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Abstract

In this paper we present some existence results for a fourth order multipoint boundary value problem at resonance. Our main
tools are based on the coincidence degree theory of Mawhin.
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1. Introduction

In this paper, we shall discuss the solvability of the multipoint boundary value problem

X = £, x@), X' (@), x"(0), x" (1)) (1.1)
m—2
x(0) = Z a;ix (&) x'(0) = x"(0) = 0, x(1) =x(n) (1.2)
i=1
where f : [0, 1] x R* — R is a continuous function i(l<i<m-2)eR0<é <&€E<--- <€y < land
n € (0, 1).

Multipoint boundary value problems of ordinary differential equations arise in a variety of different areas of
Applied Mathematics, Physics and Engineering. For example Bridges of small sizes are often designed with two
supported points, which leads to a standard two-point boundary condition and bridges of Large sizes are sometimes
contrived with multipoint supports which corresponds to a multipoint boundary condition.

Boundary value problem (1.1)—(1.2) is called a problem at resonance if Lx = x@) () = 0 has non-trivial solutions
under the boundary conditions (1.2) that is, when dimker L > 1. On the interval [0, 1] second order and third order
boundary value problems at resonance have been studied by many authors (see [1-4]) and references therein.
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Although the existing literature on solutions of multipoint boundary value problems is quite large, to the best of our
knowledge there are few papers that have investigated the existence of solutions of fourth order multipoint boundary
value problems at resonance. Our motivation for this paper is derived from these previous results.

In what follows, we shall use the classical spaces Ck[O, 1,k = 1,2,3. For x € C3[O, 1] we use the norm
|X|oo = max;eqo, 1] |x(¢)|. We denote the norm in L'[0, 1] by | |1 and on L?[0, 1] by | |2. We will use the Sobolev
spaces W*1(0, 1) which may be defined by

w0, 1) = {x : [0, 1] — R:x,x", x", x"}
are absolutely continuous on [0, 1] with x@ e ! [0, 1].
2. Preliminaries

Consider the linear equation

Lx =x"(1)=0 2D
m—2

x(0) =Y axE), KO =x"0)=0,  x(I)=x(. 22
i=1

If we consider a solution of the form

3
x(t):Zaiti, a; € R. (2.3)
i=0

Then this solution exists if and only if

az(1—n* =0, ne,1). (2.4)

In this case (2.1)—(2.2) has non-trivial solutions.

Hence if Lx = y then L is not invertible. Therefore, the problem is said to be at resonance. We shall prove existence
results for the boundary value problem (1.1)—(1.2) under the condition (2.4).

We shall apply the continuation Theorem of Mawhin [5] to get our results. We present some preliminaries needed
to understand this continuation Theorem.

Let X and Z be real Banach spaces and L : domL C X — Z be a linear operator which is Fredholm of index
zeroand P : X — X, Q : Z —> Z be continuous projections such that

ImP =%kerL,kerQ =ImL and X =kerL @& ker P

Z =1ImL @ ImQ. It follows that L|jominker p —> ImL is invertible and we write the inverse of this map by K.
Let {2 be an open bounded subset of X such that domL N 2 # & and let N : 2 —> Z be an L-compact mapping,
that is, the maps QN (£2) is bounded and K pI—O)N : 2 — Xis compact. In order to obtain our existence results
we shall use the following fixed point Theorem of Mawhin.

Theorem 2.1 (See [5]). Let L be a Fredholm operator of index zero and let N be L-compact on 2. Assume that the
following conditions are satisfied
(i) Lx # ANx for every (x, \) € [(domL\ker L) N 3£ x (0, 1)]
(i) Nx & ImL for every x e ker LN 9{2
(iii) deg(J ON |xerLngn; 2 Nker L, 0) # 0 where Q : Z — Z is a continuous projection as above and J : ImQ —
ker L is an isomorphism. Then the equation Lx = Nx has at least one solution in domL N 2.

