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Abstract: In this work, The Lyapunov's method is used to establish all kinds of variational stability of
solution of quantum stochastic differential equations associated with the Kurzweil equations. The
results here generalize analogous results for classical initial value problems to the noncummutative
quantum setting involving unbounded linear operators on a Hilbert space. The theory of Kurzweil
equations associated with quantum stochastic differential equations provides a basis for subsequent
application of the technique of topological dynamics to the study of quantum stochastic differential
equations as in the classical cases.
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INTRODUCTION

Most differential equations, deterministic or stochastic, cannot be solved explicitly as given in the following
references, Ekhaguere (1992), Milman and Myskis (1960), Ayoola (2001(a)). Nevertheless we can often deduce
a lot of useful information by qualitative analysis about the behavior of their solutions from the functional form
of their coefficients. The long term asymptotic behaviour and sensitivity of the solutions to small changes is of
great interest. This is very important especially in measurement errors, initial values and many more. Variational
stability is a generalized concept which is suitable for the class of generalized nonclassical ordinary differential
equations studied here because of the local finiteness of the variation of a solution.

The theory of qualitative properties of solutions of ordinary differential equations and generalized ordinary
differential equations such as stability, convergence, boundedness, etc. have received series of attention in
recent years Bacciotti and Rosier (2005), Luis (1949), Pandit (1977), Ping and Yuan (2001), Rama and Hari
(1977), Samojilenko (1977, 1981) and Schwabik (1984).

It is worth noting that this is the first time variational stability of quantum stochastic differential equation
(QSDE) is considered here. Existence and uniqueness of solution of the Kurzweil equation associated with
QSDEs have been established in Bishop (2012) under a more general Lipschitz condition.

In this paper, we investigate all kinds of variational stability of solution of Kurzweil equations associated
with QSDE introduced by Hudson and Parthasarathy Hudson and Parthasarathy (1984). We employ the
Kurzweil equation associated with this class of QSDE to establish results on stability. This research is strongly
motivated by the need to create a framework for the application of the techniques of topological dynamics to the
study of quantum stochastic differential equations as obtained in the case of ordinary differential equations
Artstein (1977), Henstock (1972), Schwabik (1989, 1992). The space of Kurzweil equations (1.4) associated
with QSDEs will then be a completion of the space of the equivalent non classical first order ordinary
differential equations (1.3) as observed by Ayoola (2001(b)).

The rest of this paper is organized as follows. Section 2 will be devoted to some fundamental concepts,
notations, definitions and structures that will be employed in subsequent sections. In section 3, we shall discuss
the concept of variational stability of the Kurzweil equation associated with QSDE. Here, results on variational
stability, variational attracting, relationship between variational attracting and asymptotic variational stability
will be established using their definitions and the converse method. Some preliminary results which will be used
to establish the major results will be established in section 4. Our major results will be established in section 5.
This section will be devoted to variational stability and asymptotic variational stability using the method of
Lyapunov.

In what follows, as in Ayoola (2001(b)), Bishop (2012) and Ekhaguere (1992), we employ the locally
convex topological state space Ad(A), Ad(A)we , L7, (4) , Li,c(Ry) , BV(A ) and the integrator processes
A, Af, Agforf,g € L™ 1(R:), mE€L 5, 10(Rs), and E, F, G, Hlying in Locf, (I x A). We consider
the quantum stochastic differential equation given by
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dX(t) = E(t, X(£))dA,(t) + F(t, X(©))dAf (t) + G(t, X (£))dA4(t)
+H(t, X(0))dt
X(ty) =X, t €[ty Tl (1.1)

In equation (1.1), the coefficients E, F, G, and H lie in a certain class of stochastic processes for which
quantum stochastic integrals against the gauge, creation, annihilation processes A,T,A}“,Ag and the Lebesgue
measure t are defined in Ekhaguere (1992). Equation (1.1) is understood in integral form as

X() =X, + f (E(t, X())dA(s) + F(s,X(s))dAf (s) + G(s,X(5))dA,(s)
0
+ H(s,X(s))ds), tel0,T] (1.2)

In the work of Ekhaguere (1992), the Hudson and Parthasarathy (1984) quantum stochastic calculus was
employed to establish the equivalent form of quantum stochastic differential equation (1.1) given by

=0, X(0)€) = PX(1),6)(n, &)
X(ty) =Xy, telty,T] , (1.3)

where 7, ¢ lie in some dense subspaces of some Hilbert spaces which has been defined in Ekhaguere (1992).
For the explicit form of the map P(x,t) - P(x,t)(n,&) appearing in equation (1.3), see Bishop (2012).
Equation (1.3) is a first order non-classical ordinary differential equation with a sesquilinear form valued map P
as the right hand side.

