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Abstract

In this study, we introduce two classes of nonlinear mappings, the
class of asymptotically generalized ®-hemicontractive mappings in the
intermediate sense and asymptotically generalized ®-pseudocontractive
mappings in the intermediate sense; and prove the convergence of Mann
type iterative scheme with errors to their fixed points. Our results
generalize the results of Chang et al. [4], Chidume and Chidume [5]
and Kim et al. [8] among others.
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1 Introduction

Let E be an arbitrary real normed linear space with dual £*. We denote by J
the normalized duality mapping from E into 2F" defined by

J(@) = {f € B (z, ) = = = | fII"}, (1.1)

where (.,.) denotes the generalized duality pairing.
We give the following definitions which will be useful in this study

Definition 1.1. Let C' be a nonempty subset of real normed linear space F.
A mapping T : C' — F is said to be

(1) strongly pseudocontractive mappings [8] if for all z,y € C, there exists
a constant k € (0,1) and j(x —y) € J(z — y) satisfying

(Tx — Ty, j(x—y) < klz -yl (1.2)

(2) ¢-strongly pseudocontractive mappings (8] if for all z,y € C, there exists
a strictly increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 and j(z —y) €
J(x — y) satisfying

(Tz—Ty,j(x —y)) < |lz —ylI> = o(llz — yl)) |z — . (1.3)

The class of ¢-strongly pseudocontractive mappings includes the class of strongly
pseudocontractive mappings by setting ¢(s) = ks for all s € [0, 00). However,
the converse is not true.

(3) generalized ®-pseudocontractive mappings [1, 5] if for all z,y € C, there
exists a strictly increasing function ® : [0,00) — [0,00) with ®(0) = 0 and
jlx —y) € J(xr — y) satisfying

(Tz =Ty, j(z —y)) < llz —yl* = ([la - y]). (1.4)

It is well known that the class of generalized ®-pseudocontractive mappings
includes the class of ¢-strongly pseudocontractive mappings as a special case
(if one sets ®(s) = s¢(s) for all s € [0, 00)).

(4) generalized ®-hemi-contractive mappings [5] if F(T) :={x € C : Tz =
x} # 0, and there exists z* € F(T) and a strictly increasing function ® :
[0,00) — [0,00), #(0) = 0 such that for all x € C, there exists j(x — z*) €
J(xz — x*) such that

(Tz -2, j(z —2")) < ||z — 2" = (|]a — 2"])). (1.5)



Convergence theorems 1993

Clearly, the class of generalized ®-hemi-contractive mappings includes the class
of generalized ®-pseudocontractive mappings in which the fixed points set
F(T):={x € C:Tx =z} # 0 is not empty.

(5) generalized strongly successively ®-pseudocontractive mappings [7] if for
all z,y € C, there exists j(x —y) € J(x —y) and a strictly increasing function
® : [0,00) — [0,00) with ®(0) = 0 such that

(T"x =Ty, j(z —y)) < llz —yl* = 2|z - yl). (1.6)

Observe that if 7" =T for all n € N in (1.6), then we obtain (1.4).

(6) asymptotically generalized ®-pseudocontractive mappings [8] with se-
quence {k,} if for each n € N and z,y € C, there exists a constant k, > 1
with lim,,_, k, = 1 and a strictly increasing function @ : [0, 00) — [0, 00) with
®(0) =0 and j(xz —y) € J(z — y) satisfying

(T"x =Ty, j(z —y)) < kallz = ylI* = 2(lz — yl)). (1.7)

The class of asymptotically generalized ®-pseudocontractive maps was intro-
duced by Kim et al. [8] in 2009 as a generalization of the class of generalized
®-pseudocontractive mappings. Observe that if k, = 1 for all n € N in (1.7),
then we obtain (1.4).

