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Classes of Ordinary Differential Equations
Obtained for the Probability Functions of
Exponential and Truncated Exponential
Distributions
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Abstract— In this paper, the differential calculus was used
to obtain some classes of ordinary differential equations (ODE)
for the probability density function, quantile function, survival
function, inverse survival function and reversed hazard
function of the exponential and truncated exponential
distributions. However, the ODE of the hazard function of the
exponential distribution cannot be obtained because of the
constant failure nature of the distribution. The ODE of the
truncated exponential distribution was obtained. The stated
necessary conditions required for the existence of the ODEs
are consistent with the various parameters that defined the
distributions. Solutions of these ODEs by using numerous
available methods are new ways of understanding the nature of
the probability functions that characterize the distribution.

differential
function,

Index Terms— Exponential distribution,
calculus, probability density function, survival
quantile function, reversed hazard function.

I. INTRODUCTION

XPONENTIAL distribution is used to model the time

between events or events between a time intervals.
Because of the flexibility of the distribution and constant
hazard, the distribution has seen many modifications in form
of compounding, exponentiation, transmuted and so on.
Some are distributions include: multivariate exponential
distribution [1], generalized exponential distribution [2],
beta exponential distribution [3], beta generalized
exponential distribution [4], quadratic exponential binary
distribution [5], generalized exponential Poisson distribution
[6], extended Poisson exponential distribution [7], gamma
exponentiated exponential distribution [8], convoluted beta-
exponential  distribution  [9], weighted exponential
distribution [10], fractional beta exponential distribution
[11], exponential Poisson Logarithmic distribution [12],
exponentiated Kumaraswamy-exponential distribution [13],
Weibull exponential distribution [14], Lindley exponential
distribution [15], weighted exponential distribution [16].
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The truncated exponential distribution is a sub model of
the parent exponential distribution obtained by the
restriction of some selected domain of exponential
distribution. The details can be obtained from the notes of
[17]. Lominashvili and Patsatsia [18] obtained the estimates
of maximum likelihood of the distribution. Korkmaz and
Geng [19]observed that their proposed distribution known
as the two-sided generalized exponential distribution is the
mixture of truncated exponential distribution and truncated
generalized exponential distribution earlier proposed by
[20].

Exponential has been recently used to model the
following: analysis of plates in solid dynamics [21],
infection rate [22] and ecology [23].

The aim of this research is to develop ordinary differential
equations (ODE) for the probability density function (PDF),
Quantile function (QF), survival function (SF), inverse
survival function (ISF) and reversed hazard function (RHF)
of exponential and truncated exponential distributions by
the use of differential calculus. Also the ODE of hazard
function of the truncated exponential distribution was also
obtained. Calculus is a very key tool in the determination of
mode of a given probability distribution and in estimation of
parameters of probability distributions, amongst other uses.
The research is an extension of the ODE to other probability
functions other than the PDF. Similar works done where the
PDF of probability distributions was expressed as ODE
whose solution is the PDF are available. They include:
Laplace distribution [24], beta distribution [25], raised
cosine distribution [26], Lomax distribution [27], beta prime
distribution or inverted beta distribution [28].

I. EXPONENTIAL DISTRIBUTION
PROBABILITY DENSITY FUNCTION

The probability density function of the Cauchy distribution
is given by;
The probability density function (PDF) of the exponential
distribution is given by;

f(x)=Ae™ (1)
The first order differential equation for the PDF can be
obtained from the differentiation of equation (1);

f'(x)=—-A2e> 2

The condition necessary for the existence of the equation is
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A>0,x=20

f'(x)=-A(1e ™) =-Af(X) 3)
The first order ordinary differential for the probability
density function of the exponential distribution is given as;

f'(X)+Af(x)=0 4)
f(0) =4 )
To obtain the second order differential equation,
differentiate equation (2) to obtain;
f'(x)=A%e ™ (6)
The condition necessary for the existence of the equation is
A>0,x>0.

f'(x)=-A(-A2e ™) =-A1'(X) 7
The second order ordinary differential for the probability
density function of the exponential distribution is given as;

f"(x)+ A'(x) =0 (8)

f'(0)=-4° 9)
To obtain the third order differential equation, differentiate
equation (6) to obtain;

f"(x)=-1"e™ (10)
The condition necessary for the existence of the equation is
A>0,x>0.

f"(x) =-A(A%e ) = -4 f"(X) (12)
The third order ordinary differential for the probability
density function of the exponential distribution is given as;

f"(x)+Af"(x) =0 (12)

f"(0) = A° (13)
Similarly, higher order ordinary differential equations can
be obtained such as;

fY(x)+Af"(x)=0 (14)

fY)+AF"(x)=0 (15)

QUANTILE FUNCTION
The Quantile function (QF) of the exponential distribution

is given by;
In@-p)

Q(p)=—T (16)

The first order differential equation for the QF can be
obtained from the differentiation of equation (16);

, 1 _
Q(p)=—0-p)" (17)
Equation (17) can also be written as;
1
QAP =—— (18)
A(l-p)

The condition necessary for the existence of the equation is
A>0,0<p<l.