In Ayoola (2001(b)), the equivalence of the non-classical ordinary differential equation (1.3) with the
associated Kurzweil equation

=, X@®E) = DFX@,00,8),  telty,T] (14)

was established along with some numerical approximations. The map F in (1.4) is given by

F(x,)(n,8) = f, P (x,5)(n,§)ds (1.5)

Fundamental Concepts and Notations:
We shall employ certain spaces of maps (introduced above) whose values are sesquilinear forms on

(DE).

2.1 Definition: Amemberz € L°(/,D Q E) is:
i absolutely continuous if the map t— z(t)(,$) is absolutely continuous for arbitrary n,§ € D ® E
ii. of bounded variation if over all partition {t;}7_, of I,
Sup; (T4 |Z(t) (1, &) — Z(t-) (M, 9)]) < .
iii. of essentially bounded variation if z is equal almost everywhere to some member of L°(I,D ® E) of
bounded variation. o
iv.  Astochastic process X : [to, T] — A is of bounded variation if

Sup (ZfL4|(n, X(£)8) — (, X(4-1)8)]) < .

for arbitrary n,§ € D ® E and where supremum is taken over all partitions
{tj}i-o Of I

1.2 Notation: We denote by~BV(A) the set of all stochastic processes of bounded variation on 1.
2.3 Definition: For x € BV/(A), define for arbitrary n,§ € D ® E,

Var(g p Xpe = Sup, (Xf-4[|X(8;) - X(tj—l)”n;)-
where 7 is the collection of all partitions of the interval [a, b] c I. If [a, b] =1, we
simply write Var;X,; = VarX,; . Then {VarX,;,n,{ € D® E} isa family of
seminorms which generates a locally convex topology on BV(A).

2.4 Notation:
i. We denote by BV (A) the completion of BV(A) in the said topology.
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ii. Forany member Z of L°(I, D ® E) of bounded variation, we write VarZ,; for its variation on [a, b] < I.
iii. for any arbitrary complex valued map f: 1 — C of bounded variation we write
n

VariaZ = Sup. ) IF(5) = £(t5-1)D)
j=1
For [a, b] < I, where 7 is the collection of all partitions of [a, b].

2.5 Definition: Foreachn,§ € D ® E let hy;: [to, T] — R be a family of non decreasing function defined on
[to, T] and W:[0,0) — R be a continuous and increasing function such that W (0) = 0. Then we say that the
map F: A X[ty T] — sesq(D ® E ) belongs to the class F(A X [to, T, h

qe W) foreachn,é e D ® E if
for all
x,y €A, tyt; € [to, T]
(0). IP(x, t2)(1,8) — PCx, t) (1, )| < |hye(t2) — hye (ty)] (2.1)
(ii). [P(x, t2)(1,8) — P(x,t1)(1,€) + P(y,t)(0, ) — Py, t)(M,$) |
<W(llx = yllpe) |he (t2) — hye(t1)| (2.2)

Next we introduce the concept of variational stability of quantum stochastic differential equations (1.1). In
Ayoola (2001(b)), it has been shown that the map (X, t) — F(x, t)(n, &) is of class F(A X [to, T], hye, W) and
the map (x, t) — P(x, t)(n, &) is of class C(A X [to, T],W). Existence of solution of equation (1.3) and the
associated Kurzweil equation (1.4) has been established in Ayoola (2001(b)) and Bishop (2012). This takes care
of both the Lipschitz case and the general case respectively. Consequently, existence results enable one to
investigate variational stability of solutions. This investigation is made possible since solutions of equation (1.3)
are quantum stochastic processes of bounded variations. Variational stability deals with the measurement of the
distance between solutions in the space of stochastic processes of bounded variation using the seminorms
defined by their bounded variations.

Since the solution x € Ad(A),. Of equation (1.3) are stochastic processes of bounded variations, we
introduce and study the issue of variational stability of (1.3) in analogy to the case of generalized ordinary
differential equation of classical type Schwabik (1992). In addition to other assumptions, assume that the map
(x, t) — F(x, t)(n, &) satisfies

F(0,t;)(1,) —F(0,t)(,§) =0 (2.3)
For every t,t, € [0,T] and for arbitrary, ¢ € D ® [E . This assumption evidently implies that

f "DF(0,$)(1,€) = F(0,5,)(1,€) — F(0,5)(1, ) =

S1
S2
= f P(0,5)(n,&é)ds =0,s,,s, €[0,T]
S1

and therefore the trivial process given by x(s) = 0, for s € [0,T] is a solution of the Kurzweil equation (1.4).
Next we introduce some concepts of stability of the trivial solution x(s) = 0, s € [0, T] of equation (1.4). All
through the remaining sections we take 7, € D @ E to be arbitrary.