(7) asymptotically generalized ®-hemicontractive mappings [8] with sequence
{k,} if F(T) # 0 and for each n € N, z € C and p € F(T), there ex-
ists a constant k, > 1 with lim, .. k, = 1, a strictly increasing function
P : [0,00) — [0,00) with ®(0) =0 and j(z — p) € J(x — p) satisfying

(T"z —p,j(x = p)) < kallz = plI* — (|2 — pl)- (1.8)

Clearly, the class of asymptotically generalized ®-hemicontractive map-
pings is the most general among those defined by Huang [7], i.e the class of
generalized ®-pseudocontractive maps and the class of generalized strongly
successively ®-pseudocontractive maps.

Recently, Qin et al. [15] introduced the following class of nonlinear map-
pings.

Definition 1.2. [15]. A mapping 7' : C — C' is said to be asymptotically
pseudocontractive mapping in the intermediate sense if

limsup sup ((I"z — T"y,x — y) — kallz — y||*) <0, (1.9)

n—oo x,yeC

where {k,} is a sequence in [1,00) such that k, — 1 as n — oo. This is
equivalent to

(T"w — Ty, 2 —y) < kpllz —yl* + v, ¥n>1, 2,y €C, (1.10)
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where

v, = max {O, sup ((T"x — Ty, x — y) — kyllz — yH2)} : (1.11)

z,yeC

Qin et al. [15] proved some weak convergence theorems for the class of
asymptotically pseudocontractive mappings in the intermediate sense. They
also established some strong convergence results without any compact assump-
tion by considering the hybrid projection methods. Olaleru and Okeke [13] in
2012 proved a strong convergence of Noor type scheme for a uniformly L-
Lipschitzian and asymptotically pseudocontractive mappings in the interme-
diate sense.

Motivated by the above facts, we now introduce the following classes of
nonlinear mappings

Definition 1.3. Let C' be a nonempty subset of a real normed linear space E.

A mapping T' : C' — C'is said to be asymptotically generalized ®-pseudocontractive
mapping in the intermediate sense with sequence {k,} if for each n € N and
x,y € C, there exists a constant k, > 1 with lim, .. k, = 1, a strictly in-
creasing function @ : [0,00) — [0, 00) with ®(0) = 0 and j(z —y) € J(z — y)
satisfying

limsup sup (7" — T, j(@ — y)) — kalle — yl> + @(lz — yl})) <0. (112)

n—oo x,yeC

Put

- :max{o, sup (T — Ty, j(x — ) —knux—yr\2+¢><ux—yu>)}-

z,yeC
(1.13)
It follows that 7,, — 0 as n — oo. Hence (1.12) is reduced to the following

(T"x =Ty, j(x = y)) < kallz — ylI* + 70 — ([l — yl)). (1.14)

We remark that if 7, = 0 for all n € N, the class of asymptotically general-
ized ®-pseudocontractive mappings in the intermediate sense is reduced to the
class of asymptotically generalized ®-pseudocontractive mappings introduced
by Kim et al. [8] in 2009.

Definition 1.4. Let C' be a nonempty subset of a real normed linear space E.
A mapping T' : C' — C'is said to be asymptotically generalized ®-hemicontractive
mapping in the intermediate sense with sequence {k,} if F(T) := {p € C :
p = Tp} # 0 and for each n € N, x € C and p € F(T), there exists
a constant k, > 1 with lim, ..k, = 1 and a strictly increasing function
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® : [0,00) — [0,00) with ®(0) =0 and j(z — p) € J(z — p) satisfying

limsup ~ sup  ((T"z —p, j(z — p)) = kallz = p[* + @}z — pl)) < 0.
n—oo  x,peCxXF(T)
(1.15)

Put

Tp = Max {0, sup  ((T"z —p, j(x — p)) — knllz — p||> + ©(||z — pll))} :
z,peCXF(T)
(1716)

It follows that 7, — 0 as n — oo. Hence (1.15) is reduced to the following
(T —p,j(x = p)) < kallz = pl* + 7 = (||l — p])). (1.17)

Clearly, the class of asymptotically generalized ®-hemicontractive map-
pings in the intermediate sense is the most general so far introduced in litera-
ture since it includes the class of asymptotically generalized ®-hemicontractive
maps.