Simplify equation (18) to obtain;
A(1-p)Q'(p) =1 (19)
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The first order ordinary differential for the Quantile function
of the exponential distribution is given as;

A(1-p)Q'(p)-1=0 (20)
Q.- 010% e

To obtain the second order differential equation,
differentiate equation (17) to obtain;

" 1 -
Q'(p=>0-p" (22)
Equation (22) can also be written as;
1
"p)=——— 23
Q) =y (23)

The condition necessary for the existence of the equation is
A>0,0<p<l.
Simplify equation (23) to obtain;
1 1
- p){ } = (24)
Al-p)* | A-p)
1-p)Q"(p) =Q'(p) (25)

The second order ordinary differential for the Quantile
function of the exponential distribution is given as;

(1-p)Q"(p)-Q'(p)=0 (26)
0120
Q'(0.)= oL (7)

To obtain the third order differential equation, differentiate
equation (22) to obtain;

n 2 -
Q"(P=—(-p° (28)
Equation (28) can also be written as;
2
" - = 29
QP =T o 9

The condition necessary for the existence of the equation is
A1>0,0<p<l.
Simplify equation (29) to obtain;

a—m{ 2 J: L )
2 [Al-p)' ] AQ-p)

d-p)

— Q"M =Q'(p) (31)
The third order ordinary differential for the Quantile
function of the exponential distribution is given as;

(1-p)Q"(p)-2Q"(p)=0 (32)
n _ @
Q"(0.) = S (33)

Similarly, higher order ordinary differential equations can
be obtained such as;

(1-p)Q”(p)-3Q"(p)=0 (34)
(1-p)Q'(p)-4Q"(p)=0 (35)
WCECS 2017



SURVIVAL FUNCTION

The survival function (SF) of the exponential distribution is
given by;

S(t)y=e™* (36)
The first order differential equation for the SF can be
obtained from the differentiation of equation (36);

S'ty=—2e™* (37)

The condition necessary for the existence of the equation is
A>0,t>0.
S'(t) =—-A(e ™) =—AS(t) (38)

The first order ordinary differential for the survival function
of the exponential distribution is given as;

S'(t)+AS(t) =0 (39)

5(0) =1 (40)
To obtain the second order differential equation,
differentiate equation (37) to obtain;

S"(t)=A%e (41)

The condition necessary for the existence of the equation is
A>0,t>0.

S"(t) =—A(-Ae *) =—-AS'(t) 42)
The second order ordinary differential for the survival
function of the exponential distribution is given as;

S"(t)+AS'(t) =0 (43)

$'(0) =4 (44)

Similarly, higher order ordinary differential equations can
be obtained such as;

S"(t)+AS"(t) =0 (45)
S™(t)+AS"(t) =0 (46)
S'(t)+AS"(t) =0 (47)
INVERSE SURVIVAL FUNCTION
The inverse survival function (ISF) of the exponential
distribution is given by;
Inp
Q(p)= T (48)
The first order differential equation for the ISF can be
obtained from the differentiation of equation (48);
1
Q(p)=—1-— (49)
Ap

The condition necessary for the existence of the equation is
A1>0,0<p<l.
Simplify equation (49) to obtain;

ApQ'(p)=-1 (50)
The first order ordinary differential for the inverse survival
function of the exponential distribution is given as;

ApQ'(p)+1=0

2.3026
QO0D=—

To obtain the second order differential equation,
differentiate equation (49) to obtain;

(51)

(52)
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n 1
Q'(p)=——
Ap
The condition necessary for the existence of the equation is

A>0,0<p<l.
Simplify equation (53) to obtain;

1.1
P Apt| Ap

pQ"(p) =-Q'(p)

The second order ordinary differential for the inverse
survival function of the exponential distribution is given as;

pQ"(p)+Q'(p) =0 (56)
0.0)=-20
Q(0.])= 7

To obtain the third order differential equation, differentiate
equation (53) to obtain;
n 2
Q"(p)=——=

Ap

The condition necessary for the existence of the equation is
A1>0,0<p<l.