2.6 Definition: The trivial solution x = 0 of equation (1.4) is said to be variationally stable if for every € > 0,
there exists (1, &, €) := 8, > 0 such that if y : [0, T] —> A is a stochastic process lying in Ad(A)ys N BV (A)
with
Y (O)lle < 8y
and
Var((n,y(s)§) — [ DF(y(2), )1, €)) < 8,
then we have

YOl <
Forallte [0, T] and forall n,§ € DQE.

2.7 Definition: The trivial solution x = 0 of equation (1.4) is said to be variationally attracting if there exists 8y >
0 and for every € > 0, there exists A = A(g) >0,
0<A(g) <T and B(n, &, €) = B > 0 such that if y € Ad(A)ysc N BV (A) with [[y(0)[|, < 8o and
Var((n,y(s)¢) — J, DF(y(x), )(n,§)) < B
Then
Iyl <& forall te€[A, T].

2.8 Definition: The trivial solution x = 0 of equation (1.4) is called variationally
asymptotically stable if it is variationally stable and variationally attracting.
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Together with (1.1) we consider the perturbed QSDE
dx(t) = E(x(t), )d Ap(t) + F(x(t), )dAF () +G(x(1), t)dAg(t) +( H(X(D), t) + p(t))dt

X(t) =%, t€ [0,T] (2.4)
where p € Ad(A)wac N BV (A). The perturbed equivalent form of (2.4) is given by
= (0, 2(t)§) = P(x, ) (0, &) + (n, p()E) (25)
The Kurzweil equation associated with the perturbed QSDE (2.5) then becomes
= (n,2(1)§) = DIF(, (0, &) + QM) (0, &)] (2.6)

Where Q : [0,T] — A belongs to Ad(A)wa. N BV (A) as well. )
We remark here that the map P given by equation (2.5) is of class C(Ax[a, b], W) while (1.5) becomes
F(x, ), &+QM(1. &) = [1[P(x, )1, &) + (n, p()§)]ds 2.7)
where the left hand side F(x,t)(n, &) + Q(t)(n, &) of (2.7) is of class
FA X [a, b], * e, W) , M, p(s)§) == Q)(n, ) and
* hyg(£) = hye (6) + Varp QO (. ) (28)
In [4], it has been shown that the map F(x,t)(n, &) in equation (1.5) is of class
F(A x [a, b], hye, W) where h,(t) = fot M, (s)ds + K%(s)ds. Hence in similar
manner, it can be shown that (2.8) is class F(A x [a, b], * h,e, W) and all fundamental results in [4, 5] (e.g. the
existence of solution) hold for equation (2.5) and hence (2.6).

2.9 Definition: The trivial solution x = 0 of equation (1.4) is said to be variationally stable with respect to
perturbations if for every & > 0 there exists a & = §,: > 0 such that if |lyo|l,: < 8,z , Yo € A and the stochastic
process Q belongs to the set
Ad(A)ac N BV(A) such that

Var(Q(t)(n,£)) < dng, then [ly(t)llye <e
for t € [0, T] where y(t) is a solution of (2.6) with y(0) = y,.

2.10 Definition: The solution x = 0 of (1.4) is called attracting with respect to perturbations if there exists 3 >
0 and for every € > 0, there is a
A =A(e) =2 0 and B(, &, €) =B > 0 such that if
IYollne <80, Yo € A
and Q € Ad(A)wac N BV(A), satisfying Var(Q(t)(n,€)) < B,
then

”y(t)”né <g 5
for all t € [A, T], where y(t) is a solution of (2.6).

2. 11 Definition: The trivial solution x = 0 of equation (1.3) is called asymptotically stable with respect to
perturbations if it is stable and attracting with respect to perturbations.

2.12 Notation: Denote by Ad(A)w.. N BV(A) := A the set of all adapted stochastic processes ¢ : [0; T]— A
that are weakly absolutely continuous and of bounded variation on [t,, T].

In the next section, we show the equivalence of the concepts of stability defined above. All through the
remaining sections, except otherwise stated take n,§ € D & E to be arbitrary.

3.Equivalence of the Concepts of Stabilities:

3.1 Theorem:

(a) The trivial solution x = 0 of the Kurzweil equation (1.4) associated with the equivalent form (1.3) of QSDE
(1.1) is variationally stable if and only if it is stable with respect to perturbation.

(b) The trivial solution x = 0 of (1.4) is variationally attracting if and only if it is attracting with respect to
perturbations.