The following definitions will be needed in this study.

Let C' be a nonempty subset of a normed linear space E. A mapping7T : C' — E
is said to be Lipschitzian if there exists a constant L > 0 such that

[Tz =Tyl < Lz -yl (1.18)

for all z,y € C and generalized Lipschitzian [8] if there exists a constant L > 0
such that
[Tz =Tyl < L(l|z =yl + 1) (1.19)

for all z,y € C. A mapping T : C' — C is called uniformly L-Lipschitzian [8]
if for each n € N, there exists a constant L > 0 such that

|T"z — T™y|| < Lz -yl (1.20)

for all z,y € C.

Clearly, every Lipschitzian mapping is a generalized Lipschitzian mapping.
Every mapping with a bounded range is a generalized Lipschitzian mapping.
The following example shows that the class of generalized Lipschitzian map-
pings properly contains the class of Lipschitzian mappings and that of map-
pings with bounded range.

Example 1.5. [3]. Let E' = (—00,00) and T': E — E be defined by

x—1 if € (—o0,—1),

x—/1—(x+1)2 if xe€[-1,0),
Tx = .

r+4/1—(x—1)2 if x€[0,1],

r+1 if e (1,00).
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Then T is a generalized Lipschitzian mapping which is not Lipschitzian and
whose range is not bounded.

Sahu [16] in 2005 introduced a new class of nonlinear mappings which is
more general than the class of generalized Lipschitzian mappings and the class
of uniformly L-Lipschitzian mappings.

Definition 1.6. [16]. Let C be a nonempty subset of a Banach space E and
fix a sequence {a,} in [0, 00) with a,, — 0.

(1) A mapping T": C' — (' is said to be nearly Lipschitzian with respect to
{a,} if for each n € N| there exists a constant k,, > 0 such that

17"z = T"y|| < kn(llz = yll + an) (1.21)

for all z,y € C.

The infimum of constants k, in (1.21) is called nearly Lipschitz constant
and is denoted by n(T™).

(2) A nearly Lipschitzian mapping 7" with sequence {(a,,n(7"))} is said
to be nearly uniformly L-Lipschitzian if k, = L for all n € N, i.e.

[Tz = T"y|| < L([lz — yl| + an) (1.22)

and nearly asymptotically nonexpansive if k,, > 1 for all n € N with lim,, . k,, =
1.

(3) A mapping T': C' — E will be called generalized (M, L)-Lipschitzian if
there exist two constants L, M > 0 such that

[T =Tyl < L(l|z = yl| + M) (1.23)

for all x,y € C.

Observe that the class of generalized (M, L)-Lipschitzian mappings is a gen-
eralization of the class of Lipschitzian mappings. Clearly, the class of nearly
uniformly L-Lipschitzian mappings properly contains the class of generalized
(M, L)-Lipschitzian mappings and the class of uniformly L-Lipschitzian map-
pings. We remark that every nearly asymptotically nonexpansive mapping is
nearly uniformly L-Lipschitzian.

It has been shown by Sahu [16] that a nearly uniformly L-Lipschitzian
map is not necessarily continuous. Sahu [16] extended the results of Goebel
and Kirk [6] to demicontinuous mappings and proved that if C' is a nonempty
closed convex bounded subset of a uniformly convex Banach space, then every
demicontinuous nearly asymptotically nonexpansive self-mapping of C' has a
fixed point.
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Chidume and Chidume [5] in 2005 obtained result for the class of gener-
alized ®-hemi-contractive mappings while Kim et al. [8] in 2009 generalized
the result to nearly uniformly L-Lipschitzian asymptotically generalized ®-
hemicontractive mappings. They established a strong convergence result of
the iterative sequence generated by these mappings in a general Banach space.