Simplify equation (58) to obtain;

pl_ 2 |__ 1
21 ap*|  ap?
go'"( p) =-Q"(p)

The third order ordinary differential for the inverse survival
function of the exponential distribution is given as;

(83)

(54)

(55)

(57)

(58)

(59)

(60)

pQ"(p)+2Q"(p) =0 (61)
y 100
Q"(0.1) = = (62)

REVERSED HAZARD FUNCTION

The reversed hazard function (RHF) of the exponential
distribution is given by;

: re™
10 =—=
1-e
The first order differential equation for the RHF can be
obtained from the differentiation of equation (63);

(63)

, Ae? Aef(l-e )P .

J (t) = {_ e_ﬂt - (1—e_}"t)_1 J(t) (64)
The condition necessary for the existence of the equation is
A1>0,t>0.

, Ae ™).

Jyt)= —(/1 e J 1® (65)

O =-(A+j®) i) (66)

The first order ordinary differential for the reversed hazard
function of the exponential distribution is given as;
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JO+i*®)+2jt)=0 (67)
. Ae? A
I0=—==g (68)

Il. TRUNCATED EXPONENTIAL DISTRIBUTION

PROBABILITY DENSITY FUNCTION
The probability density function (PDF) of the truncated
exponential distribution is given by;

X
1.7
__A
R
1-e
The first order differential equation for the PDF can be
obtained from the differentiation of equation (69);
1 X
—e A
' A2
f (X) - —ﬁ
1-e*
The condition necessary for the existence of the equation is
A,b>0,x>0.

Simplify equation (70) using (69) to obtain;

(69)

(70)

f(x) __ Tk
A
The first order ordinary differential for the probability
density function of the truncated exponential distribution is
given as;

(71)

AF' () + f(x)=0 (72)
1
f (0) = _{E) (73)
All—e Y
To obtain the second order differential equation,
differentiate equation (70) to obtain;
1.
" A3
f(x) = ﬁ (74)
1-e '/

The condition necessary for the existence of the equation is
A,b>0,x>0.
Simplify equation (74) to obtain;

) f'(x
f (x)=—# 7s)

The second order ordinary differential for the probability
density function of the truncated exponential distribution is
given as;

A" () + F'(x) =0
1

(76)

f'(0)=- (77)

22 (1—e(ij)
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Similarly, higher order ordinary differential equations can
be obtained such as;

")+ £"(x) =0 (78)
AF() + £"(x) =0 (79)
A0+ £ () =0 (80)

QUANTILE FUNCTION

The Quantile function (QF) of the truncated exponential
distribution is given as;

b
Q(p)=-AIn(l-p+ pe (J) (81)
The first order differential equation for the QF can be

obtained from the differentiation of equation (81);
b

Q(p) =2
1-p+pe”

The condition necessary for the existence of the equation is
A,b>00<p<l.

b

(82)

Let A=e 7 (83)
Substitute equation (83) into equation (82) to obtain;
, A(A-1)
Q(p) ="
1-p+pA
(84) The first order ordinary differential for the

Quantile function of the truncated exponential distribution is
given as; @-p+pAQ(p)+A(A-1) =0

(85) Q(0)=0
(86)
To obtain the second order differential equation, equation
(82) can be written as;

Q'(p)=All-e *)1-p+pe *)™

Differentiate equation (87) to obtain;

b b
Q'(p)=A(l-e *)’*(1-p+pe*)” (88)
The condition necessary for the existence of the equation is
A,b>00<p<l.
Re-arranging and simplifying equation (88), to obtain

b
Aldl-e #)°

(87)

Q'(p) =2 (89)
(1-p+per)
2Q(py =2 (90)
(1-p+per)
2Q"(p) =Q"*(p) (91)

The second order ordinary differential for the Quantile
function of the truncated exponential distribution is given

as; AQ"(p)—Q*(p) =0

b
92) Q'(0)=4(Q-e*)
(93) To obtain the third order differential equation,
differentiate equation (88) to obtain;
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b b
Q"(p)=24(l-e #)*(L—p+pe *)° (94)
The condition necessary for the existence of the equation is
A,b>00<p<l.
Re-arranging and simplifying equation (91), to obtain

b
24(1—e 7)?

n — - 95
Q"(p) —(1_p+ oty (95)
b
22°(1—e #)?
/12 m — : 96
Q"(p) Lprpely (96)
27Q"(p) =Q"(p) (97)

The third order ordinary differential for the Quantile
function of the truncated exponential distribution is given

as; A°Q"(p)-2Q°(p) =0

b
98) Q"(0)=4(l-e*)’
(99) Similarly, higher order ordinary differential equations
can be obtained such as;

2°Q"(p)-3Q"(p) =0
2'Q"(p)-4Q"(p)=0

SURVIVAL FUNCTION

The survival function (SF) of the truncated exponential
distribution is derived from the cumulative distribution
function and is given by;

(100)
(101)

t b
A_a i
() p— (102)
1-e *
b
Let C=e* (103)
ot
e *-C
S(t) = 104
O=""x (104)

The first order differential equation for the SF can be
obtained from the differentiation of equation (104);

(105)

The condition necessary for the existence of the equation is
A,b>0,t>0.