Proof (a)(i) Assume that the trivial solution of x = 0 (1.4) is variationally stable. For a given € > 0, let &,z =
Op¢ (€) > 0 be given by Definition 2.6. Assume that Y, € A, IYollye < 6ne and Varr(Q(0)(m, ) <
Ope V n,¢ € D®Eand Y(t), te[0,T] isasolution of (2.6) satisfying Y(0) = Y, . Since Y is a solution of
(2.5) and hence of (2.6), then Y€ A and satisfies for any s,, s, € [0,T]

M, Y(52)6) — (0, Y(s1)§) = f:f DF(Y (1), t) (1,$) + Q(s2)(,§) — Q(s1) (. $)

Hence, by the additivity of the Kurzweil integrals
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,Y(52)$) —f 2DF(Y(T),K) ,8) =M, Y(s1)¢)

So

+ j DFY@, 0 (1,8 = 0(s),6) — Q(s)(, )

0
forany sy, s; €[0,T].
Consequently,

Varpm ((77; Y(s)é) — f DF(Y(x),t) (n, f)) =Varpn(@@®,§) < One
0

By the assumption of variational stability of the trivial solution, we have

IY(®ll,e < & t €[0,T].
This implies that the trivial solution x = 0 of (1.4) is stable with respect to perturbations.
(if) Assume that the trivial solution of (1.4) is stable with respect to perturbations. For £ > 0, let § > 0 be given
by definition (2.9). Suppose that the process Y : [0,T}—> A lying in the set A, is a solution of (2.6) such that
IY (0l < 8y and

Varpr ((n. Y(s)$) — f DF(Y(7),t) (mf)) < Oy
0
for s;,s, € [0,T], we have

0, Y(5,)6) — (1, Y (5)) = j "DE(Y(D),8) (1, €) + (1, Y (5,)¢) —

1

- f "DE(Y(0),8) (1, ) + (1, Y (s)E) + f DFY(@),0) (1,6)
0 0
- f DE(Y(®),6) 0,8 + Q(s) (&) — Q) 8)  (3.1)

S1
where

Q)M 8) = (0, Y(s)E) —f DF(Y(2),t) (n,¢),for s €[0,T]

Since Q € A and (3.1) shows that the stochastic process Y is a solution of equation (2.6) on [0,T] with this Q and
IY (0)ll,s < 8,:. Moreover

Varyn ((77. Y(S)f)—f DF(Y (1), t) (mf)) < Oyt
0

Hence by the assumption of stability with respect to perturbations we get ||Y ()|, < € forte [0, T]

and x =0 is variationally stable.
(b)(i) Assume that the trivial solution of (1.4) is variationally attracting. Then there exists a §, > 0 and for a
given ¢ >0 also A >0 and B > 0, by the Definition 2.7. If now Y, € A is such that [[Y (0)[[,,; < &, , Q belong

to the set A where Varpr(Q(x)(,$)) < &,: and Y(t) is a solution of (1.4) on [0,T] then

Varor ((T),Y(Sk’) —j DF(Y(1),t) (n, f)) =Var(Q(®)®,$)) <B
0

Hence by Definition 2.7 we have |[Y (t)|l, < € forall t € [A, T] and x = 0 is variationally attracting with
respect to perturbations.
(if) 1f x=0is attracting with respect to perturbations, for ¢ > 0, let §, >0, A = A(e) > 0,
B = B(¢) > 0 be given by Definition 2.10 such that ||Y(0)|l,,s < &,. Assume that
Y :[0,T] — A lies in the set A such that 1Y (O)lle < 8o, Yo € A and

Vargr ((n,Y(S)€> - f DF(Y (1), t) (n, 6)) <B,
0
s € [0,T], then for s,,s, € [0,T], we have

(0, Y (52)E) — (0, ¥ (51)€) = f DE(Y(@),0) (1,€)

S1

0, Y(5,)E) - f "DECY(D),8) 1, )

0

—n, Y (s)€) + f DY@, (1,€)
0
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= [ "DFr@,0 0.6 + 2606 - 2 0.)
Hence, we can set °
Q(s)(1,8) = (n,Y(s)¢) — [, DF(Y (1), 1) (0, &) (3.2)
for s € [0, T]. So that from Definition 2.10, since Y is a solution of (2.6) on [0,T] with this Q and [[Y (0)l[,;; <
8y suchthat  Varjor(Q(s)(n,€)) < B, then from (3.2) we get

Var[o,r](Q(S)(n, f)) <B = Varyr ((77; Y(s)¢) — fos DF(Y(1),t) (m, f)) <B
and by the assumption of attracting with respect to perturbation we get
1Y (Olle < e,Vt €[AT]
and x = 0 is variationally attracting.
The following result is a consequence of Theorem 3.1, Definitions 2.8 and 2.11.