We shall prove existence results for the boundary value problem (1.1)-(1.2) when

m—2

m—2
Z a,-éf =0 and Z o = 1.
i=1 i=1

Let X = C3[0,1], Z = L'[0,1]. Let L : domL C X —> Z be defined by

Lx = x@

Please cite this article in press as: Iyase SA. Existence results for a fourth order multipoint boundary value problem at resonance. Journal of the
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where

m—2
domL = {x e W*1(0, 1), x(0) = Za,'x(éi), x'(0) = x"(0) =0, x(1) = x(n)
i=1

We define N : X —> Z by setting N = f (¢, x(¢), x'(¢), x”"(¢), x"(t)). Then the boundary value problem (1.1)—(1.2)
can be put in the form

Lx = Nx. 2.5)

In what follows we shall use the following lemmas.

Lemma 2.1. If 7", a, = 1 then there exists 1 € {0,1,2, ..., m — 4} such that )"/ a, l+4 # 0.

Proof. Follows the same procedure as in [1]. [J
Lemma2.2. If Y7 2 o; = 1, Y7 2 ;87 = 0 then

W ImL={y e Z: 3P e [ fy fi? J3' yw)dvdridrads = 0}
B) L :domL C X —> Z is a Fredholm operator of index zero.

Proof. We will show that the problem
xW@y=y foryeZz (2.6)

has a solution x (¢) satisfying
m—2
x(0) = Z o;x (&), x'(0) = x"(0) =0, x(1) = x(n) 2.7)
i=1
if and only if

m—2 & ps o rnorT
> / / / / y(v)dvdtidTads = 0. (2.8)
= o Jo Jo Jo

Suppose (2.6) has a solution x(¢) satisfying (2.7) then from (2.6) we have
l‘2 t3 t ps 15) T
x(t) = x(0) + x"(0)t + —x"(0) + —x"(0) + / / / / y(v)dvdt|dtads.
2 6 0oJo Jo Jo

Using >, ai =1, alég = 0 we obtain

m=2 § s rm e
Z Oli/ / / / y()dvdtidtods =0, forye Z.
P o Jo Jo Jo

Now suppose

m=2 & ps opnopu
> / / / / y(v)dvdtidTads = 0.
P o Jo Jo Jo
t3 1 K (%) 7] t s [ 1
3f// / y(v)dvdrldrzds+/f/ / y(v)dvdtidtads
L=n>Jy Jo Jo Jo o Jo Jo Jo

where c is an arbitrary constant. Then x(¢) is a solution of (2.6) with

-2 & s rn oru
o / / / / y(v)dvdtidtds = 0.
— o Jo Jo Jo

Let

x()=c—

Please cite this article in press as: Iyase SA. Existence results for a fourth order multipoint boundary value problem at resonance. Journal of the

Nigerian Mathematical Society (2015), http://dx.doi.org/10.1016/j.jnnms.2015.08.003

20

21

22

23

24

25

26

27



20

21

22

23

24

25

26

4 S.A. Iyase / Journal of the Nigerian Mathematical Society XX (XXXX) XXX—XXX

For y € Z, we define the projection Q : Z — Z by

A n12 &
(ON() = —— /// / y(v)dvdtidtrds

Zall

i=1

where
A=+ DUI+2)A+3)U+4). (2.9)
Let y; = y — Qy, thatis y; € ker Q. Then by direct calculations we have

-2 & s rm opr
ai/ f / / y1(v)dvdrtidtads
— o Jo Jo Jo
m=2 & ps opm Ul A & prs rm T
=Zai/ ff / y(v)dvdtidads 1—m2—/ ff / vldvdtidrds | = 0.
— o Jo Jo Jo — o Jo Jo Jo
i=1 Zaifl.l+4
i=1

So,y1 € ImL.Hence Z = ImL + ImQ. Since ImL N ImQ = {0} we obtain
Z=ImL®ImQ.

Now ker L = {x € domL : x =c, c € R}.
Hence,

dimker L =dimI/mQ = 1.
Hence L is a Fredholm operator of index zero. [

Let P : X — X be defined by

Px(t) =x(0), te]0,1].