Theorem KSN. [8]. Let C' be a nonempty convex subset of a real Banach
space ' and T : C' — C' a nearly uniformly L-Lipschitzian mapping with se-
quence {a,} and asymptotically generalized ®-hemicontractive mapping with
sequence {k,} and F(T) # 0. Let {a,} be a sequence in [0, 1] satisfying the
conditions:

(i) {&=} is bounded,

(i) Yoy Ot = 00,

(iii) Yo7 a2 <ooand Y o an(k, — 1) < 0.
Let {x,} be the sequence in E generated from arbitrary xz; € C' by

Tpr1 = (1 —an — Bn)zn + T2y, + Boun, n €N (1.24)

Then the sequence {z,} in C' defined by (1.24) converges strongly to a unique
fixed point of T

It is our purpose in this study to use the concept of nearly uniformly
L-Lipschitzian (not necessarily continuous) mappings to prove a strong con-
vergence result for the class of asymptotically generalized ®-hemicontractive
mappings in the intermediate sense in a general Banach space. Our results
are improvements and generalizations of Chidume and Chidume [5], Theorem
KSN of Kim et al. [8] and Chang et al. [4] among others.

The following Lemmas will be useful in this study

Lemma 1.1. [2]. Let E be a Banach space. Then for each z,y € E, there
exists j(z +y) € J(x +y) such that

lz +yll* < llzll* +2(y, i (= + y)).

Lemma 1.2. [14]. Let {0,,}, {#,} and {v,} be three sequences of nonnegative
numbers such that

foralln e N.If > 3, < oo and Y | 7, < 0o, then lim,_,, 0, exists.

Lemma 1.3. [10]. Let {6,} be a sequence of nonnegative real numbers and
{A\.} areal sequence in [0, 1] such that Y>> A, = oo. If there exists a strictly
increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that

QTQL+1 < 9721 - )‘nqs(@n-i—l) + on
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for all n > ng, where ny is some nonnegative integer and {0, } is a sequence of
nonnegative numbers such that o,, = o(),), then lim,_,, 6,, = 0.

Lemma 1.4. [8]. Let {d,}, {6.}, {7} and {0, } be four sequences of nonneg-
ative numbers such that

oy < (1+ Ba)O2 4 (00 + 00)

forall n € N.If Y07 3, < 00, Y7 7n < o0 and {o,} is bounded, then
lim,, .., 0,, exists.

2 Main Results

We prove the following lemma which will be needed in this study.

Lemma 2.1. Let {0,}, {6.}, {7}, {on} and {p,} be five sequences of non-
negative numbers such that

6721—1—1 > (1 + ﬁn)(ﬁ + Y (0n + Un)2 + p?z (2.1)

for all n. € N.If Y07 5, < 00, > 0t Y < 00, Do pp < 00 and {0y} is
bounded, then lim,,_ . d,, exists.

Proof. Using (2.1), we obtain
52

<
< (1+ Bn)52 + 2%(52 +o ) + pn
< (14 B+ 27)0% + 27,02 + P2 (2.2)

Since {0, } is bounded and )7 | p, < 0o, then by Lemma 1.2, it follows that
lim,,_. 0, exists. O

Theorem 2.2. Let C' be a nonempty convex subset of a real Banach space F
and T : C'— C anearly uniformly L-Lipschitzian mapping with sequence {a,, }
and asymptotically generalized ®-hemicontractive mapping in the intermediate
sense with sequences {7,,} and {k,} as defined in (1.17) and F(T) # ). Let
{an} be a sequence in [0, 1] satisfying the conditions:

(i) m is bounded, (ii) Y o, oy, = 00, lim, o o, = 0,

(iii) D207 a2 < oo, Y0 Ty < oo and Y oo apn(k, — 1) < o0,
Let {x,} be the sequence in F generated from arbitrary x; € C by