3.2 Theorem: The trivial solution x = 0 of equation (1.4) is variationally asymptotically stable if and only if it is
asymptotically stable with respect to perturbations.

4. Auxiliary Results:
The following auxiliary results will be used to establish the major results in the next section.

4.1 Proposition: Assume that [a, b] < [0, T] and that there exists family of functions f,:, g,¢ : [a,b] = R
defined and continuous on [a, b]. If for every ¢ € [a, b] there exists d(o) > 0 such that for every
B € (0,0(0)) the inequality
fnf (G + ﬁ) _fnf (O') < Ine (G + ﬁ) — 9t (0)
holds, then
fog () = fre (@) < gy (5) — gy (@)
for all s € [a, b].
Proof: Let us denote
Mye = {s €[a,b]; fy:(0) = f: (@) < gy (0) — gye (@), 0 €[a,s] < [0,T]}
and set ¢ = SupM,,; . Since
fnf (a + ﬁ) - fnf (a) < Iné (a + ﬁ) — Ot (a)
for B € (0,8(a)) and d(a) > 0, the set M, is non-empty, { >a and
fnf (5) - fnf (a) = Ine (S) — Int (a) for everys<(.
Using the continuity of f,; and g, we have also that
fnf (() - fnf (a) = Iné (() — 9yt (a)
If ¢ < b then by assumption we have
fnf (( + ﬁ) - fnf (() < Ine (( + ,8) — 9t (()
for every g € (0,0(¢)) and 8(¢) > 0 and therefore also
fog @+ B) = fre (@ = fre €+ B) — fre (©) + fre (O) — fre (@)
< Iné (Z + ﬁ) — 9yt (Z) + Iné (() — 9yt (a) = Oyt (Z + ﬁ) — Ot (a)
This impliesthat ¢+ € M, for B € (0,0(()), ie. { < SupM,e and this contradiction yields { = b and
M,: = [a,b] and the proof is complete.

4.2 Lemma: Since C = R? we assume the following:

(i) the map (x,t) » V(x,t)(n,&) is real-valued such that for every x € 4 , the real-valued map t —
V(x,t)(n,&) s continuous on [0,T].

(i) WV OmE — VMmOl < Kllx =yl (4.1)

forevery x, y A, t € [0,T] with a constant K,; := K > 0.

(iii) there is a real valued map @, : A — R such that for every solution x : [0,T]— A of equation (1.4), we
have

pV(x(t‘Fﬁ):t"'ﬁ)(T?:f) - V(x(t)'t)(n'f)

B
for t€ [0, T].
(iv) If Y:[0,t;] >4, [0,t;] =[0,T] belongs to A then the inequality

V(x(t), )@, &) < V(x(0),0)(n,)KVarpy, ((n. Y(S)€)—f DF(Y(7),t) (n,€)>+
0
+ My (t; — 0) 4.3)

}?i_r}}) Su < Qpe(x(t))  (42)
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holds, where M,z = Supe(o,e,1P@ue(Y(D).

Proof: Let Y :[0,t;] » A4 belong to A be given and let ¢ € [0,t,] < [0,T] be an arbitrary point. Hence the
real-valued function V (y(t), t)(n, ) is continuous on [0, t,].

Assume that x : [o,0 + B;(0)] < [0,T] - A4 is a solution of (1.4) on the interval

[o,0 + B.(0)], B.(o) >0 with the initial condition x(o) = y(o). the existence of such a solution is
guaranteed by the existence results established in Ayoola (2001(b)) and Bishop (2012). By the assumption (4.1)
we then have

V(@ +B),0+B)®,E) - V(x(c+p),o+ )1,
<Klly(o +B) —x(a + B)llys

=K |<n,y(0 +B)E) —n,Y(0)$) - LJWDF(Y(T). t) (n,s‘)| (4.4)
for every g € [0, B, (0)].
Remark: the last inequality is obtained from the following
K |03+ B)E) — 1,Y (@0)6) - f "R, 0|
Klly(o + B) —y(0) —x(a + B) + x(0)lly¢

Where y(o) = x(o) and

a+p
f DF(Y(1),t) 1,€) = x(c + B) — x(0)

By the inequality (4.4) and by (4.2) we obtain
V(y(O' + ﬁ)' o+ ﬁ)(’?' ’f) - V(X(O'), 0)(77: é)
=VQ(o+p)o+ B8 - Vx(a+p)o+p)®E)
+V(x(o +p),0+ ﬁ)(n,f)ﬁ— V(x(0),0)(n,$) <