Lemma 2.3. If Zl Ca =1, a,$3 = 0. Then the generalized inverse Kp : ImL —> domL Nker P can be
written as

—t3 1 s T (9 t s 71 12}
Kyy@) = —3f / / / y(v)dvdrtidtads ~|—/ f f / y(v)dvdtidtods.
L=n>Jy Jo Jo Jo 0o Jo Jo Jo

Proof. For any y € ImL, we have

(LKp)y(0) = (Kpy ()™ = y(1)

and for x € domL NXker P, one has

_43 1 ps pt LI
(KpL)x(t) = K,,(xiv):1 ! 3/ f /2/ lx(w)(v)dvdrldrzds
-1
/ / / / x (v)dvdtidads

3 (A=n) (=)
_1—17 [X(l)—X(n)—(l x'(0) = ————x"(0) = ———x (0)]

2
+x(1) — x(0) — tx'(0) — x”(O) 3x"(0).

Since x € domL Nker P, Px(t) = x(0) = 0. Also x’(0) = x”(0) = 0.
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Thus,
(KpL)x(t) = x(2).
Hence,

KP = (L|d0mLﬂker P)_l .o

3. Main results

Theorem 3.1. Let Z;";lz o =1, Z;";lz oz,ff =0andlet f : [0, 1] x R* — R be a continuous function and suppose

that f has the decomposition

f,x,y,w,z) =g, x,y,w,z)+h(t,x,y,w,z)

(H1) Assume there exists M1 > 0 such that for all x € domL\ker L if x(t) > My, t € [0, 1] then

m—2 & s T T
Za,-/ f / 2/ 1[f(lhx(v),x’(v),x”(v),x”/(v))]civdrzdrgds #0
= o Jo Jo Jo

(Hp)
zg(t,x, y,w,2) <0 forall (t,x,y,w,z) € [0, 1] x R*
(a)
Ih(t, x, y, w, 2)| < M{|x|" + |y| + [w| + z1°} forO<r, 6 <1
(b)
2f @ x, y, w, 2] < (212 + DD, x, v, w) + m(1)]

where D(t, x, y, w) is bounded on bounded sets and m(t) € L! [0, 1].
(H3) There exists N* > 0 such that for all c € R, |c| > N* then either

cA m=2 & s rmorm
2 £ Z Ofi/(; /(; /0 /(; [f(v,¢,0,0,0)]dvdtidTads < 0
Y oot i=l

i=1
or

cA lm—z & s rmoru
m—2 't;“i/o /(;/O /0 [f(v,c,0,0,0)]dvdridtads > 0

Z o %-"14*4 i

i=

Then (1.1)—(1.2) has at least one solution in c3[0, 1] provided

Bn?
M< ———+—
4(B?+n%+4)

where B = /4 + 12,
Proof. Set
1 ={x edomK \ ;1 : Lx =ANx, 1 €]0,1]}
for x € 21. Since Lx = ANx, then A #£ 0, Nx € ImL = Ker Q hence

m—2 & S T T
pET / ./ / 2 / {f (v, x(v), x'(v), x" (v), x"" (V) }dvdTidT2ds = 0.
= Jo JoJo Jo

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Nigerian Mathematical Society (2015), http://dx.doi.org/10.1016/j.jnnms.2015.08.003

Please cite this article in press as: Iyase SA. Existence results for a fourth order multipoint boundary value problem at resonance. Journal of the

20

21

22

23

24

25

26

27

28



20

21

22

23

24

25

26

27

6 S.A. Iyase / Journal of the Nigerian Mathematical Society XX (XXXX) XXX—XXX

Thus by (Hj) there exists 79 € [0, 1] such that |x(ty)| < M. Therefore,

t

|MM§M%N+/LWMM,IGNH

Io

|Xloo < M1 + |xl|oo' 3.7

We note that for x(1) = x(#) there exists ¢; € (5, 1) such that x'(#;) = 0 and from x’(¢;) = x’(0) = 0 there exists
tp € (0, 17) such that x” (1) = 0 and x”(0) = x” (1) there exists 13 € (0, ;) such that x"’(t3) = 0. Hence for x € {2
we have
t

t t
f X" ($)x" (s)ds = )»/ x"()g(s, x, x", x", x")ds + )»/ x"()h(s, x, x',x", x"ds
3

4] 3
1 "2 ! " AR/
Sl < T AG@ X, X0 X7, x ) de.
27 2= )

Using the Cauchy inequality

8(12 2
|ab|§7+£ fore >0

we have

! 1 1
€ 1
/ x| | (t, x, x", x", x"")|dt < —/ X" |dt + —/ |h(t,x, x', x", x"")|dt.
0 2 Jo 2e Jo

From condition (H»,,) we obtain the estimate

lh(t, x, y, w, D)|* < 4M>*{|x|* + |y1* + [w]* + 121%}.

