ(PTQ)n_lzn — Znl|).
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Hence,

(27) ancn(l —bp —cp — Un)g(HTI(PTl)n_lxn - an)
<lzn = all* = a1 — qll* + Ko(1 + 6n + 0 + pr + 72 + 62 +172).

(28) /Bn(l — Qp — Bn — Yn — pn)g(HTQ(PTQ)nilzn - xn”)
< lwn = qll* = |#ns1 — gl + Ko(1 + 0n + 0n + pn + 775 + £+ 17).

Using (17), (18) and (19), we have:
(29) @1 — all* = |PlanTs(PT3)" tyn + BaTo(PT2)" 20
+ VnTl(PTl)n_lmn
+ (1 — oy — B — Yn — pn)xn + pnwn] - P(Q)H2

< 'Yn”Tl(PTl)n_lxn - QH2
+ anl|T3(PT3)" 'y — q|1* + pullwn — gl
+ (1 —an—Bn— v —pn)llTn — QHQ
+ Bl To(PT2)" 2 — g?
— V(1 —an = Bn — Y0 — pn)
x g(| T (PT)" g — )
< Wl — QH2 + 7—3) + an(llyn — QHQ + 772)
+ pnllwn —ql®
+ (1= an = Bn —vn — pu) |70 — QH2
+ Bulll2n — all* + €3)
*'Yn(lfanfﬁn*’yn*pn)
x g(ITy(PT)" Yy — wal])
= Yallzn = ql* + 7 + anllyn — all?
+ anm% + pnllwn — QH2
+ (1= an = Bn — Y0 — pu) |70 — QH2 +
+Bnll2n — QHQ + 57%%
— (1 = on = Br = Y0 = pn)
x g(I T (PT)" g — )
< Yallwn — (.7H2 + '7n7'3 + an{bpllzn — Q||2

+ (1= by — ¢ — on)lzn — ‘IHQ

+ cnllzn — C.I”2 + onllvn — q”2 + bnﬁr% + CnTr%}
+ an77721 + pullwn — Q||2

+ (1= an = B = — pa) |0 — gl

+ Bullza — all* + Bl
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— Yl =an = Bn —yn — pn)g(HTl(PTl)n_ll‘n — Zn]|)
(@nbn + Ba){(1 = 0u) |2 — g?

+ Onllun — q”2 + anTz} + Ynllzn — Q||2

+ VT2 4 an(1 = by — ¢ — o) |20 — ¢

IN

+ ancnllzn — QHQ + anon v, — QH2

+ anbpl? + anent? + ann? + pollw, — q|?

+ (1= an = Bn— v — pn)l|Tn — QH2 + Bnei

— (1 = an = B = = pa)g(IT1(PT1)" ™, — )
l|lzn — QHQ + {(anbn + Bn)(1 = 0n) + Yo + ancn

+ (1= an—Bn =9 — pu)Hlzn — QHQ

+(anbp + Bn)Onllun — ql|* + (nbn + Bn)anTs

+ VT2 4 anon v, — g

IN

+ anbnﬁi + anchz

+an77721 + pnllwn — Q||2 + Bngi

— (L —an = Bn— T — pn)g(HTl(PTl)n—lﬁn —z,||)
= [lzn — q||* + {(anbn + Bn) (1 = 63) + Yn + ancy

+ (1 —an = Bn =9 — pn)Hlzn — QHQ

+ Bn(Qnbn + Ba) un — g|?

+ anonllon — a1 + pallwn — gl

+ Tg(an(anbn + Bn) + Y + ancn)

+ Ei(anbn + Bn) + anni

— (1= an — Bn — 0 — pn)g(HTl(PTl)n_lxn — Tpl|).