<K |<n,y(a +BO - Y@ - [ DFY®,0 (n,f)| + P2, (7(8))

a+p
<K |(n.y(0 +B)E) —(m,Y(0)$) — f DF(Y (1), t) (n, €)| + PMye + Be
where £ > 0 is arbitrary and B € (0,B,(0)) with BZ(O'U) < B,(a), B,(0) > 0 issufficiently small. Setting
m,Q(0)8) = (n,p(0)§) = (0, y(s)§) — f DF(Y(1),t) (1,$)
0

for s € [0,t,].
As (1,8) — Q(s)(n, ) isasesquilinear form, there exists Q: [0,t,] — A lying in A such that Q(s)(n,§) =
(n,Q(0)¢&). The last inequality can be used to derive the following estimates

Viy(c+B),o+B)(1,¢) - V(x(cf) a)(®,$)
< K|(n (o + B)E) — (1, Y (0)E) — f DF(Y(2),6) (1, €)|

+K

fa " DG, 0 (1,6) — P, 0, f)1| + My + e <
< KIQ(G + B)(1,€) - Q@) (1, )| + PMyg + Be +

| " DI, 0 .6 - Fam, om0 <

<K (Var[o,;mo(t)(n,f) — Vary Q(©)(n,€)) + BMye + Be +

o+p
f DIF(y(®),t) 1,$) — F(x(z), )(n, s‘)]| (4-5)

for every B € (0,B,(0)). Considering the last term in (4.5), since the map
(x,t) = F(x,£)(n, &) is of class F(A x [to, T], hye, W), we obtain by Theorems 1.9.4 and 1.9.5 (iii) in Bishop
(2012), the estimate

+K

+K

o+p
K f DIF(y(D), ) (n.é)—F(x(r),t)(n.é)]|

a+p
< f WlIx(r) = y(@)llyed hye (7)
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g+a a+p
= lim [ [ Wik = y@llg dhye@ + | Wlx) = y @l dhnf(T)]
g ota o-+ﬁ
= W(x(0) = y(@llg) (g (@3) = hye @) + limy | WD) = y (Dl gy (0

o+
= lim f Wllx(0) — y(@llye dhye (2)
a=0J; 40
< Supsefoa+sW (llx(s) — y()lne) Dltijl(}( hpe(o + B) — hi (o + a))

= SuPseioorpW (1X(5) = YSllye) (hye (o + B) = hye(@),  (46)
because x(o) = y(o) and hence W(||lx(a) —y(o)ll;¢) = 0.
For s € [o,0 + B,(0)] we have

n,y(8)E) — (n,x(s)E) = (n,y(s)¢) — (n,y(0)é) — f DF (x(x),t) (n,$)

and therefore

lim ((n, ¥y(s)§) — (, x(s)¢)) = ,y(01)¢) — , y(0)¢E) —
_511‘?1 (F(x(0),s)(,&) — F(x(0),0)(, %))

=M,y(01)¢) — (n,y(0)¢) — (F(x(0),01)(,$) — F(x(0),0)(,$))
= <T[, Q(O-l)€> - <T[, Q(U)E>i 01 >0

S}ircgllllx(S) =Yy = 1Qe)(,8) — Q) (0, 9| (4.7)

For every ¢ > 0 we define

and also

€
a =
K(hnf(tl) - hnf(o) + 1)
and assume that r = r(a@) > = 0 is such that W (r) < a. Further, we choose
y € [O, %] c [0,T]. Since (4.7) holds, there is an 85 (a) € (0, B,(0)) such that

ly(s) = x(llpe = 1Q(o)(1,§) — Q) (M, )| +v¥ (4.9)
for s € (0,0 + B5(0)) and also

W(lly(s) = x()llye) = W(1Q(a1)(m,8) = Q(0)(n, )] +y) (4.10)

>0 (4.8)

Setting:

N(@) = N(a,n,§) = {o; € [0,T];1Q() (1, §) = Q@) (1, )| = 7}
since Q lies in A, the set N(a) is finite and we denote by [(a) the number of elements of N(a). If o €
[0,TI\N(a) and s € (0,0 + B3(0c)) then by (4.10) we have

ly(s) —x(S)llpe =W G + y) < W(g + g)
=Wr<a
and by (4.6) also
o+p
f DIF(y(@,8) (0,$) — Fx(2), t)(n,s‘)]| <a (h,,f(a +pB) - h,,f(a)) (4.11)

whenever B € (0, 85(0)).
If o €[0,T]N N(a) then there exists
B.(0) € (0,B5(0)) suchthat for 8 € (0,B8,(g)) we set
|hn§(o- + '82{_ hnf(o-)l <