Tpr1 = (1 —an — Bn)Tn + Tz, + Botn, neEN, (2.3)

where {u,} is a bounded sequence in E. Then the sequence {z,} in C' defined
by (2.3) converges strongly to the unique fixed point of 7.
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Proof. Fix p € F(T) and using (1.17), (1.22), (2.3) we obtain

Hxn—&-l - an

VAN VAR VAN VAN

| = an(zn — T"2n) — Bu(Tn — un)||

|| T2y — 2 || + Bulltn — |

an{|T"zn — pl| + lzn = plI} + Bufllun — pll + [|2n — pl[}
an{L(|lzn = pll + an) + [|zn = plI} + Ba{llzn — pll + [lun — I}
(anL + Ay, + Bn)”xn - pH + ﬁn”un _p” + ananL

(n(1+ L) + Bo)llzn — pll + Bullun — pl| + anL. (2.4)

Using Lemma 1.1, (1.17), (1.22), (2.3) and (2.4), we obtain

l2n 1 = pII”

Set A, := 20, (k,

<

IN

H(l — Qp — ﬁng(xn - p);‘ an(Tnxn - p) + ﬁn(un - p)HQ

(1 = an = Ba)*llzn — pl

+2{an(T" s — p) + Bultin — p), j(Tni1 — p))

(1 - O<[n - ﬁn)2’(|xn - p”2 —>+_ 2an<Tn-rn - p’j(‘rn-‘rl - p))

+2ﬁn Up, _p)] Tn41 _p)

(1—ay,— ﬁn)QHxn - p”2

+2an{<Tnxn+l - D, j(anrl - p)>

?_<Tnxn - T7;~§W+1:](xﬁ2+l - p)){} +H26n<un _Hga](anrl - p)>
1_04n_ﬁn Tp —P +205n kn Tp+1 — P + Tn

_CI)(”ﬁnJrl - ZTII) Jllr L(||$n+1”— Toll + an)||zps1 — plI}

+2ﬁn un_p| X || Tpt1 — D

(1—ay,— ﬁn>2Hxn - pH2 + 20 {knl|Tni1 — pH2 + T
—®@(lzns1 = pll) + L{(on(l + L) + Bo)l|zn — pll + Ballun — pl|

+(1+ L)ag]||znsr = pl[} + 28nllun — pll x 2041 — 1l

(1 — Qp — ﬁn)QHxn - p”2 + 2ankn’|xn+l - p”2 + 2an7—n
—QOanI)(H:L‘?_,_l — ) + 2an L{(an + anL + B,) ||z, — p||
6 (1+ 5 p)llun — pll + (1 + L)ant|zn1 — pl|

(1 — Qp — ﬂn)2Hxn - pH2 + 2ankn"xn+l - pH2 + QOénTn
=20, @([|zpy1 — pll) + 200 L{[(an + L + By) |20 — P
01+ o) lun — pll + (1 + L)a) + [[zer —plIP}. (2.5)

— 1) + 20, L(cv, + o, L + B,,) and B, := 1 — 2a,k,, — 20, L.

From (2.5), we obtain

l2n 1 = pII”

<

IN

_ _ 2
o Bu) g, — pl|? + 2270 — 2000 (|| 4, — p|))

1250, 4 L+ B[ — pl 4 Bal1 + =15 i —
+(1 —i—L)an]
(14 G2) |20 — plI* + 2™ — 2220(||2 41 — pl])
+2%n [(an +a, L+ ﬁn)”xn pH + ﬁn(l + —)”un pH
+(1+ L)a,)* (2.6)
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But B, :=1-2a,k, — 2a,,L — 1, since lim,,_,, o, = 0 there exists a number
no € N such that % < B, <1 for all n > ng. From (2.6), we have

[z —plI> < (14 240) |20 — )1 + donTn — 20,2 (||T0s1 — p))
+20, L[(an + oL + By)[|2n — pl| + Ba(1 + ﬁ)”un —pll
+(1+ L)ay,)?