Hence,

(30) V(L = an = Bp — v — pa) (| TL(PT)" 2, — 0]
<@ —qll* = g1 — qll* + Ko(1 + 6y + 0 + pn)-

(79) Let liminf,, o0 Bn, > 0 and 0 < liminf,,_, a,, < limsup(a,+d,) < 1.
Hence, there exists a positive integer ng and A\, A’ € (0,1) such that 0 < A <
Bny 0 < A< Bp, 0< X< a, and a, + 6, < X < 1 for all n > ng. This
implies by (22) that

(B1) N1 = X)g(ITu(PT)" '@y — @) < [lzn — gl
— | @ns1 — ql> + Ko(1 + 0 4 0p + pn + 72 + 2 +1?)

for each n > ng. From (31), we obtain that for each r > no,
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r

(32) > (T (PT)™ 2y — )

n=no

< 3 X{Zuxn—qn — Jzsr — all?)

n=ng

'
+ KoY (I+6n+0n+pntrn+0+n0)}
n=ng

1 2
[ — —

T
+ Ko Y (L+6n+0n+pntrn+0+nh)}
n=ng

Since ¢, on, and p, are all bounded and 7, — 0 as n — oo, £, — 0 as
n—>oo,nn—>0asn—>oo,itfollowsthat73%Oasn—>oo,€%—>0as
n — oo and n2 — 0 as n — oo. Hence, by (32), we obtain that as 7 — oo
> oo T (PT)" iy — ap]]) < co. Hence, limy o0 g(|| T2 (PT1)" 2 —
zn|) = 0. Since g is strlctly increasing and continuous at 0 with g(0) = 0,
hence lim,, o |71 (PT1)" Y2, — ]| = 0.

Following same procedure as in (i7) part (a) and the results displayed in
(21), (30), (27), (28), (23) and (24), the results in (ii) (b,c,d), (iii) (a,b)
and (iv), can be proved.

Lemma 6. Let X be a uniformly convex Banach space and C' a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retrac-
tion. Let T1,T5,13 : C' — X be asymptotically quasi-nonerpansive in the
intermediate sense with respect to sequences {T,}, {ln}, {nn}, respectively
such that F # 0, 7, — 0 asn — oo, €, — 0 asn — oo, n, — 0 as
no— 00, Yol Ty < 00, »ol by < 00, 07y < 00. Let {an}, {bn},
{en}, {an}, {Bn}, {}, {0}, {on}, {pn} be real sequences in [0,1] such
that an + 6n, by + ¢ + 0y and au, + By + Yo + pn are in [0,1] for alln > 1,
Yol 0 < 00, Dol on < 00, »o7 pp < 00 and let {up}, {vn}, {wn}
be bounded sequences in C. For a given x1 € C, let {xn}, {yn}, {2n} be
the sequences as in (11). Suppose Ty, Ta, T3 are uniformly L-Lipschitzian.
If limy, o0 || T (PTY)" Y2y, — 20| = 0, limy, oo | T2(PT2)" Y2, — 20 ]| = 0,
lim, o0 | T3(PT3)" Yy, — z4]| = 0, then

(1) lim ||Thz, — z,] =0,
n—oo
(#3) lim ||Tox, — 2| =0, and
n—oo
(z91) lim [|T5zy, — x,|| = 0.
n—oo
Proof. But

(33) |Zn+1 = @nll < ul|T3(PT3)" ™ yn — @nll
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+ Bn||T2(PT2)n_lzn — Tl + 'VnHTl(PTl)n_lxn — |
+ (1= an = Bn — v — pu)llTn — 2ol + pullwn — 20|
— 0 as n — oo,

by triangle inequality, we obtain

(34)  |TL(PT)"™ ' @ni1 — appa || < N TL(PT)™ 'apgy — To(PTL)"
+ T (PTy)"™ ' Ty, — Tpl| + |Tnt1 — 24|
< Ll|zng1 — zoll + |20 — Zall + 70 + |2ne1 — 20|
— 0 as n — oo.

By (34), we obtain

ITU(PT)™ Y — 2 + T2 (PT1)™ L — Ty
|xn — znll + 7 + L||T1(PT1)”*2wn — Ty |
— 0 as n — oo.