Some simplifications are done to reduce equation (105) to
an ordinary differential equation.
From equation (104);

(1-C)S(t)=e #-C (106)

_t
e *=1-C)S(t)+C (107)
Substitute equation (107) into equation (105), to obtain;
_@-C)s(t)+C

S'(t) = (108)
A(1-C)

A(L-C)S'(t) +(1-C)S(t) +C =0 (109)

Let D=1-C (110)
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The first order ordinary differential for the survival function
of the truncated exponential distribution is given as;

ADS'(t)+ DS(t)+1-D =0 (111)
S(0)=1 (112)
To obtain the second order differential equation,
differentiate equation (105) to obtain;
1.
i (113)
1-C

The condition necessary for the existence of the equation is
A,b>0,t>0.
Simplifying to obtain;

. Lo
S"(t)=—=| -4 114
O=-71 7% (114)
" l !
S"(t) :_ZS ®) (115)

The second order ordinary differential for the Survival
function of the truncated exponential distribution is given

as; AS"(t)+S'(t)=0
1
A(1-C)
(117) To obtain the third order differential equation,
differentiate equation (113) to obtain;
t
1.
Sm(t) - _ /13
1-C
The condition necessary for the existence of the equation is
A,b>0,t>0.
Simplifying to obtain;

(116) S'(0)=-

(118)

1 - x

" ﬂ,

S"t)y=—-= 119

O e (119)
m 1 n

S (t)=—zs (t) (120)

The third order ordinary differential for the Survival
function of the truncated exponential distribution is given
as; AS"(t)+S"(t)=0

1
2%(1-C)
(122) Similarly, higher order ordinary differential equations
can be obtained such as;

28" () +S"(t) =0
AS'(t)+S"(t) =0

(121) S"(0) =

(123)
(124)

HAZARD FUNCTION

The hazard function (HF) of the truncated exponential
distribution is the ratio of the probability density function to
the survival function. This is given as;
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le-%
hit)=—4—— (125)

The first order differential equation for the HF can be
obtained from the differentiation of equation (125);

1Y (-
A
h'(t) = e

The condition necessary for the existence of the equation is
A,b>0,t>0.

h'(t) = h*(t) — Ah(t) (127)
The first order ordinary differential for the Hazard function
of the truncated exponential distribution is given as;

(126)

h'(t) —h?(t) + Ah(t) =0 (128)
h(0) = ;b (129)
All—e %)

To obtain the second order differential equation,
differentiate equation (125) to obtain;

(130)

The condition necessary for the existence of the equation is
A,b>0,t>0.

o (Nt b
h"(t):?ﬂe lj (e ‘—e ij

)2 t b\ 2 t t b\?
3o Aot

h”(t) - t b\3 t b \2 + t b
[e1 eij [el—eij (9 ‘—e l)
(132)
h(t) = 2h°(t) — 342 (t)  A%h(t) (133)

The second order ordinary differential for the Hazard
function of the truncated exponential distribution is given
as;

(1) — 2h°(t) + 320 (t) — Ah(t) = O (134)
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e 4
— % (135)
A2(1—e #)?
To obtain the third order differential equation, differentiate
equation (131) to obtain;

LA S ¥t b
hm(t):%{e A] (e ﬂ_e iJ _%[e i] [e ﬂ_e A
¥t ) UVt b
Al 3
£ \2 t b\ 2 t t b\?
e e

(136)
The condition necessary for the existence of the equation is
A,b>0,t>0.

Yt ey BTN}

h’”(t):%(eﬂ] (e ﬂ—eﬂ] —i—%(eﬂ] (e ‘—et
t\2 t b\ 2 t t b\t
H e e

(137)
h"(t) = 6h*(t) —12Ah3(t) + 7A%h%(t) — 2°h(t)  (138)
The third order ordinary differential for the Hazard function
of the truncated exponential distribution is given as;

h"(t) — 6h* (t) + 122h%(t) — 722h2(t) + A°h(t) = 0

h'(0) =

(139)
b b
A1 — A

h"(0) = Leb) (140)
Al-e *)°

REVERSED HAZARD FUNCTION

The reversed hazard function (RSF) of the truncated
exponential distribution is given by;

(141)

The first order differential equation for the RHF can be
obtained from the differentiation of equation (141);
(L LI
zeﬂ zei(l—e £y
J’(t) =3 T t

e’ (L-e )™

i®

(142)

The condition necessary for the existence of the equation is
A,b>0,t>0.
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