S U@+ DWW, O — @) O + 1)
o, €[0,T], o, > o > 0. Hence (4.6) and (4.10) yield

g+
[ pro@,0 @0 - Fa@, 00,01 <
<W(1Q(@) (1, — Q@) Ol +7) :

() + DW(IQ(o1) (1, §) — Qa)(, )| +v)
= (4.12)
l(a)+1
forevery 8 € [B,0 + B4(0)]. Since the function h,,:[0,T] —» R is non-decreasing and
continuous on [0, T], we set

Vari, g1hnga(®) = hyga(ts) = hygo(t) = oml@ <a (413)

for every t;,t, € [0,T] and from (4.8) and (4.13) we have
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&
hoga(t) = hyga(t) < afhpe(t) —hye(t) +1] = 2 (414)
and by (4.11), (4.12) and by the definition of h,; , we obtain the inequality
a+p
[ ore@.00.0-raw.o0 E)]‘ <
(o2
=< |hn§,a(o- +B) - hnf,a(o-)l

for B €10,0(0)] and (4.5) gives
Vy(o+B),o+B)0,8) - V(x(o),0)(n,$)
< K (Vari, s1p1Q@(O)(0,8) = Vary, n@(O)0,8)) + BPMye + e +
+K(hnf,a(o- + ﬁ) - hns,a(a)) = gnf(o- + ,8) - gnf(o-) (415)
forall o € [0,T] and B € [0,0(0)] where
9ne(®) = K (Vary nQ(©)(1,)) + Mye(6) + £(8) + Khye o(6), ¢ € [0,T].
The function g, is of bounded variation on [0, T] and continuous on [0, T].
From (4.14) and Proposition 4.1 we obtain by (4.15) the inequality
V(i (t2), t2)(1,8) - V(x(t1),t) (1M, §) < gye(t2) — gye(t1) =
= KVar[tl,tz]Q(t)(ﬂ, 'f) + Mnf(tz - tl) + f(tz - tl) + +K(hn§,a(t2) - hnf,a(tl))
< KVarp, 1000, 8) + Mye(t, —t) +e(t, — ) + €
for t;, t, € [0,T], since € > 0 can be arbitrary, we obtain from this inequality the result in (4.3) and the proof

is completed.
The following definition will be useful in establishing our major results in the next section.

4.1 Definition: The real valued map (x,t) - V(x,t)(n, ¢) is said to be positive definite if
(i) There exists a continuous nondecreasing function b : [0,50) - R such that b(0) =0 and
(i) V(x,t)(m,$) < b(llxllye) forall (x,t) € A x[0,T]
(ii) V(0,6)(n, &) = 0 forall (x,t) €4 x [0,T]
Next we establish the major results on the variational stability of solution of equation (1.4) using
Lyapunov's method applied in Schwabik (1992).

5. Variational Stability and Asymptotic Variational Stability:

Theorem 5.1:

(i) the real valued map t — V(x,t)(n, &) is continuous on [0,T] for every x € A.

(ii) the map (x,t) - V(x,t)(n, &)is positive definite in the sense of definition (4.1) above.

(ii) V(0,)(, &) = 0and [V(x,t)(, ) =V, )1, )| < K|lx — yll,; forall x,y € 4, Kpe:= K >0 being a
constant.

(iv) the map (x,t) »V(x,t)(n,&) is non-increasing along every solution x(t) of equation (1.4).
Then the trivial solution x = 0 of (1.4) is variationally stable.

Proof: Since we assumed that the map (x,t) — V(x,t)(n, ) is non-increasing whenever x : [0,T] - 4, is a
solution of (1.4) we have from equation (4.2) in Lemma 4.2

limsupgo Vx(E+p8),t+ )@, 8 = Vx(@), )[®.$) <0,te[0T] (5.1)

To establish the theorem, we show that the conditions of variational stability according to definition (2.6)
are fulfilled under these assumptions.
by lemma 4.2 the map (x,t) - V(x, t)(n, &), satisfies the following;
(i) Lete > 0 and lety: [0,t,] — 4 lie in A be given. Then we have
V4B, t+ A8 —Vx®), )M, _ 0

limsupg_,

B
for every t € [0,T], by replacing @, :x(t) in (4.2) with @, :x(t) = 0.
(i) Again since the map (x,t) = V(x,t)(n, &) is continuous, we obtain the relation
|V(.x, t)(n, f) - V(y: t)(n: é) =< K”x - y”nf for every x,y € A! t
€ [0,T] with a constant K > 0. Hence we obtain by (4.3) in Lemma 4.2, (iii) in definition (4.1) and hypothesis
(iii) above the inequality