(35) |Tian —an| <
<

Hence, limy,, o0 || 112y, — @y || = 0, this proves (i). Next, we prove (ii). Since

(36) |20 — mp| < an||T1(PT1)n_1$n — | + Onllun — 4|

— 0 as n — oo,
hence, we have

B7) N T(PTo)"  @nt1 — znpa| < | To(PTo)" ' @nt1 — To(PTo)"
+ | To(PTo)" 2, — To(PT2)" |
+ HTQ(PT2)R_1ZH — Zp|| + |Tn41 — 20|
< Ll|zn+1 — znll + Lllzn — @all + |20 — 20|
+ Uy + || Tnte1 —xn|| — 0 as n — oco.

Thus, we obtain
(38)  [[Than — @yl < HT2<PT2)n71xn — | + HT2(PT2>nilxn — Towy||
< I To(PT2)" 20 — Ta(PT)" el + |20 — aall
+ lp + L To(PTy)" 2z, — 2| — 0 as n — oco.
Hence, lim, o || T2z, — z,|| = 0, and (i7) is obtained. [ |
Now, we prove (i)

(39)  lyn — znll < bullT2(PT2)" 2 —an
+; o | T (PTY)"  n — 20| + nllvn — 20| — 0



110 G. A. OKEKE AND J. O. OLALERU

and || T5(PT3)" 'y, — zn|| — 0 as n — oo, we have
(40) I T5(PT3)" ap — aall < | T3(PT3)" 'y — T3(PT3)" 'l
+ | T3(PT3)" ™ yn — @nl|

LHyn - an + Hyn - an +77n
—> 0 as n — oco.

IN

Hence,
(41)  T(PT3)"  apsr — || < (| T3(PT3)" @ngn — T3(PT3)" 'y
+ | T5(PT3)" yn — T3(PT3)" Ly
+ HTS(PTZ%)n_lyn — Tl + [[Tn+1 — 2l
< Ll|zn+1 — znll + Lllyn — 2ol + lyn — zull + 70
+ |Znt1 — xn]] — 0 as n — oo.

Thus, we have:

IT5(PTs)"  ay — an | + | T5(PT5)" 2 — Ty
lzn — 2p | + 70 + L||T3(PT3)H_2$TL — |
—0asn— oo.

(42) [|Tzn — ||

IN A

This completes the prove of (iii).

Theorem 1. Let X be a uniformly convex Banach space and C a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive
retraction. Let T1,T>,T5 : C' — X be asymptotically quasi-nonexpansive in
the intermediate sense with respect to sequences {Tn}, {ln}, {nn}, respectively
such that F # 0, 7, — 0 asn — oo, €, — 0 asn — oo, n, — 0 as
no— 00, Yol Ty < 00, »ool by < 00, 02y < 00. Let {an}, {bn},
{en}, {an}, {Bn}, {m}, {00}, {on}, {pn} be real sequences in [0,1] such
that an + dp, by, + cn + o0 and o, + By + Yn + pn are in [0,1] for alln > 1,
and Y 07 0 < 00, Yool 0y < 00, 200 pn < 00 and let {uy}, {vn},
{wyn} be bounded sequences in C. Assume that Ty, To, T3 are uniformly
L-Lipschitzian. If one of T; (i = 1,2,3) is a completely continuous and one
of the following conditions (C1)-(C5) is satisﬁed:

(C1) 0< hm 1nf an < hmsup(an + ) <

0< hrn mfb < hm sup(b +cn + O'n) <1, and

n—o0

0< hm mf oy, < limsup(ay, + Bn + Yn + pn) < L.

n—oo

(C2) 0 < liminf by, hm 1nf cn < limsup(b, + ¢ +0p) < 1, and

n—00 n—00

0< hm 1nf on § hm sup(ay + Bn + Y + pn) < 1.

n—oo
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(C3) 0< hm mfb < limsup(b, + ¢p, + op) < 1, and

n—oo

0< hm 1nf Qn, hm 1nffyn < limsup(ay, + Bn + 7 + pn) < 1.