Therefore,
1 "2 E w2 2 2 2M2 "2 2M2 2M2
0 2 7,2
§|x 15 §|x I35 < |x|2’+T|x I3 +T|x |2+T|x 5.

From Holder’s inequality we get
1 e 32M%> 8M?\ .,  2M*/ ,
- _ s g2 Pl r ///29)
(2 2 em* em? > s 3 <|x|2 Tl 1

Since 0 < 0, r < 1 we infer the existence of a constant M, such that

"5 < Ma (3.8)
provided

1 e 32M* 8M?

375t T (3.9)
The choice ¢ = @ minimizes the right hand side of (3.9) with a minimum value %ﬂ”;w where

B =4+ 72,
Hence (3.8) holds provided

Bn?
< Ny -
4(B>+ 72+ 4)
From (3.8) and x’(0) = x”(0) = 0 we get

M

|x'|o0 < M3 for some M3 > 0 (3.10)
X |oo < My, My >0 3.11)
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and from (3.7) we derive
[X|loo < M1 + |x/|oo < My + M3 = Ms.

Now using condition (H>p) of Theorem 3.1 we get

x///xzv

|x///|2+1 -

and hence

< D@, x,x', x")+m(@)

" / W(S)x(l v) (s) ds

1
logc X7 < |x///|2 +1 |:2 10g8(|x///(s)|2 + 1)] < D+ |m|;

3
where the constant D depends on M3, M4 and Ms. Since x”(t3) = 0 we infer from (3.13) that
X" < N0 = Mg

where No = D + |m|;.
Hence

]l = max{|xloo, [x'loc, [¥"]oos X0 < max{Ma, M3, Ms, Ms}}.

Therefore, {2 is bounded.
Let

h ={xekerL:Nx e ImL}.

For x € (), we have x = ¢ € R, thus

m—2 & ps pm2 Tl
> / / f / [f (v, x(v),0,0,0)]dvdridrds = 0.
im1 0o Jo JO 0

Then we have by H3 and (3.15) that
x| =c < N*

which shows that 2, is bounded.
We define the isomorphism J : ImQ —> ker L by

J()=c¢, ceR.
If (3.5) holds we set
={xekerL:—-Ax+ ({1 =AJONx =0}, L €0, 1]

For ¢y € X, we obtain

_ &
)»Co—m(lz MA ’( / / / / [f (v, co, 0,0, 0)]dvdrldt2ds>

Z lél+4

i=0
if . = 1 then ¢g = 0 and if |¢cg| > N* then from (3.5) we have

_ &
M(z) (I —A)coA A)coA 1( /// / [f(v, cO,OOO)]dvdrldrzds><0

Z $l+4
which contradicts Aco > 0. Thus {23 is bounded.
If (3.6) holds, then let
={xekerL:Ax+ ({1 —-X)JONx =0, A €[0, 1]}.

Following the above argument we can show that {25 is bounded.

(3.12)

(3.13)

(3.14)

(3.15)
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Let {2 be a bounded open subset of X such that U?zl 2 C 2. By the Arzela—Ascoli Theorem we can show that
K,(I — Q)N : 2 — X is compact [5]. So N is L-compact. Thus we have shown that

(1) Lx # ANx forevery (x, L) € [domL \y..; N2 x (0, 1)]
(i) Nx ¢ ImL for every x € ker L N 9.

Finally we shall prove that (iii) of Theorem 2.1 is satisfied.
Define

H(x,\) =4Ax+ (1 —-A)ONx,
we have
H(x, 1) = £x, H(x,0) = ONx.

Thus H(x, 1) is a homotopy from the identity =7/ to QN and is such that H(x, A) # 0 for every x € 92 Nker L.
Therefore

deg(J ONlker LN, 2 NkerL,0) = deg(H(-,0), 2 NkerL,O0)
= deg(H(-, 1), 2NkerL,0)
= deg(£l, 2 NkerL,0) # 0.

Then by Theorem 2.1 Lx = Nx has at least one solution in dom L N 2. In other words (1.1)—(1.2) has at least one
solution in C3[0,1]. O
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