< (1+2A4)||zn — plI? + 4a,7n + 20, L[(an + a L + B) || 20 — D
+8u(1+ s un — pll + (1 + L)ay,)?
< 14 2A,||x, — pl]? + 4antn + 20, Ly, + a L + 3,)* X

2
[z = Pl + sz {Aa(L+ 2l = pll + (L4 Dan f | (27)

Using the conditions Y 7 a,(k, — 1) < oo and Y 7 a2 < oo, we have
Yoo A, < oo. Since {u,} is a bounded sequence in E and m is
bounded, from (2.7) and Lemma 2.1 we have that lim, . ||z, — p|| exists.
Hence {z,} is bounded. Now, we set M; := sup{||x, — p|| : n € N}, My :=
sup{G.(1 + %%L) :n € N}, My = sup{[ju, — pl| : n € N}, My := sup{da,T, :
n € N} and Mj; := sup{(1 + L)a, : n € N}. Then from (2.6), we obtain

|Zne1 — P2 < |len — p|* + My — 20,9(||20s1 — pll) + 2000 L, + L + 3,)? %

Taking 6,, = ||z, — p||?, \n = 2, and o, = 20, Ly, + L + 3,)*{[(cn (1 +
L) + )My + MyMs + M;)?} + 2A, M? + My, (2.8) reduces to

02,1 <02 — \y(Onsr) + O
Hence from Lemma 1.3, we have that ||z, — p|| — 0. The proof of Theorem
2.2 is completed. O

Corollary 2.3. Let C' be a nonempty convex subset of a real Banach space
E and T : C' — C a nearly uniformly L-Lipschitzian mapping with sequence
{a,} and asymptotically generalized ®-hemicontractive with sequence {k,} as
defined in (1.5) and F(T) # 0. Let {a,,} be a sequence in [0, 1] satisfying the
conditions:

(i) m is bounded, (ii) Y 7 o, = o0,
(iii) D7 a2 <ooand Y o0 an(k, — 1) < .

Let {x,} be the sequence in E generated from arbitrary xz; € C' by
Tpr1 = (1 —an — Bn)Tn + Tz, + Botn, n €N, (2.9)

where {u,} is a bounded sequence in E. Then the sequence {z,} in C defined
by (2.9) converges strongly to a unique fixed point of 7.

Remark 2.4. We remark that Theorem 2.2 and of course, Corollary 2.3
improves and generalizes the results of Chang et al. [4], Ofoedu [11], Liu et
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al. 9], Olaleru and Mogbademu [12] and includes the results of Chidume and
Chidume [5] and Theorem KSN as special cases since the class of asymptotically
generalized ®-hemicontractive mappings in the intermediate sense introduced
in this paper is more general than those defined by those authors.

Example 2.5. Let £ =R, C' =[0,1] and T': C' — C a mapping defined by

3 if zel0,1),
Ty = (2.10)
0 if x=1.

Clearly, T' is not a continuous mapping and the unique fixed point of T is
x = 0. It was shown by Sahu and Beg [17] that 7" is not Lipschitzian, but
it is nearly 1-Lipschitzian with sequence {5:}. We can easily show that T is
an asymptotically generalized ®-hemicontractive mapping in the intermediate
sense with sequences {k, = 1}, 7, = =5 and ®(t) = %, t € [0,00) as defined
in (1.17).

Put o, = %, B, = # We see that the assumptions (i), (i) and (iii) of
Theorem 2.2 are satisfied.

If 1 = 1, then z,, = 0 for each n > 2. Hence, the sequence {x,} converges
to 0. Moreover, if 21 € [0, 1), then using (2.3), we obtain
Tpt1 = (1 - O‘n)l'n + O‘ng_:: + Bntin

= (1-(1—5)an)zy+ Byu,, neN. (2.11)

Since Y >7 (1 — 5x)ay, = 0o and {u,} is bounded, from (2.11), we have that
z, — 0 as n — oo.
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