N—00 n—00

(C4) liminfb, > 0, and 0 < liminf a,, < limsup(a, +6,) < 1, and

n—00 n—00 n—00

0< hm 1nf Qs hm mf Brn < limsup(ay, + Bn + Y + pn) < 1.

n—o0

(C5) 0< hm mf an,hm mf 5n,hm mf'yn < limsup(ay+Fn+vn+pn) < 1.

n—oo
Then the sequences {xn}, {yn}, {zn} defined as in (11) converge strongly to
a common fized point of T1, Ts and Tj.

Proof. Assume that one of the conditions (C1)-(C5) is satisfied. Using
Lemma 6, we have lim,, o ||Tjz, — x| = 0 for i« = 1,2,3. Suppose one
of Ty, T> and T3 say T is completely continuous. Since {z,} is a bounded
sequence in C, there exists a subsequence {z,, } of {x,} such that {T\z,, }
converges to ¢ € C. But ||z, —q|| < ||T12n, —2n, ||+ | 7120, —q||, we obtain
limy o0 [|Zn, — ¢|| = 0. Hence, {z,, } converges to ¢ € C. By continuity of
T;,, we obtain T;x,, — T;q as k — oo. Since

ITiq = all < [[Tizny, = Tigll + [ Tizny, — @y || + l2ny, = gll = 0 as k — oo,

we have T;q = q (i = 1,2, 3). Hence, ¢ € F. By Lemma 5 (i), lim,,—,oc ||Zn —
q|| exists. It follows that lim,_, ||zn — ¢|| = 0. By Lemma 5, we obtain

| Ty (PTY) Yy — 20| = 0,7 — 0, £, — 0

and
| To(PT2)" 2, — zn]| — 0 as n — oo.
Hence,
lyn — xn|| < anTQ(PT2)n_lZn — Zn|| + CnHT1<PT1)n_1xn — Zn |
+ onllvn — xn|| — 0
and
|20 — o0 < anHTl(PTl)nilxn — | + Onllun — 4|
— 0 as n — oo.

These imply lim,, oo Yy = q and lim,,_, 2z, = q. |

Remark 1. Theorem 2.3 extends Theorem 2.3 of Inprasit and Wat-
tanataweekul [7]. Observe that if 7, =0V n, £, =0V n and n, =0V n,
then we obtain Theorem 2.3 of [7]. Similarly, Theorem 2.3 improves, extends
and unifies the results of Nilsrakoo and Saejung [13], Xu and Noor [27] and
Suantai [25].
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The mapping T : C — X with F(T) # () is said to satisfy Condition A
[23] if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0,
f(r) > 0for all r € (0,00) such that || —Tx| > f(d(z, F(T))) for all z € C,
where d(z, F(T)) = inf{||lx — ¢|| : ¢ € F(T)}. As Tan and Xu [26] pointed
out, the Condition A is weaker than the compactness of C.

The following is a strong convergence result for asymptotically quasi-non-
expansive nonself-mappings in the intermediate sense in a uniformly convex
Banach space satisfying Condition A.

Theorem 2. Let X be a uniformly convex Banach space and C a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive
retraction. Let T1,T5,T5 : C — X be asymptotically quasi-nonexpansive in
the intermediate sense with respect to sequences {7}, {€n}, {mn}, respec-
tiwely such that F # 0, 7, — 0 as n — o0, £, — 0 as n — oo, 9, — 0
asmn — 00, o0 Ty < 00, Y00 Uy < 00, 307 ny < 0o. Let {an}, {bn},
{en}, {an}, {Bn}, {m}, {0n}, {on}, {pn} be real sequences in [0,1] such
that an + 6n, by + ¢ + o and o, + Bn + Y0 + pn are in [0,1] for alln > 1,
and Y 07 1 0p <00, Yo7 0p <00, >0 pn < 00 and let {uy}, {vn}, {wn}
be bounded sequences in C. Suppose Ty satisfies Condition A and Ty, Ts are
uniformly L-Lipschitzian and one of the conditions (C1)-(C5) in Theorem
2.8 is satisfied. Then the sequence {x,} defined as in (11) converges strongly
to a common fized point of T, Ty and T3