V(y(r),m)(1,¢) <V(¥(0),0)(#,¢) + KVar((n,y(s)§) — j DF(x(7),t) (1, %))
0

Klly(0)llye + KVaryg, ((TI,Y(SH) - f DF (x(1),t) (mf)) (5.2)
0
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which holds for every r,s €[0,t,] € [0,T]. Setting a(e) = inf,<.b(r). Then a(e) >0 for £ >0 and
lim,_, a(e) = 0. Further, choose 8, > 0 such that 2K§,; < a(e).
If in this situation the function y is such that |ly(0)|l,,; < &,; and

Vario,,) ((r),y(s)f)— jo DF (x(1), ) (be)) < Bye

then by (5.2) we obtain the inequality
V(y(r),r)(1,$) < 2Ky (5.3)
provided r € [0,t,].
If there exists a € [0,t,] such that [|ly(£)]l,,: = ¢ then by (ii) of definition (4.1) we get the inequality
V@, D@,8) 2 b(Ily@llye) = infreeb(r) = ale)
which contradicts (5.3). Hence |ly()ll,,; <& forall t € [0,t;] and by Definition (2.6) the solution x = 0 of
equation (1.4) is variationally stable.

5.2 Theorem: Suppose that the following conditions hold:
(i) Themap (x,t) —» V(x,t)(n, &) satisfies the hypothesis of Theorem 5.1.
Vx(@E+p),t+ )0, —Vx@),t)(1n,¢)

B
holds for every solution x € 4 of equation (1.4)
(iii) @y : 4 - R iscontinuous with ®,:(0) =0, D, (x) > 0for x # 0.
Then the trivial solution x = 0 of (1.4) is variationally asymptotically stable.

(ii) limsupg._o < e (x(1))

Proof: From hypothesis (ii) above, the map V(x,t)(n, &) is non-increasing along every solution x(t) of (1.4)
and therefore by Theorem 5.1 the trivial solution = 0 of (1.4) is variationally stable. By Definition (2.8) it
remains to show that the solution x = 0 of equation (1.4) is variationally attracting in the sense of Definition

2.7). From the variational stability of the trivial solution x = 0 of equation (1.4) there
isa 8 > 0 suchthatif y: [0,T] >4 € A and such that |ly(0)ll, < &,
N
Var(o 7 ((n,y(S)é’)— j DF(x(7),1) (mf)) < 6o,
0
then set |ly(t)ll,e <a, a>0 fort e [0T], ie y:[0,T] -4 is continuous on [0,T]. Let £ > 0 be

arbitrary. From the variational stability of the trivial solution we obtain that there is a &,;:(¢) > 0 such that for
every y:[0,T] » 4 < A on [0, T] and such that

ly(0)lle < Spe(e) (5.4)
and
Varor) ((n,y(sm— f DF(x(7),t) (n,f)) < 6(e) (5.5)
0

we have

ly®ll,e < e,forte [0,T]. (5.6)

Again set B(¢) = min (6,:(0), d,¢(¢)) and
A(e) = —Km >0
M

where

M, = Sup{—fDn{(x); B(e) < |Ixllye < €} = —inf{®,:(x); B(e) < [Ix|l;¢ <e} <0
Assume thaty : [0,T] - 4 c A such that
ly(Ollpe < o,
Varjo ) ((0,7()§) = f3 DFy(@), ) (0,)) < B(&) (5.7)
Assume that 0 < A(g) < T. We show that there exists a t* € [0,A] c [0,T] such that
ly(t) e < B(e).
Assume the contrary i.e., |ly(s)|l,;; = B(g) foreverys € [0, A]. Lemma 4.2 yields
V(y(4),A)®,§) —V(¥(0),00(0,$) <

< KVarjo ) ((n,y(s)f) - f DF (x(1),t) (n, E)) + My Ae) <
0

—K (8, + B()) _

< KB(g) + My M, =—Ké,.
n
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Hence,
V(y(4),A®,§) <V (¥(0),00(, &) — K& < Klly(0)ll¢ —KSo <K&y — Kb =0
and this contradicts the inequality
V(y(4),A)1,¢) = blly@A)llye = b(B(e)) > 0.
Hence necessarily there isa t* € [0, A] such that
ly(e)lpe < B(e)
and by (5.7) we have |[ly(t")|l,s <& for t € [t*,T] < [0, T] because (5.4) and (5.5) hold in view of the choice
of  B(e) and (5.6) is satisfied for the case t*=0. Consequently, also
ly(®)lle < e forte[0,T], T>A, because t* € [0,A] and therefore the trivial solution x= 0 is a variationally
attracting solution of (1.4). Therefore, by Definition 2.8, the trivial solution of (1.4) is variationally
asymptotically stable and thus the result is established.
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