Proof. Let ¢ € F. Using Lemma 5, lim,_, ||z, — ¢|| exists. Hence,
{zy —q} is bounded. Then there exists a constant H such that ||z, —q| < H
for each n > 1. This together with (15), we obtain

(43) [2n+1 =gl < llzn = qll + Dn,

where D,, = KH + K(1+ 6, + 0y + pn + 72 + 2 +12) < oo for each n > 1.
By Lemma 6, we obtain lim, , ||z, — Tizys|| = 0 (1 = 1,2,3). But Ty
satisfies Condition A, hence we have lim, o d(x,, F(T})) = 0. Next, we
show that {z,} is a Cauchy sequence. Since lim,_, d(xy, F(T1)) = 0 and
>0 1 Dy < 00, for any € > 0, there exists a positive integer ng such that
d(zn, F(T1)) < § and Y7p_, Dy < § for each n > ng. Let n € N be such
that n > ng. Then we can find ¢* € F such that ||z, —¢*|| < §. This implies
by (43) that for m > 1,

(44) |Znam = Tall < |Tnpm — ¢l + |2 — ¢
n+m—1
<2zn —q* |+ D, Di
k=n

n+m—1 ¢ i
= 2|z, — ¢"|| + Z Dk<2(1)+§:e.

k=ng
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This implies that {x,} is a Cauchy sequence and so it is convergent. Sup-
pose lim, o0 2, = p. But d(z,, F(T1)) — 0 as n — oo, it follows that
d(p, F(T1)) = 0 and hence p € F(T1). We now show that p € F(T>) N F(T3).
Since 15, T3 are uniformly L-Lipschitzian and by using Lemma 6, we have

(45) 1Tip —pll < [[Tizn — Tipll + | Tizn — ol + [l2n — pll
< Lljzn = pll + lzn = @nll + 70 + n + 10
+ |z —p| — 0 as n — oc.

Hence, T;p = p (i = 2,3). So that p € F. The proof of the theorem is
complete. [

Theorem 3. Let X be a uniformly convexr Banach space which satisfies
Opial’s condition and C a nonempty closed convexr nonerpansive retract of
X with P as a nonexpansive retraction. Let Ty, T, T35 : C — X be asymptot-
ically quasi-nonexpansive in the intermediate sense with respect to sequences
{m}, {€n}, {nn}, respectively such that F # 0, 7, — 0 asn — oo, £, — 0 as
n— 00, Ny =0 asn — 00, > 0 Ty <00, Yoo Uy <00, Y0 Ny < 00.
Let {an}, {bn}, {cn}, {an}, {Bn}, {m}s {00}, {on}, {pn} be real sequences
in [0, 1] such that a,+ 6y, by + cn+0n and a + By, + Yo + pn, are in [0,1] for
alln > 1, and Y07 1 6, < 00, D020 < 00, Y 00 pp < 00 and let {up},
{vn}, {wn} be bounded sequences in C. Suppose Ty, Ta, T3 are uniformly
L-Lipschitzian and I — T; (i = 1,2,3) is demiclosed at 0. If one of the
following conditions (C1)-(C5) in Theorem 1 is satisfied, then the sequence
{zn} defined as in (11) converges weakly to a common fixed point of Ty, T
and Tj.

Proof. Suppose one of the conditions (C1)-(C5) is satisfied. By Lemma
5 and Lemma 6, we obtain lim, o ||Tizn — z,|| = 0 (i = 1,2,3). But
X is uniformly convex and {x,} is bounded, without loss of generality, we
suppose that x,, — u weakly as n — co. By the demiclosedness of I —T; at
0, we have u € F. Suppose subsequences {z, } and {x,,, } of {z,} converge
weakly to u and v, respectively. Since I — T; (i = 1,2,3) is demiclosed
at 0, we have u and v € F. By Lemma 5, we have lim,_, ||z, — u|| and
lim,, 0 ||Zn — v|| exist. Hence, from Lemma 4, we obtain u = v. Therefore,
{z,} converges weakly to a common fixed point of T}, T and T5. |
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